A Model of Dynamic Equilibrium Asset
Pricing with Extraneous Risk

Suleyman Basak

002-97

6\(‘(



A Model of Dynamic Equilibrium Asset Pricing
with Extraneous Risk

Suleyman Basak*
Finance Department
The Wharton School
University of Pennsylvania
Philadelphia, PA 19104-6367
Tel: (215) 898-6087
Fax: (215) 898-6200
Email: basaks@wharton.upenn.edu

This Revision: February 1998

Abstract

We study the dynamic equilibrium behavior of security prices in an economy where nonfun-
damental risk arises from agents’ heterogeneous beliefs about extraneous processes. We provide a
complete characterization of equilibrium in terms of the primitives of the economy, via construction of
a representative agent with stochastic weights. Besides the standard pricing of fundamental risk, an
agent now also prices the nonfundamental risk with a market price which is a risk-tolerance weighted
average of his extraneous disagreement with all remaining agents, Consequently, for given risk tol-
erances, agents' perceived state prices and consumption streams are more volatile in the presence
of extraneous risk. The interest rate inherits additional terms arising from agents’ misperceptions
about consumption growth, and from precautionary savings motives against the nonfundamental
uncertainty.

JEL classification: C60; D51; D90; G12
Keywords: Asset Pricing; Heterogeneous Beliefs; Extraneous Risk; Equilibrium

* I am grateful to Domenico Cuoco, lerome Detemple, Mike Gallmeyer, Richard Kihlstrom and seminar
participants at the University of Michigan, the Micro Finance Workshop at the Wharton School and the 1996
CIRANO-CRM symposium on Finance for their helpful comments. Financial support from the Geewax-Terker
Program at Wharton is gratefully acknowledged. All errors are solely my responsibility.



1. Introduction

Within the financial community there is continual analysis of subjects, such as market psychology
or consumer sentiment, that arguably have little to do with the fundamentals of the economy.
The implication is that investors should take account of such extraneous factors in their decision
process. Considerable evidence also suggests that belief in such nonfundamentals may in fact be
self-fulfilling; fluctuations in the financial markets appear to occur even when there is no news about
the market fundamentals, and are commonly attributed to extraneous variables.! The origin of
academic interest in this viewpoint dates back to Keynes (1936) who attributed market fluctuations
in part to “waves of pessimism /optimism” in the economy. More recently, the seminal theoretical
work of Cass and Shell (1983) and Azariadis (1981), and subsequent developments, have expounded
the viewpoint that the standard equilibrium notion in which agents form their expectations based
only on fundamentals, is too restricted, and so the set of rational expectations equilibria should be
expanded to include ones where nonfundamentals (or so-called sunspots) also matter. The main
focus of much of this literature has been to establish the existence, and pervasiveness, of equilibria

where sunspots matter, and to attempt to understand the conditions required for existence.?

The objective of this paper is to study the consequences for t};e dynamic behavior of security
prices in equilibria where nonfundamental uncertainty matters, while working in a most familiar,
well-understood environment in financial economics. Part of this objective is for the formulation
to be fully consistent with rational expectations, market clearing and no arbitrage. To this end,
we develop an extension of a continuous-time pure-exchange, Radner {1972) equilibrium economy,
a standard workhorse model for dynamic asset pricing theory. The advantage of a continuous-time
environment is the prevalence of much recent literature for comparison, and the provision of exact
formulae where a discrete time model would yield approximations. (For closely related models, see
Duffie and Huang, 1985; Duffie, 1986; Huang, 1987; Duffie and Zame, 1989; Karatzas, Lehoczky, and
Shreve, 1990). While retaining the standard assumptions of dynamic market completeness (relative
to agents’ information) and frictionless markets, we allow incomplete but symmetric information,

thus allowing for heterogeneous beliefs across agents.

For extraneous uncertainty to matter in equilibrium requires some imperfection to either negate

!The “fundamentals” of an economy are understood to include quantities such as the aggregate consumption
supply, and the endowments and preferences of the agents; “nonfundamentals” or “extraneous” quantities are other
quantities which only influence decisions because they are believed to affect the future,

2This body of literature (see Chiappori and Guesnerie, 1991; Guesnerie and Woodford, 1993, for two recent
gurveys) has built up a fairly unified understanding of when sunspots cannot exist, and hence the set of conditions
one must break down to allow sunspots. However, there is a less unified understanding of the models in which
sunspots do arise. Most of the literature follows two strands; following Cass and Shell (1983) in mostly finite horizon
models involving incompleteness before the sunspots are introduced, or following Azariadis (1981) in infinite horizen,
overlapping generations models where the sunspots are uninsurable. Qur model follows the former strand more
closely, having a fnite horizon and insurable sunspots.



the first welfare theorem or allow Pareto optimal allocations in which extranecus uncertainty
matters. We choose perhaps the most natural imperfection (mentioned by Cass and Shell, 1983):
incomplete information about the extraneous process leading to heterogeneous beliefs across agents.
Our motivation for this choice is two-fold. Firstly, the presence of heterogeneous beliefs is now well-
recognized in the financial economics literature, and attracting a growing interest. There is little
reason in general to believe that agents know (and hence agree on) the true probability distribution
of any observables, but perhaps an even stronger case for disagreement can be made for the less
tangible types of processes considered as extraneous. Secondly, we prefer not to deviate too much
from the standard model, hence ruling out any market incompleteness (beyond the most elementary

form required to sustain heterogeneous beliefs).

Our analysis both complements and extends the growing literature on (non-sunspot) models
with differences of opinion amongst agents regarding the fundamentals of an economy (see Abel,
1990; De Long, Shleifer, Summers, and Waldmann, 1990; Detemple and Murthy, 1994, 1997; Harris
and Raviv, 1993; Shefrin and Statman, 1994; Varian, 1985, 1989; Wang, 1994; Williams, 1977;
Zapatero, 1997).% The most closely related work to ours is the continuous-time dynamic equilibrium
models of Detemple and Murthy (production) and Zapatero (pure-exchange) with logarithmic
utility agents having heterogeneous beliefs about, respectively, t‘he unobservable growth of the
production process and the unobservable growth of the aggregate consumption process. Although
our focus is on nonfundamentals, an important by-product of our analysis is to show (Remark 5,
Section 4) how to extend the literature on heterogeneous beliefs about fundamentals, to general

complete market economies with arbitrary (von Neumann-Morgenstern) utility functions.

We consider an economy in which two or more agents, with heterogeneous arbitrary (von
Neumann-Morgenstern) utility functions, observe two exogenous processes: the consumption sup-
ply (aggregate endowment) process, and an extraneous process which affects none of the funda-
mentals. Agents have full information on the endowment process, but incomplete information on
the extraneous process from which they make inferences heterogeneously about its growth. We
assume that all agents believe the extraneous process may affect the real economic quantities and
form their expectations taking this into account. The standard equilibria where agents ignore the
extraneous process are also equilibria of this economy, but the generic equilibria are ones in which
the extraneous process does influence real quantities. Hence the benchmark equilibrium notion is
too restricted and its uniqueness is not robust to a perturbation in agents’ beliefs, pointing to a

shortcoming of the standard asset pricing models.

Equilibrium is determined in terms of a representative agent's utility function, assigning stochas-

*Other related continuous-time work on incomplete information includes Detemple (1986, 1991), Dothan and
Feldman (1986), Feldman (1989, 1992), Gennotte (1986), Karatzas and Xue (1991).



tic weights to each agent in the economy (Cuoco and He, 1994, incomplete markes; Serrat, 1995,
liquidity constraints; Basak and Cuoco, 1997, restricted market participation). The current pa-
per is unique as far as the stochastic weighting (capturing agents’ differing individual-specific
state prices) is identified in terms of exogenous quantities, the extraneous uncertainty and agents’
disagreement about the extraneous growth. This “extraneous disagreement” process in a sense
quantifies how close and how “lucky” an agent has been in his past estimation of the unobservable,
and so modulates the weight assigned to him at a state and time. All equilibrium quantities (state
prices, security prices and consumption allocations) are now driven by this stochastic extraneous
disagreement process in addition to the endowment. Hence, excess uncertainty is created beyond

that generated by fundamentals alone.

We provide a complete characterization of equilibrium via explicit expressicons for all the per-
tinent quantities in terms of the economic primitives (preferences, endowments, beliefs). This
allows us to readily explore the properties of equilibrium asset risk premia and the interest rate
in the presence of extraneous risk. In addition to the standard expression for the market price
of fundamental risk, an agent also prices the nonfundamental risk with a perceived market price
that is a risk-tolerance-weighted average of his disagreement with the remaining agents in the
economy. A security’s perceived risk premium, then, is not purely‘expla.ined by the covariance of
its return with the aggregate consumption, but also by the covariance with the extraneous uncer-
tainty. Our analysis with heterogeneous beliefs about nonfundamentals has an appealing simplicity
in continuous-time, in that fundamental and nonfundamental risk are disentangled in the pricing
relationships. The nonfundamental risk is also absorbed into agents’ consumption allocations. Due
to these additional extraneous risk components, for given agents’ risk tolerances, the total volatility

of the state prices and consumption allocations is higher than would be predicted by a model with
no extraneous risk.

We also show that in the presence of extraneous uncertainty two additional contributions need
to be taken into account in the determination of the interest rate, and hence agents’ consumption
growths. Firstly, there is an adjustment due to agents’ misperceptions of their own consumption
growths, which they will attempt to compensate for in their savings policy. In a two-agent economy,
this term leads to an increase in the interest rate, but in a multi-agent economy may lead to an
increase or decrease. Secondly, the interest rate decreases so as to counteract agents’ additional
precautionary savings against the extra nonfundamental risk in their future consumption. In the
special cases of agents exhibiting constant absolute risk aversion (CARA) preferences or identical
constant relative risk aversion (CRRA) preferences less risk averse than logarithmic, the net effect
is an increased interest rate over the standard model. For identical CRRA preferences more risk

averse than logarithmic, the standard model overestimates the interest rate.



In Section 2 we outline the economy and in Section 3 present the methodology for determi-
nation of equilibrium. Section 4 characterizes equilibrium and provides explicit representations
for the state price and consumption volatilities, interest rate and consumption growths. Section 5
specializes to CRRA preferences. Section 6 extends the analysis to multiple agents and multiple

extraneous processes. Section 7 concludes and the Appendix provides all proofs.

2. Economy with Extraneous Uncertainty

We present an extension of a continuous-time, pure-exchange, Radner (1972) equilibrium econ-
omy, to allow for the possibility of a so-called “nonfundamental” uncertainty influencing the real
quantities in equilibrium (such as agents’ consumption allocations). By a nonfundamental (or ex-
traneous) uncertainty we mean uncertainty which does not affect any of the fundamentals of the

economy, i.e., the aggregate consumption supply or the agents’*endowments or preferences.

2.1. Agents’ Endowments, Information Structure and Perceptions

We consider a finite horizon [0, T] economy in which there is a single consumption good (the nu-
meraire). The uncertainty is represented by the filtered probability space (22,G, {G:},P) on which
is defined a two-dimensional Brownian motion (We, W,). Throughout this paper, we use the no-
tation {F;"} to denote the augmented filtration generated by the processes «, Yy, z. Letting H

denote a o-field independent of .F;V “Wz the complete information filtration {G:} is the augmen-
tation of H x {Ftw"w’}. We represents the fundemental uncertainty, and W, the independent

nonfundamental (or ertraneous) uncertainty.

There are two agents in the economy. Each agent (n = 1,2) is endowed with an exogenously
specified {.Ftw‘ }-progressively measurable endowment process, €,, strictly positive and bounded,

such that the aggregate endowment e(t) = €, (t) + e2(t) follows an It6 process
de(t) = pe(t) dt + oc(t) dW,(t) . (1)

The mean growth . and volatility o, are assumed bounded, {.ﬂW * }-progressively measurable
processes, so that the extraneous uncertainty does not affect the fundamentals of the economy. We
refer to o, as the fundamental aggregate risk in the economy. We assume there exists an extraneous

process, z, that agents believe may affect some of the real quantities in the economy:
da(t) = pa(t) dt + 0,(t) AW, (2) . )

We restrict o, to be nonzero, bounded and of the form o2(z(-),t), a progressively measurable

functional of the trajectory of z up to time ¢, and to be such that a strong solution to (2) exists.



We refer to o, as the nonfundamental risk in the economy. The growth 42 is assumed bounded
and adapted to H x {F7}; in particular, y,(0) is H-measurable.*

Remark 1. It is without loss of generality that we assume the process z to only have a dW,
component, with dWW,; independent of dW,. We could assume more generally, an extraneous pro-
cess with dynamics dZ(t) = p.(t)dt + g¢(t) dW,(t) + 0.2(t) dW,(2), but due to the information
structure of the agents (described below), the process o, would turn out to have no effect on the
equilibrium, in which case we may simply redefine z by dz(t) = dz(t) — o.(t) dW.{¢). Although
the nonfundamentals by definition do not affect the fundamentals, they are allowed to be partially
driven by the fundamentals.

The fundamental uncertainty W, is assumed observable by all agents, as are €, y. and o,.
In addition, agents also observe the process z, but do not have complete information about its
dynamics. The agents’ common observation filtration {7} is then {J—':V *%1, so they have incomplete
information since F; C Gy, t € [0, T]. The agents may deduce o, from the quadratic variation of z,
but can only draw inferences from their observations of z about the mean growth p,. Agents have
equivalent probability measures P™, n = 1, 2, also equivalent to P, but which may disagree on H,
so that agents have heterogeneous prior beliefs. Agents update theﬁ beliefs about 4, in a Bayesian
fashion, via ul(t) = E*[u.(t) | F/" <], where E™[| denotes the expectation operator relative to
probability measure P™. We will not provide an explicit analysis of the inferencing problem, but
note that due to their heterogeneous priors, agents may draw heterogeneous inferences about 1z(t)

at all finite times. We allow for heterogeneous inferences about u, in anticipation of Proposition 2.

We define, in the classical filtering sense, the innovation processes W7 induced by the agents’
beliefs P™ and filtration {F;}, by dWP(t) = [dz(t) — u2(t) dt]/o.(t), n = 1,2. The innovation
process of each agent is such that given his perceived growth of the extraneous process, 4y, he

believes the observed extraneous process to be described by the dynamics
dz(t) = pr(t)dt + o, (t)dW}{t), n=1,2, (3)

and indeed “agrees” with the process he observes. Furthermore, the agents’ information filtration
and the innovation filtrations coincide, i.e., {F/¥**} = {.F},th? }, assuming (3) has a strong
solution. We denote {F, <"+ } by {FI'}. Effectively we may view each agent as being endowed
with the filtered probability space (Q, 7=, {7}, P™) where, by Girsanov’s theorem, the innovation
process W is a Brownian motion on that space. Hence, we may interpret the innovation process

of agent n, W7, as the nonfundamental uncertainty perceived by agent n.

4As in Detemple and Murthy {1994}, we put the structure on &, to keep the filtering problem tractable. The only
role of the o-field H will be to allow for heterogeneity in agents’ priors; Go must be non-trivial (unlike .ng “Wiy



The innovations of the two agents are related by
dW2(t) = dWl(t) + B(t)dt; ) = CHORSHU) , 4
_ ox(t)

with /i a bounded, {F;}-progressively measurable process. The two agents disagree on the news
conveyed by the observed extraneous process z, and j parameterizes their disagreement. This
disagreement is driven by the relative “optimism /pessimism” of the two agents about the growth
of the extraneous process, u! — 42, and also by the nonfundamental risk ¢,.5 We will interpret
a positive change dW] > 0 as agent n perceiving “good” news in the extraneous process z, and
dW7; < 0 as perceived “bad” news. We will see that, besides the inferencing problem, equilibrium
itself does not place any further restrictions on the process z, and so from our point-of-view we

shall consider it an exogenous parameter.

2.2. Securities Market

In the spirit of the Arrow-Debreu tradition, in this paper we always assume there exists a sufficient
number of zero net supply securities to allow dynamic completion of the markets relative to agents’
observation filtrations.% Of course, due to our introduction of the unobserved and hence unverifiable

random variable H, the market must be incomplete under the full information filtration in the

As an example of a specific process for i, consider the case of agents both knowing that u. is a constant, but
having distinct initial priors as to the value of that comstant. They both have normally distributed priors with
variance 1(0), but with different means ul(0) # 2(0). (Of course, this example is inconsistent with our boundedness
assumption on . (0}, but we could modify our discussion to work on £? instead.) Also, assume that o, is a constant.
Then, agents’ beliefs over time for the growth have the dynamics {Liptser and Shiryayev, 1977)

auz(t) = L awrry,
where y(tl) = v(0) af/(u(ﬂ)t + a'ﬁ) s implying
dat) = 22 [awi(o) - awee) = -2 pey e,
(using (4)). In this particular case, ji is deterministic with solution
_ _ 1 f* . o2 7
A(t) =#(0)8XP{—U—3/0 V(S)ds} = {(0) (m) .

If on the other hand, we allow »'(0) # *{0), we deduce j to be stochastic, solving

e . (P = ()

dn(t) = ~ 2 p) + L awl(e)

®The viewpoint, that the introduction of extrinsic uncertainty should be accompanied by the introduction of claims
contingent on that uncertainty is common in the finite horizon sunspot kiterature (Guesnerie and Woodford, 1993).
The infinite horizon sunspot literature generally does not assume sunspots are insurable, one viewpoint being that
insurability may wipe out or at least attenuate extraneous risk. We assume insurability to maintain the tractability
of a complete market; based on the infinite horizon literature viewpoint, this assumption would if anything lead us
to underestimate the impact of extraneous risk.



sense that payoffs contingent on H cannot be attained. Since agents believe there are two relevant
dimensions of uncertainty, there is one riskless bond and two non-dividend-paying risky securities,

with price dynamics perceived by each agent
dPs(t) = Py(t)r(t)dt,
dP;i(t) = Pi(t)[ui(t) dt + 0ic(t) dWe(t) + 0i2(2) dW,(2)]
= Pi(t)[ul(t) dt + 0ic() dWe(t) + 0i(8) dWD(2)], i=1,2, n=1,2.

The interest rate r, the vector of perceived drifts x™ = (uF,43)7 and the volatility matrix o =
{oij;1 = 1,2,j = €, 2} are posited to be (possibly path-dependent) bounded {F;}-progressively
measurable processes, while u = (41, 42)" to be bounded and {G;}-progressively measurable. The
price system (7, £, o) is to be determined endogenously in equilibrium. In standard dynamic asset
pricing models, for market completeness the volatility matrix is typically posited to be non-singular.
However, we do not want to force the the security prices to covary with the nonfundamental
uncertainty. Accordingly, we allow two cases: either the matrix o(t), ¢t € [0, 7], is non-singular,
in which case at least one security must at all times covary with W, or ¢i,(t) = 0, t € [0,T],
i =1,2 (a particular singularity). For tractability, we employ zero net supply securities paying no
dividends, which can be interpreted as continuously resettled contra;:ts between agents to reallocate
wealth (e.g., futures contracts}. The analysis we present is analogous for a model with two positive

net supply securities paying out dividends summing to ¢ (Remark 3, Section 4).

Agents observe the security prices, but do not observe the mean returns of the two risky
securities and so draw their own inferences, u?, from their Bayesian updating on the extraneous
process, z. Common observation of the risky security price processes and equation (4) imply the

following relationship between agents’ perceptions of the security price drifts:

pi(t) - pt) = o(t)A(t), i=1,2. (3)
As long as the security price covaries with the extraneous process, i.e., ¢;;(t) # 0, the agents
disagree on the mean expected return. If, however, ¢;;(t) = 0, then ul(t) = p2(t).

From the perceived price processes, provided o is non-singular perceived dynamic market com-
pleteness allows us to construct a unique system of Arrow-Debreu securities for each agent. Ac-
cordingly, we define the perceived state price density process £7, under each ‘agent’s probability

measure as the process with dynamics
dE™(t) = —€M(t)[r(t) dt + 62() dW,(t) + 62 () AWP(D)], n=1,2.

By a state price density process we mean the process such that the time-0 value of any consumption
stream c is given by E™ [ f(;‘r E™(t) e(t) dt] / £™(0). Furthermore, £*(t,w) is interpreted as the Arrow-



Debreu price (per unit of probability P") of a unit of consumption in state w € I at time ¢,
as perceived by agent n. The processes §7 and 67 are the unique, bounded, {F7*}-progressively
measurable perceived market price of fundamental risk and market price of nonfundamental risk
processes such that 6™ = (67,07)7 is given by a(t)0"(t) = (u™(t) — r(t)1), n = 1,2, where 1 =

(1,1)T. Some manipulation and the use of equation (5) implies

91(t) - 62(t) =0, . (6)
0L(t) — 62(t) = a(t) , (7)

if oft) is non-singular. If o;(¢) = 0, i = 1,2, then 6%(¢) = 0, n = 1,2. Hehcé, under our
formulation, both agents have the same perceived market price of fundamental risk, but may

disagree on the market price of nonfundamental risk.

2.3. Agents’ Preferences and Optimization

Each agent n chooses a nonnegative consumption process, ¢,, and a portfolio process, 7, from the
set of {F;}-progressively measurable processes satisfying foTcn(t) dt < oo and fOT Ima(t)||? < oo
a.s. Here m, = (mp1,mn2)" denotes the vector of amounts (in units of good) invested in each
risky security. An admissible consumption-portfolio pair {c,,7,) is defined as one for which the

associated wealth process, X, satisfies
dXn(t) = Xn(t) r(t) dt + (en(t) — cn(t))dt + 7n(t)T [™(t) — r(t)1]dt + mp(t) " o(t) dW™(2) ,

where W" = (W, W;‘)T, and is bounded from below and obeys X,(T)} > 0 a.s. Each agent is
assumed to derive time-additive, state-independent utility u,(cn(t)) from intertemporal consump-
tion in [0, T]. The function uy(-) is assumed to be three times continuously differentiable, strictly
increasing, strictly concave, and to satisfy lim¢cgu,(c) = co and limg e u,(c) = 0. An agent’s
dynamic optimization problem is to maximize E™ { f[;r Un (cn(t))dt] over all admissible (¢, 7,) pairs
for which the expected integral is well-defined, where the expectation is taken relative to his indi-
vidual information structure {Q, 7™, {F7*}, P").

It is well-known (Cox and Huang, 1989; Karatzas, Lehoczky, and Shreve, 1987) that each agent’s
dynamic optimization problem can be converted into the following static variational problem given

that agent’s individual-specific Arrow-Debreu prices, £™:

T T
maxE"U un(cn(t))dt] subject to E“[[ £Y(8) ca(t) dt| < E™
0 Q0

enl)

T
f £7(2) en(t) dt] :
0

The necessary and sufficient conditions for optimality of the consumption streams to the above



problem are’

n(t) = In(yn £*(1) , n=1,2, (8)

where I, is the inverse of u/, and y, is the unique number such that agent n’s static budget
constraint holds with equality at the optimum, i.e., y, satisfies

T T
E™ I:-[O £"(t) Lu(yn £7(t)) dt] = E" U’O EM(t) en(t) dt] , m=12. (9)
Equation (8) implies that the individual consumption processes inherit the dynamics
don(t) = B2, (8) dt + Ocpelt) AWelt) + 0, c(8) AWE(E), n=1,2,

where u7 denotes agent n’s perceived mean consumption growth, and the consumption volatility
components, o.,. and o, ;, denote the covariability of consumption with fundamental and perceived

nonfundamental uncertainty, respectively.

3. Equilibrium in the Presence of Extraneous Uncertainty

We define equilibrium in the economy with extraneous risk as follows.8

Definition 1. An equilibrium is a price system (r, 4, o), inferred drifts of the extraneous process
pz, and consumption-portfolio processes (ci, %) such that: (i) both agents choose their optimal
consumption-portfolio strategies at their perceived price processes in their individual filtered proba-
bility spaces (Q, 7", {F*}, P"), F* = FWeW, (ii) the WP are the innovation processes associated

with inferences u7, and (iii) the price system is such that the good and security markets clear, i.e.,
ci®) +e3(t) =€), 7L +75()=0,i=12, Xi(t)+Xo(t)=0. (10)

Note that since we assume agents émploy Bayesian updating to make their inferences, and
since they are still making choices consistent with utility maximization, these agents are not acting
irrationally. In particular, the equilibrium definition above requires that the price system perceived
by the agents to clear the markets at a time and state, does actually clear the markets once that

time has arrived and state been revealed, i.e., agents’ expectations are rational and self-fulfilled in

"Existence of an optimal solution can be established by an appropriate growth condition on tn(-} and a moment
condition on £" (Cox and Huang, 1991).

8As in Karatzas, Lehoczky, and Shreve (1990) and He and Leland (1993) we take (r, u,o) to be endogenously
determined iu equilibrium. Some authors (e.g., Cuoco and He, 1994) have taken the viewpoint that & may be
specified exogenously for zero net supply securities, since equilibrium only places a joint restriction on x and . This
alternative viewpoint would not affect our analysis, but only change the interpretation (Sections 3.1 and 3.2) that an
economy yields multiple equilibria with extraneous risk mattering generically. Instead, each choice of o would yield
one equilibrium, with extraneous risk mattering for generic choices of .



equilibrium. The definition above includes both cases where the extraneous risk does affect the
real quantities in equilibrium, and cases where the economy essentially collapses to a benchmark

economy; we consider these two cases in Sections 3.1 and 3.2.

3.1. Determination of Equilibrium where Extraneous Risk Matters

Definition 2. An equilibrium where eztraneous risk matters is one in which at least one of the
agents’ consumption processes depends with nonzero probability on the extraneous process z.°
This is equivalent to the condition that at least one of the agents’ perceived state price densities

depends with nonzero probability on the extraneous process z.

For analytical convenience we introduce a representative agent formulation (following, for ex-
ample, Huang, 1987). The representative agent’s utility function is defined by
Ul A) = E}%I\l up(c1) + A ua(ea)

subject to ¢} + ¢z = ¢, where A = (A, A2) € (0, 0)2.

Identifying M1 = 1/, Aa(t) = n(t)/y2 where n(t) = £(t) /Ez(ﬁ), vields the equilibrium condi-
tions in Proposition 1.10

Proposition 1. Assume o(t), t € [0,T), is non-singular. If equilibrium exists, the equilibrium

state price density processes of the two agents are given by

&) = U'(ethi ynn(®)/ya) , () = U'(e(®); 1/, n(8)/3) /() , (11)

where the ratio yy /yo satisfies either agent’s budget constraint, i.e.,
T
E! [/0 U'(e(); 1/y1,n(t)/y2) I (y1 U’ (e(t); 1/, m(t)/32)) dt]

T
=E' [/0 U'(e(t); 1/y1,m(t) /y2) e1(2) df} , (12)

and the stochastic weighting n(t) = £1(t)/€2(t) follows

1 —
T = RO awie) = atef e - ey awio) = 5o/ 0 gy )

®This definition is analogous to the one offered by Cass and Shell (1983) for “sunspots mattering” in a two-period
model.

'®Establishing the existence of equilibrium in this context would involve showing: (i) there exists a solution y1/yz
to (12); (ii) given £ in (11)—(12), there exists an optimal (¢, m,) which satisfies the assumed integrability conditions
and clears all markets; and (iii} the =, 4 and o of the posited price dynamics exist, whose associated £ satisfies
(11)=(12) and which satisfy the assumed boundedness conditions. The latter existence and boundedness are easily
verified from the explicit formulae for 8 and = provided in Propositions 3 and 5 of Section 4.

10



The equilibrium consumption allocations are given by

AW = h(n U@ /mn®/) ) = R(snU(@: 1 /a0 /m)/m®) . 19

If there exists § satisfying (11)—(12), then the market clearing conditions (10) are satisfied by the
associated optimal policies.

Equations (11)-(14) fully characterize the equilibrium and determine the state price densities
(up to a multiplicative constant), the consumption allocations and their dynamics, in terms of the
exogenously specified primitives (preferences, endowments, beliefs). The representative agent in
this economy with extraneous uncertainty has stochastic weights (as opposed to constant weights in
the benchmark economy) due to the agents’ facing differing state price densities. However, since [
is essentially exogenously given by agents’ perceptions on the (exogenously specified) z process, so
is the process 7 from (13). We may set 1(0) = 1 without loss of generality. Then (12) determines
the ratio y;/y2 uniquely for given ¢ and 7n processes; the budget constraints do not put further
conditions on 7 itself. We note that the stated equilibrium conditions do not separately determine
both the mean returns u, and the volatility matrix o, of zero net supply securities paying out no
dividends. The state price density dynamics (market prices of risk and interest rate) merely imply
joint restrictions on x4 and ¢. This indeterminacy is also well-recognized in a benchmark economy
with perfect information and homogeneous beliefs (Karatzas, Lehoczky, and Shreve, 1990; He and
Leland, 1993).

Since the volatility matrix is not separately restricted in equilibrium, Proposition 1 describes
equilibria where the real quantities depend on the extraneous uncertainty, since the consumption
processes in (14) are driven by the extraneous process z via the stochastic weighting 1. Hence,

equilibria where extraneous risk matters are generic.

Now we turn our discussion to the process 1 to gain further insight into the stochastic weight-
ing. The random variable n(T") is the Radon-Nikodym derivative of agent 2’s beliefs, P2, with
respect to agent 1's beliefs, P1, i.e., (T) = dP?/dP?, with the property E'[n(T)] = 1. Then the
process n(t) = E[n(T) | A, n(0) = 1, is a strictly positive Pl-martingale. According to (13),
all the uncertainty in 7 is driven by the extraneous uncertainty, with its volatility being driven
by fi, the disagreement between the agents about u,, normalized by the nonfundamental risk, o..
Accordingly, from now on, we shall refer to 1 as the extraneous disagreement process, and [ as
the extraneous disagreement risk. The more heterogeneous the two agents in their perceptions, the

higher the volatility {and drift in agent 2’s world) of 77; the more nonfundamental risk present, the
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lower the volatility. The solution to (13) may be expressed as

o(6) = ox0 {/c (;1(3)2 + (u3(s) -#2(3)7)2 _ (#(8) = pa(9)) (ul(s) - #z(S))) o /tﬁ(s) sz(s)} |
0 0

oz(s)? o:(s)?

The (ul(s)— ,u,,(.s))2 term reveals that n(t) tends to be higher the further away agent 1's estimation
of i,(s) is from its real value, due to the term (ul(s) — p,,,(s))2. However, the term —(u2(s) -
12(8)) (u(s) ~ p2.(s)) mitigates this effect if agent 2’s estimation is biased in the same direction
as agent 1's while amplified if agent 2’s estimation has the opposite bias. n(t) is also relatively
higher if, over the past, agent 1 has tended either to be optimistic relative to the other agent
(B(s) > 0) whenever the extraneous uncertainty underwent a random decrease (dW.(s) < 0), or
to be relatively pessimistic whenever the extraneous uncertainty underwent a random increase.
This last condition can be interpreted as agent 1 having tended to be relatively unlucky in his

predictions of the drift process.

Remark 2 (The Benchmark Radner Economy). In the following sections of the paper, to
highlight our results, we often make statements relative to a benchmark economy with complete
information, homogeneous beliefs and no extraneous uncertainty. This model consists of two agents,
who receive a fraction of the aggregate endowment process as speciﬁéd in (1), but do not believe any
other extraneous process to affect the real quantities in equilibrium. The agents live in the complete,
symmetric information structure (2, F%We, {.ﬁm},?’). To dynamically complete the market, in
addition to the bond, the agents only need to introduce one risky security, with the fully observed
price dynamics dPy(t) = Pi(t) [u1(t) dt+01e(t) dWe(t)], and hence the associated state price density
process is symmetrical across agents and driven only by the fundamental uncertainty, i.e., d§(t) =
—&(8) [r(t) dt+0c(t) AW (1)), 6c(t) = (u1(t) —7(t))/o1¢(t). The market price of nonfundamental risk
is not defined in this economy. Agents’ optimization problems can be solved for as above and yield
agents’ consumption processes with dynamics de,(t) = pe, (t) dt + o (t) dW,(t). If the standard
Radner general equilibrium is defined, we obtain equilibrium conditions identical to {11)-(14), but
with 7(¢) replaced by 1. The formulae for the quantities of interest in Section 4 for this benchmark
economy are either well-known (for example, Duffie and Zame, 1989; Karatzas, Lehoczky, and

Shreve, 1990) or straightforward to derive, and will be quoted without proof.

3.2. Equilibria where Extraneous Risk Does Not Matter

For completeness of our discussion, Proposition 2 points out that a homogeneous-beliefs economy
only supports equilibria where extraneous risk does not matter. This is simply an application of
the Cass and Shell (1983) “Ineffectivity Theorem”.
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Proposition 2. If agents have homogeneous beliefs, almost surely for all t € [0,T], about the
extraneous process, then there exists no equilibrium in which extraneous risk matters. In such an
economy, 01(t) = 62(¢) = 0, t € [0, T]. '

The equilibria in the homogeneous-beliefs economy are identical to those in the benchmark econ-

omy.

Even with heterogeneous beliefs, if an equilibrium exists in the benchmark economy for a given
endowment process and preferences, those individual consumption processes and state prices would
be expected to also be an equilibrium in any economy with extraneous uncertainty and the same
endowment process and preferences. One way to construct these equilibria is to have neither
risky security covary with the extraneous uncertainty, i.e., gi,(t) = 0, i = 1,2. Then both risky
securities must be identical and must be perceived identically by both agents (o1.(t} = o9c(t),
pi(t) = ui(t) = p3(t) = 43(t)), even though the agents disagree on py. These are degenerate
examples of equilibria in which extraneous risk does not matter, having 6:(t) =8%(t) =0,t € [0,T].
In fact, whenever extraneous risk does not matter, the equilibrium is effectively equivalent to one
in the benchmark model, since §;(t) = 82() = 0 implies n(t) = 1, t € [0, T7.

A natural question to ask is which type of equilibrium Pareto dc;minates. Due to the incomplete
market for hedging against the random variable H, neither type of equilibrium is necessarily Pareto
optimal under the full uncertainty. However, since its market is dynamically complete under the
agents’ observation filtrations, an equilibrium where extraneous risk matters is Pareto optimal
relative to all other {F*}-progressively measurable allocations. In an equilibrium where extraneous
risk does not matter, there is no means to hedge against the extraneous uncertainty, and so such
an allocation is only Pareto optimal relative to a reduced space, all other {F}¥<1-progressively
measurable allocations. Intuitively, the latter will be dominated by an allocation dependent on the
extraneous uncertainty, in which agents give up consumption in states they believe to be less likely
in return for consumption in states they believe to be more likely. Hence, informally, we may argue
that an equilibrium in which extraneous risk matters Pareto dominates one in which extraneous

risk does not matter.

4. Characterization of Equilibrium with Extraneous Risk

This section characterizes the generic equilibria when the extraneous risk does matter, arising

whenever o(t), ¢ € [0, T), is non-singular.
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4.1. Agents’ Equilibrium Consumption Allocations

Comparing the two agents’ equilibrium consumption, from (14), we deduce that c}(t) > c3(t)
if and only if I3 (31 U"((t); 1/y1,n(8)/v2)) > Ta(32U"(e(); /e, 1(8)/32) /(). Tn the case of
homogeneous preferences, u1(-) = ua(-), we have c}(t) > c3(t) if and only if yo [nn®) >1. In
the benchmark economy, this comparison is driven purely by the constant y2/11 and hence agents’
initial wealths; if agent 1 is initially more wealthy than agent 2, his weight 1/y, is higher and he
consumes more in all states at all times. In the extraneous risk economy, however, the comparison
is state-dependent, being also driven by the extraneous disagreement process. Even if agent 1 is
initially wealthier than agent 2, there will be states and times characterized by a high n(¢), when he
consumes less than agent 2. Agent.1’s consumption is unambiguously decreasing in the extraneous

disagreement process:

dct(t, w) _ _Ocj(t, w) - n{t) <0, weq,
an(t, w) In(t, w) ar(t) + aa(t)
where an(t) = —ur{(c(t))/up(c;(t)) denotes the absolute risk aversion of agent n. We recall that

a relatively high 7(t) arises when agent 1's prediction of u, has tended to be poor in the past,
when agent 1’s estimation error has opposed that of agent 2, and when agent 1 has tended to be
relatively unlucky in his prediction. These conditions are all unfavorable to agent 1 and so cause
his consumption to decrease relative to agent 2. In the limits, we have limpy o ci{t) = e(t) and
lim, () oo €i(t) = 0. In a given state and time, as the extraneous disagreement process becomes
very small, agent 1 dominates the economy in that state, even if he were initially (possibly much)

less wealthy than agent 2.

4.2. State Price and Consumption Volatilities

Proposition 3 summarizes the main results concerning the behavior of the market prices of risk

perceived by the two agents.!!

1 An alternative, less lluminating, representation for the perceived market prices of risk is solely in terms of the
representative agent’s utility function:

U (e(t): Ly, 0(t)/v2)
- oe(t),
U (e(t); 1/y1,n(t)/y3)
Uy (€(2); 1y, 1(t) /we)
U {e(®); 1/y1, 1(2) /a)

8ty =62(t) =

_ | Ualel®) Vi, n(t)/va)
U’ (e(t); v, n(t) /v2)

8:(t) = n(tyay, 83t

n(t) - 1] a(t) .
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Proposition 3. In an equilibrium where extraneous risk matters, the perceived market prices of
fundamental and nonfundamental risk and the total volatility of state prices are given by

BL(t) = 62(2) = A(t) oe(t) (15)
Alt) _ Al
6;(t) = a) E(t), 62(t)= 0 At) , (16)
o™l = A(t)\/ ae(t)? + (E(t)/am(t))? (n,m) =(1,2),(2,1), (17)
where
Alt) = _U"(e®); L/, n(8)/y2) 1 __di(e)

T i) Tam+ Ve P i ae)

and c;(t),n = 1,2, satisfy (14). Consequently, |61(t)| > 162(t)| and |61 (2)|| > 162(¢}|| if and only if
ai(t) > as(t).

An agent’s perceived market price of fundamental risk has an expression identical to the bench-
mark economy, being given by the aggregate fundamental risk (o) normalized by the representative
risk tolerance in the economy (1/4). The more risk averse the economy, the higher the market
price of fundamental risk. The extraneous risk only appears via the representative risk aversion A.
An agent’s perceived market price of nonfundamental risk, nonexistent in the benchmark economy,
is proportional to the extent of his disagreement (about the growth of the extraneous process)
with the other agent, 7(t), normalized by the other agent’s risk tolerance. The more risk toler-
ant agent has the higher market price of nonfundamental risk, with both agents’ market prices of
nonfundamental risk increasing in the agents’ heterogeneity of beliefs. The market price of fun-
damental risk is increasing in either agent’s risk aversion, while an agent’s perceived market price
of nonfundamental risk is increasing in his own risk aversion, but decreasing in the other agent’s.
The formulae suggest that, whereas the priced fundamental risk is o¢(t), homogeneous across all
agents, we can think of the priced nonfundamental risk as £/i(t)/am(t) (where m denotes the other
agent), which is heterogeneous across all agents. An important implication of the presence of the
priced extraneous risk is that the volatility of the state prices, ||§7(¢)||, is higher, for given A(t),

than in the benchmark ecdnomy.

For reassurance, we note that in the limit where one agent’s, say agent 2’s, risk tolerance tends
to zero, the market prices of risk essentially collapse to their benchmark expressions. We obtain
limg, (oo 02 (2) = a1(t) oe(t), Hm g ¢4y o0 05(2) = 0, limg, (tymoo 02(t) = fi(t). The market price of
fundamental risk tends to its value in a benchmark economy containing only agent 1. Agent 1's
market price of nonfundamental risk tends to zero as it should in a benchmark economy; agent

2’s does not tend to zero, but since the agent is essentially insignificant, his market price of risk is
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meaningless.

We may derive the risk premium for security i = 1,2, as perceived by the two agents as

BHE) - r(t) = A(t) 0ult) onelt) + i% B0 o:e(t) = Ae)cov (. dect)) - = cov ) |
(0 = 7(8) = AW 0t ult) — = A0 3(t) = A(B)cov (T ae0) + oo (B, ante))

As in the standard consumption-based CAPM (Duffie and Zame, 1989), a risky security’s risk pre-
mium is positively related to the covariance of its return with the change in aggregate consumption.
Now, however, the risk premia cannot be purely explained by the covariance with aggregate con-
sumption; they are also driven by the covariance of the security’s return with the change in the
extraneous disagreement process. According to agent 1, risk premia are decreasing in this covari-
ance, since to him, a high n(t) is unfavorable. According to agent 2, risk premia are increasing
in this covariance. In the benchmark economy, a security positively related to the aggregate con-
sumption always demands a positive risk premium. In the economy with extraneous risk, however,
if the disagreement is sufficiently large, one of the agents will be content with even a negative risk

premium for that security.

Further manipulating the risk premia perceived by each agent yields

At) A(t) dPi(t)

al(t) ;(t) Hi (t) —_ T‘(t) = A(t) cov (—m,de(t)) , 1= 1, 2. (18)

Hence, we obtain an expression resembling the standard consumption CAPM, with the risk pre-

pi(t) +

mium of a security by a risk-tolerance-weighted average of each agent’s perceived risk premium.
Such a representation has also been offered by Varian (1989) and a similar one by Williams (1977)

for the case of agents having heterogeneous beliefs about a fundamental process.!2

Proposition 4 summarizes the expressions and properties of the volatilities of consumption for

the two agents.

Proposition 4. In an equilibrium where extraneous risk matters, the volatilities of individual

consumption allocations are given by

Oere(t) = :ﬂ—((?)a'e(t) , n=12, (19)
7eelt) = 0ult) = 2L e (20)
o Ol = 2k \oue + (GO/an®), (nm) = (1,2),21). (21)

Y2 Contrary to Varian’s (1989, p. 32-33) assertion, (18) does not imply that the pricing of securities is independent
of the dispersion of opinion about their expected values. Qur market prices of risk and interest rate are all dependent
on dispersion of opinion, 2 (Propositions 3 and 3), as they are in Varian’s framework.
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Consequently, |geye(t)] > |oce(t)] and loc; (Il > floes ()|} if and only if ay(t) < aa(t).

As in the benchmark economy, the covariability of an agent’s consumption with the fundamental
uncertainty is proportional to the aggregate fundamental risk in the economy, weighted by his
fraction of the aggregate risk tolerance (A/a,). The agents share the fundamental risk between
them, in proportion to their absolute risk tolerances (1/ay), so that markets cIea.f, Ocre(t)+0ese(t) =
oe(t). The more risk tolerant agent absorbs more of the fundamental risk. However, additional
extraneous risk is now created in the individual agents’ consumption, with agents taking on equal
and opposite extraneous risk, so that the extraneous risk cancels in aggregate, Oer2(t) +0oez(t) =0
As with the fundamental component, the nonfundamental risk either agent takes on is given by
his priced nonfundamental risk weighted by his risk tolerance. Hence, the more heterogeneous the
agents, the more extraneous consumption risk is created. An agent’s extraneous consumption risk
is decreasing in either agent’s absolute risk aversion, in contrast to the fundamental component
which decreases in that agent’s risk aversion, but increases in the other agent’s. An important
implication of the presence of the additional risk, is that both agents’ consumption volatilities,

lloes (), are higher, for given a1(t) and a2(t), than in the benchmark economy.

In the limit of zero risk tolerance for agent 2, we obtain limaz(t)_.go Ocye(t) = ae(t), limgy (1) oo Ocze(t)
=0, lim,,(4)uog Ter2(t) = 0, n = 1,2, showing again how agent 1 dominates the economy and the

equilibrium converges to the benchmark case.

Remark 3 (The Model with Dividend-Paying Assets). Consider replacing the two risky zero
net supply securities and endowment by two positive net supply assets paying excgenously-given

dividends, 6; + §; = ¢, with endogenous price processes
dPi(t) + 8;(t)dt = Pi(t)[ui(t) dt + oue(t) dWe(t) + oiz(8) AW, ()], i=1,2.

All our conclusions (Propositions 1-6) regarding equilibria in which extraneous risk matters, are
still valid (except in degenerate cases where sunspot equilibria do not arise). The main difference

is that the following additional no-arbitrage pricing restrictions hold:

1
B U’(G(t), 1/111,7?

restricting the asset prices in terms of their dividends. Hence in this model, the mean returns u

Pi(t) E! UTU’(E(S);l/ym(S)/yz)5i(8)d-9|7'}w"z , 1=1,2,(22)
(t)/2) t

and volatilities o of the assets are individually determined in equilibrium, but only via non-explicit
formulae, even in the benchmark Radner economy of Remark 2 (except in a few special cases). The
presence of the n terms in (22) suggests that the prices will in general covary with the extraneous

uncertainty, meaning that extraneous risk matters in equilibrium.
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Remark 4 (The Case of No Fundamental Risk). Economies with no fundamental risk have
been the main focus of the existing sunspots literature (see Guesnerie and Woodford, 1993). By
a model with no fundamental risk, we mean that the aggregate consumption, e, is a deterministic
function of time (with no W, and o, processes existing). In such a benchmark economy, there
would be no market prices of risk, no consumption volatility and only a deterministic bond price.
In such an economy with extraneous risk, the market price of fundamental risk and the fundamental
component of consumption volatility do not exist, while a version of our analysis can show that
the nonfundamental market price of risk and consumption volatility component are given by the
same expressions as in Propositions 3 and 4. This illustrates that the situation can arise where no
fundamental news is arriving, yet all markets (security prices and consumption processes) still move
stochastically. Hence, if agents believe the extraneous process to affect some of the real quantities
of the economy, and if agents disagree on the growth of this extraneous process, the equilibrium

quantities exhibit risk where there was none in the fundamentals of the economy.

Remark 5 (Fundamental-Disagreement Model). Given that heterogeneous beliefs play such
a critical role, it is of interest to contrast our implications with a model of heterogeneous beliefs
about fundamentals, the focus of much related literature (such as Detemple and Murthy, 1994;
Zapatero, 1997). In particular, in a model with no extraneous processes, where agents disagree
on the mean growth in the aggregate endowment process, u., agent 1’s perceived market price of
fundamental risk, would be given by
1 2
0 = Aot + Zaas = SO0,

Unlike in our case, the expression for the market price of fundamental risk is itself directly affected
by the heterogeneous beliefs, and no extra dimensions of risk are priced. Our disentanglement
of the disagreement risk from the fundamental risk allows us to make clearer statements about
the dependencies of pertinent quantities on risk tolerances, fundamental risk and disagreement
risk. For example, our result concerning the more volatile perceived state prices and consumption
streams does not necessarily hold in the fundamental-disagreement model; whether a volatility is
increased or decreased depends on an agent’s optimism or pessimism relative to the remainder
of the economy. Furthermore, in the fundamental-disagreement model, unlike in our model, a
security’s risk premium can still be explained by the covariance of its return with the single-factor
aggregate consumption, since the fundamental-disagreement risk, f, is itself only driven by the
aggregate consumption, and so the two terms can be collapsed together; only the proportionality

factor is affected compared with 2 homogeneous-beliefs model.
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4.3. Interest Rate and Consumption Growths
Proposition 5 reports the equilibrium interest rate.!3

Proposition 5. I an equilibrium where extraneous risk matters, the interest rate is given by:

2 3
(0 = 40) nele) = 5 A0 BO et + ooyt - L AT E]

a1(t) ag(t)
where :

_ UM Unon(t)/y2) [ A£)\2 A(t) \? _ (i)
Bl = T UM Ly () Jy) (al(t)) al) + (_'") R TCTO)]

ax(t) un(ca()
and c,(t),n = 1,2, satisfy (14).

As in the benchmark economy (first two terms), the equilibrium interest rate in the presence
of extraneous risk is positively related to the growth in aggregate consumption and negatively
related (for agents with decreasing absolute risk aversion (DARA)) to the aggregate fundamental
risk, in proportion to the representative risk aversion and prudence.l* The latter negative term
arises to compensate for agents’ precautionary savings motive in the face of future risky endowment.
Relative to the benchmark economy, as a result of the nonfundamental risk being priced, the interest
rate is driven by two extra terms, directly dependent on the extraneous disagreement risk 4. The
third term arises from discrepancy in agents’ perceptions about their mean consumption growths.
In this two-agent case, it turns out that the aggregate perceived consumption growth, ,ui; + ,ug;
(= pe + B2/ (a1 + a2)), is unambiguously higher than the real aggregate consumption growth, s,
so the interest rate must increase to counteract agents’ excessive saving tendency. The last term in
(23) decreases (for DARA) the interest rate to compensate for agents’ extra precautionary savings
against the extraneous risk introduced into their consumption streams. Unlike for the fundamental
risk, since agents price this nonfundamental risk heterogeneously, the individual agents’ savings
tendencies against nonfundamental risk do not “aggregate” to yield the representative agent’s

absolute prudence coefficient.

Because of the presence of the two opposing additional terms, the net effect of the extraneous
risk on the interest rate is, in general, ambiguous. However, if agents are highly prudent the last

term will dominate and the interest rate will be lower than predicted by the benchmark model (for

'®An alternative representation for the interest rate purely in terms of the representative agent’s utility, is

U (e(t); 1/y1,1(8) /y2) 1 Upn (6(8); 1/, 7(t) /32

m(t) = - U {e(t); 1/y1,n(t) /y2) TR U (s(8)i t/w,m(t) v2)

t)

n(t)? at)® .

“First introduced by Kimball (1990), prudence represents the sensitivity of a decision variable to risk or “the
propensity to prepare and forearm oneself in the face of uncertainty.” As Kimball discusses, when the utility function
is additively separable, ~U"'/U" is the appropriate measure of absolute prudence.
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given A(t), B(t)). If agents’ prudences are very low, the third term will dominate and the interest
rate will be higher than predicted by the benchmark model. If agents have negative prudences
(un (-) < 0), then the interest rate will again be higher. In Section 5, we show the interest rate to
unambiguously increase for CRRA preferences with v > 0, and unambiguously decrease for CRRA
with v < 0. The interest rate also increases unambiguously for CARA preferences.

Proposition 6 summarizes the behavior of agents’ equilibrium consumption growths.

Proposition 6. In an equilibrium where extraneous risk matters, the mean perceived growths in

the individual agents’ consumption allocations are given by:

n o _ A LA®? [6a(t) _B®)] 2, (ABN 1
w0 = om0+ 3 00 [an(t) 29| 0 (a.n(t)) am®) PO @)
L A@® Y _ 2 _
5 () O ~an@om@] AO,  (n,m) = (1,2), (21

As in the benchmark economy, the mean growth in an individual agent’s consumption is pos-
itively related to the aggregate consumption growth, where the proportionality coefficient is that
agent’s fraction of the total risk tolerance (A/a,), and is related to the fundamental risk, with
the proportionality factor being the difference between the two agents’ products of prudence and
risk tolerance coefficients (b,/an). The more prudent an agent is, the more he saves, but this is
counterbalanced by the decrease in the interest rate, so an agent’s net saving is driven by how
prudent he is relative to the whole economy. Relative to the benchmark economy, when extraneous
risk matters, the extraneous disagreement risk also appears directly as a driving factor in agents’
consumption growths through the last two terms in (24). The third term is due to the interest rate
increase caused by agents’ misperceptions of their consumption growth, causing both agents to
save more. The fourth term arises from precautionary savings motives against the nonfundamental

risk, again driven by how prudent the agent is relative to the whole economy.

5. An Example: The Case of Constant Relative Risk Aversion

We assume here that agents have utility function un(c) = ¢7/v, v < 1, v # 0, or ug(c) = log{c)
(which corresponds to v = 0), for n = 1,2. For this family of utility functions it is natural to
express aggregate and individual consumption growths and volatilities in percentage terms as we
will see below. For this special case, the previous expressions for the state price and consumption

dynamics collapse to explicit formulae, and some additional unambiguous results arise.
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Proposition 7. Assume agents exhibit identical CRRA preferences. Then, in an equilibrium

where extraneous risk matters, the state prices and consumption volatilities are given by

& =i (1 + (/)7 e €)= [ nE) ™ (14 @an)/a) Y 7) ety

) . (mn(t)/y2) "
() = t); t) =
i) 1+ (y17(t)/y2) /1" <) 4 L+ (m()/y2) /7

where y, /yo satisfies

B! [/:[1 + (y17(8)/32) H’] ety dt} =E! l fo T[l + (y1n(t)/y2) 1‘“’] lﬂe(t)‘l"‘l e1(t) dt} i

Hence the volatilities (expressed in percentage terms) of these two processes are given by

e(t) ,

ge(t) |

nigy (1 oy T 1 c3(t) . a2 _af) _
ee(t)"‘(l )e(t)’ gz(t) ( P"(t)» Bz(t) (t) (t)
1076 = V(L = M) oule)/e(®) + ({1 - cale)/e)ate)) n=1,2,
Oadt) _odt)  oa) _ ) el )
) - e(t) ST e ey L =T piy s L
S = Vet + (- a@mwaa-7, n=12.

The interest rate and the individual consumption growths (in percentage terms) are given by

@ == 2 20 =) (2] Lys -y SO e
HEO) _ pelt) | (elt) = ca®) [0 = 1/2) ) ~ (0] _
a® @ T (1= 7P P HO7 o

Unlike in the benchmark economy, agents’ individual consumptions are no longer simply con-
stant multiples of the aggregate consumption, being also driven by the extraneous disagreement
process. The volatilities of the state price and individual consumption processes, |6™(£)|| and
lloes (t)/ci(t)]| are unambiguously increased by the presence of extraneous uncertainty.!® “Excess
volatility” is created over what one would expect from the fundamentals alone. The interest rate
is unambiguously increased by the presence of the extraneous uncertainty, if 0 < v < 1, i.e., the
agents are less risk averse than log utility (0 < v < 1). If agents have log utility (v = 0), the
interest rate is unchanged, and if the agents are more risk averse than log utility (v < 0), the
interest rate is unambiguously decreased. The perceived consumption growths of the two agents

are both unambiguously higher in the presence of the extraneous uncertainty if v < 0. If v > 0,

%For CARA preferences, the state price volatility [{6"(¢)i| and the consumption volatility for absolute changes
lloes ()]} are again unambiguously increased by the presence of extraneous uncertainty.
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the perceived consumption growth of agent n is higher than in the benchmark economy if and only
if his consumption is less than the fraction (1 —+/2) of the aggregate consumption. This condition

is more likely to be met for lower v, lower ¢,, or “worse” past beliefs about the extraneous rocess.
p

A further point to note is that, in the benchmark economy with CRRA agents, if the aggregate
endowment process follows a geometric Brownian motion, i.e., u¢/€ and o, /€ are constants, then all
the endogenous equilibrium parameters, r, 4, Ocs fc, and e /cf,, are also constant, implying that
the state price and consumption processes also follow a geometric Brownian motion. In the extrane-
ous uncertainty case, this is not the case. Even if 7 is a constant, i.e., the extraneous disagreement
process follows a geometric Brownian motion, the state price process and individual agents! con-
sumption do not follow a geometric Brownian motion., and all the endogenous equilibrium diffusion

parameters are stochastic.

6. Extensions
6.1. More than two agents

The analysis of Sections 2-4 extends readily to the case of N > 2 agents. The uncertainty-
information structure is as in Section 2, where each agent is effectively endowed with the probability
space (Q, 77, {F'},P") and F* = FWeWs' = FWer n = 1. N. We express each agent’s
innovation process relative to agent 1’s as
1 n
t) — 3
dWZ2(t) = dW}(t) + ag™(t)dt, E*t) = %")“‘—() , n=1,...,N,
z
where, as before, 4" is essentially exogenous. The remaining analysis, results and notation of
Sections 2-3 carry through, with appropriate modifications. Propositions 8 and 9 report the
equilibrium market prices of risk, interest rate and consumption volatilities and mean growths,

revealing that the essential structure of the equilibrium in Section 4 is maintained.

Proposition 8. In an equilibrium with N agents where extraneous risk matters, the market prices

of fundamental and nonfundamental risk perceived by the agents are given by
ge(t) = A(t)aou(t),

Bg(t) _ A(t) Z (ﬁ‘m(t) _ﬁn(t))
m#n

am(t)

1

I"® = Ahoe®? + X (™) - ) fam®), n=1,...,N,
m#n
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and the agents’ consumption volatilities given by

Geselt) = A((?) (£),
Cfc;z(t) = A(t Z m(ta)‘rn(t) t)) ’
loa®ll = A((”)\/ 0F + 3 (0 - @) fanm(0)  m=

An agent’s perceived market price of fundamental risk is still proportional to the aggregate fun-
damental risk, with the proportionality factor being the representative risk aversion in the economy.
Consequently, an agent’s consumption covariance with fundamental uncertainty has the same form
as in the two-agent case. However, each agent n's perceived market price of nonfundamental risk
is proportional to a weighted average of his extraneous disagreement relative to all other agents m,
(a™(t)—@a™(¢)), with the weight being proportional to agent m’s risk tolerance. In a sense, this term
is agent n’s pessimism /optimism relative to the average remaining agents’. In this multi-agent case,
we may identify the priced nonfundamental risk as being Domn (B™(t) — A™(t)) /am(t), again being
heterogeneous across agents. Then, an agent’s consumption covariability with nonfundamental risk

is, as usual, proportional to this priced risk.

Proposition 9. In an equilibrium where extraneous risk matters with N agents, the interest rate

Is given by
0 = ) ) < § A B0 + 401 3 B 5 (a0 - ()t
n-l m#n
1 bﬂ-(t) = ~n 2
-3 A(tr‘; S OL m#((p (1) = B"(®)) /am(®)) ",
and the agents’ perceived consumption growth given by
n o _ Alt) L A®)? (b.(t) _ B(t) A2 N () -
W0 = oy melt) + 5 s (20 - ) o) ol 20 ) 5,0 @) )
T { = (Z 1/ﬂe(t) Y (B - 5(8) /amt))’
{£n m#n
'gﬂm(t)z m#((ﬁ'"(t () /am(®)) } n=1,.,N

The additional (third and fourth) terms in the interest rate have similar interpretations to the

case of two agents. The third term arises because agents live under differing probability spaces.
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It is a risk-tolerance weighted average of each agent n’s extraneous disagreement relative to agent
1 times that agent n’s disagreement relative to the average remaining agents’. Unlike in the two-
agent economy, this third term now has an a.mbiguoﬁs sign. The fourth term is a weighted average
of each agent n’s squared disagreement relative to the remaining average agent, with the weight
driven by the product of that agent n’s prudence and risk aversion parameters. Again, this term
arises from the precautionary savings motives of all the agents against nonfundamental risk, Eut
since they price the nonfundamental risk heterogeneously, these terms may not be aggregated as
simply as the precautionary savings against fundamental risk.

In an agent’s mean consumption growth, the additional third term is due to the effect on the
interest rate of agents’ misperceptions about their own consumption growth, and has ambiguous
sign, unlike the two-agent case. The fourth term is driven by the agent’s precautionary savings
motive against nonfundamental risk minus the average precautionary savings motive against non-
fundamental risk. As an agent wants to save more, his perceived consumption growth will increase,

but if all agents want to save more, the interest rate must go down to counteract these tendencies.

6.2. More than one extraneous process

We return to the two-agent framework but extend the analysis to the case of L > 1, possibly
correlated, extraneous processes driven by an L-dimensional Brownian motion process W, =
(W1,...,Wr)T. The extraneous process dynamics are as in (2) but with the notation z(t), (%)
and o(t) denoting L-dimensional vectors and an L x L matrix, respectively. The uncertainty-
information structure is as in Section 2, but with the processes z and W, replaced by their L-
dimensional counterparts. Associated with each agent is an L-dimensional innovation Process
W2=(WP...,.WHT, n=1,2, related by

dW2(t) = dWit) + Bt dt,  A(t) = o ()L (ul() — p2(e)) ,

where p7 is the vector of mean growths of the extraneous processes, as percetved by agent n. The
vector process [ captures the disagreement between the two agents about the mean growths of
the L extraneous processes. Given that there are L + 1 dimensions of uncertainty that may affect
equilibrium, in addition to the bond we assume there to be L + 1 zero net supply risky securities
and hence an L-dimensional perceived market price of nonfundamental risk, a7 = (6%,...,60)7,

for each agent. In Propositions 10 and 11 we characterize the equilibrium dynamics.
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Proposition 10. In an equilibrium where L-dimensional extraneous uncertainty matters, the mar-

ket prices of fundamental, nonfundamental and total risk perceived by the agents are given by

R0 = AQot); 040 = A 60 =20 ey, ¢=1,...,L,
87Ol = AQ) (02 + 3 (@6 am(®)? (mm) = (1,2),(2,1),
and the agents’ consumption vo;::ﬂities by
relt) = 2 0lt) o) = s () e=1,...,L,
1ocs (0] = o 2+;§ Belt) fam(®))” (rom) = (1,2), (2,1).

These expressions have the same form as those for 1-dimensional extraneous uncertainty, the
main difference being that the extraneous disagreement risk vector £ is now multidimensional and
driven by disagreement about multiple extraneous processes. The implication is that multiple
additional terms appear in the total volatilities of the state prices, [[6™]|, and individual agents’
consumption streams, [|ocs||. Hence, for given ai(t), ax(t), these volatilities increase further with

every additional dimension of extraneous uncertainty that matters in equilibrium.

Proposition 11. In an equilibrium where L-dimensional extraneous uncertainty matters, the in-
terest rate is given by

_ 1 2, _AME &Ko 1 A@RS Lo
r(t) = A(t) pe(t) ~ 5 A(t) B(t) 0 (2) +m§1m(t) NGE [bl(t)+b2(t)}§pe(t) :

and the agents’ perceived consumption growths are given by
A(t) 1 A()? [5a(t)  B(Y) 2 (AR 1 2
@ O 320 | ~ ) (an(t ) o an() & Z pelt)

3
_,_l(_it)_) [a,n(t)bn(t)—a,m(t)bm(t)]z,ﬁg(t)2, (n,m) = (1,2),(2,1).
2 \an( ) =1

t) am(t

pes () = —7=

There now appear 2L additional terms in the interest rate and the consumption growth formulae
as compared with the benchmark case, two for each dimension of extraneous uncertainty. Hence,
for given an(t), bn(t), the effect of extraneous uncertainty is increasing in the number of dimensions
of that uncertainty believed to affect the real quantities of the economy.
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7. Conclusion

We develop a continuous-time, pure-exchange, general equilibrium model where nonfundamental
risk matters and gets priced, and investigate the implications of such nonfundamental risk. In
equilibrium, the nonfundamental risk matters as a result of agents’ heterogeneous beliefs about
extraneous processes. Equilibrium is determined in terms of a representative agent’s utility func-
tion with stochastic weights driven by the agents’ injtial wealths, disagreements about extraneous
processes and nonfundamental uncertainty. We provide a full characterization of agents’ perceived
state price densities and consumption allocations by deriving explicit representations for market
prices of fundamental and nonfundamental risk, interest rate, agents’ consumption volatilities and
growths. A conclusion is that, for given agents’ risk tolerances, the agents’ perceived state price
densities and consumption streams are more volatile than they would be if extraneous risk did not

matter. Further comparisons of equilibria with and without nonfundamental risk are carried out.
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Appendix: Proofs

Proof of Proposition 1. This is a variation on Karatzas, Lehoczky, and Shreve (1990}, to
incorporate heterogeneous state price densities across agents. The first equality in (10), together
with (8)—(9), imply (11)—(12}, by substituting £3(t) = £X(¢)/n(t) and making use of the fact that
the inverse of U'(c; A) is J(A; A) = Iy(h/A1) + L2(R/A2). The two agents’ budget constraints are
equivalent, and using the property of a representative agent’s utility function that U’(c;vA) =
vU'(c;A), v > 0, and taking v = yj, they both only determine the ratio ¥1/%2. (Agents’ weights
1/yn are only determined up to a multiplicative constant.) Substitution of (11) into (8) yields (14).
To prove the last statement, &, and é» given by (8), together with (11), imply the first equality in
{10). The proof that the first equality implies the remaining two is a similarly modified version of
that in Karatzas, Lehoczky, and Shreve (1990) (to account for 7). Q.E.D.

Proof of Proposition 2. Common beliefs imply A(t) = 0 from (4) and hence 7(t) = 7(0) = L
Then from (11)—(12), the processes £™ depend only on ¢, and from (14),sodo ¢, n = 1,2. Applying
It6’s Lemma to (11)~(12) would imply §2(t) =0, n = 1,2. Q.E.D.

Proof of Proposition 3. Applying Itd’s Lemma to (8) and equating uncertainty terms yields
1 . 1
_— = g e(t) — () = t), =1,2. Al
a.n(t) 95 (t) g ,..E( ) aﬂ(t) z( ) ac;z( ) n ( )

Summing over agents and recalling (6)-(7) yields

1 1 1) = g rnlt) = &
[al(t) + ag(t)] Oe(t) = epe(t) + cpe(?) e(t), (A2)
1 1 1oy _ 1 _ o o _
[al(t) N az(t)] f:(t) as(t) A(t) = 0c12(t) + 02 (2) =0, (A3)

where the last equality in (A2) and (A3) follows by applying Itd’s Lemma to clearing in the

consumption good market and equating uncertainty terms.

Differentiating ¢j(t) = I (yl U’ (e(t);l/yl,n(t)/yg)) with respect to €(t) and manipulating
yields dci(t)/0e(t) = A(t)/a1(t); similarly, for agent 2, Oc;(t)/Oe(t) = A(t)/az(t). Then, using
Oci(t)/Oe(t) + Acs(t)/Be(t) = 1 (implied by ci(t) + c3(t) = €(t)), we deduce 1/A(t) = 1/ay(t) +
1/a3(t). Substituting into (A2)-(A3) and rearranging yields the desired expressions for 4! and 4..
Then, using (6)-(7), we derive the corresponding expressions for agent 2. Finally, we derive ||§™(t)]|
from its definition |6™(2)|| = /(92(£))% + (62(2))". Q.ED.

Proof of Proposition 4. (A1) and (15)-(16) yield (19)-(20). (21) is immediate. Q.E.D.
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Proof of Proposition 5. Applying Itd’s Lemma to agents’ first order conditions (8) and equating
drift terms yields

;(—(?) = () = 3 5n(t) Ocze(t)? — 1 bn(t) 0es2 ()2, n=1,2. (Ad)

Applying Itd’s Lemma to clearing in the consumption good market and equating drift terms (under
agent 1’s probability space) yields

0+ 50) = ) = A oot = el + — 2 e, (A5)

where the second equality makes use of (20). Summing (A4) over agents and using (A5) and the

fact that 1/A(t) = 1/a1(t) + 1/ax(t) yields
rl0) = A nelt) - 3 A (2 52—((&) ot

A

a1(t) ax(t)

Differentiating c}(t) = I} (yl U'(e(t); 1/y1,m(t) /yg)) twice with respect to e(t), using dc}(t)/e(t) =

A(t)/a1(t) vields 8%ci(t)/De2(t) = (A(t)/al(t))2b1(t) ~ (A(t)/a1(t)) B(t); similarly for agent 2

we obtain 82c5(t)/8e2(t) = (A(t)/az(t))sz(t) — (A(t)/a2(t))B(t). Then using B2ci(t) /0 (t) +

0%c5(t)/8€*(t) = O (implied by ¢(t) + ci(t) = €(t)), we deduce B()/A(t)? = by(t)/ay()? +

ba(t)/as(t)?, which when substituted into (AS), yields (23). Q.E.D.

A(t)®

B(t) + 2 W (01(2) + ba(t)) Aa(t)2 . (AS6)

Proof of Proposition 6. Substitution of (19), (20) and (23) into (A4} yields for n = 1, 2

n i A LA (but) b\ .o, A®? _

W) = s+ L (al(t)z e )ae(t) + e A
1 A@? 2 A(2) 2 1 _A® N\,
5 a1 +0) B0 (e (2 (t) oclt) an(t)(al(tm(t)) a)?
which after some manipulation, yields (24). Q.E.D.

Proof of Proposition 7. Substitution of the power or log utility into (11)-(14), (15)—(17), and
(23)—(24) yields the desired resuits. Q.E.D.

Proof of Propositions 8-11. The proofs are V. -agent or L-dimensional versions of Propositions
3-6. Q.E.D.
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