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Abstract

In many stock exchanges around the world there is a “call” or “batech” transaction at the
opening of the trading day. Currently, an essential problem in the application of this trading
mechanism is that orders in one security cannot be conditioned on prices of other securities.
As a result, precise portfolio considerations cannot be based simultaneously on the prices
of all securities, and there is no way to trade an asset instantly on the basis of information
derived from prices of other securities. Wohl (1994) suggests and analyzes the feasibility
of a trading mechanism that facilitates conditioning on an index (a weighted average of
stock prices) that is determined simultaneously with the prices of all assets. In this pa-
per we analyze the economic implications of an index-contingent trading mechanism in the
framework of rational expectations equilibrium models with liquidity traders. We show that
an index-contingent trading mechanism may contribute to the efficiency of prices and to
the reduction of losses and risks sustained by liquidity traders. In particular, we compare
two trading systems, with and without index-conditioning, and find that in the system with
index-conditioning (i) price fluctuations around “true” values are lower, (i} expected trading
costs of liquidity traders are lower, (iil) the variance of the payoffs to the liquidity liquidity
traders is lower, (iv) the expected utility of informed traders is lower, and (v) the expected
volume of trade is higher than in a model without cross-conditioning.



1 Introduction

in many stock exchanges around the world “call” or “hatch” is used as a method of trading,
either alone or in conjunction with continuous trading. Stock exchanges that use a com-
puterized limit order book (for example, the stock exchanges of New York, Tokyo, Toronto,
Paris, Frankfurt and Sydney) have a call transaction at the beginning of each trading day,
and a continuous trading after that. The trading volume at the opening is significant. For
example, Stoll and Whaley (1990) report that, on average, the volume at the opening of the
New-York Stock Exchange (NYSE) is more than 10% of the daily volume of trade for the
years 1982-86. Similar proportions are reported for the Tokyo Stock Exchange by Amihud
and Mendelson (1991).

Currently, an essential problem in the application of this trading mechanism is that
orders in one security cannot be conditioned on prices of other securities. As a result, precise
portfolio considerations cannot be based simultaneously on the prices of all securities, and
there is no way to trade an asset instantly on the basis of information derived from prices
of other securities. The need for cross-conditioning has first been broached by Beja and
Hakansson (1979) and is emphasized by Amihud and Mendelson (1985, 1988, 1990) and
Miller (1991). Tt is also supported by several empirical studies that document, for various
stock exchanges, high volatility of returns at the beginning of the trading day and that
the variance of the open-to-open returns is higher than the close-to-close return variance.
These findings suggest that, following the morning opening, investors “correct” the prices in
accordance with the newly observed prices of other stocks.!

Wohl {1994) proposes a trading system with call transactions (hereafter, a call system)
and index-contingent limit orders. In his call system, an investor’s demand for a stock
may be conditioned on an index (a weighted average of stock prices which is simultaneously
determined with the clearing prices of all stocks), in addition to the stock's price itself . A

typical buy order has the following format: “Buy @ shares of stock j if P; < C'+L PJ{.) (I—.}E) 2

15ee Wood, Mclnish and Ord (1985), Amihud and Mendelson (1987, 1989, 1991), Stoll and Whaley
(1990), Amihud, Mendelson, and Murgia (1990}, and Wohl and Kandel (1994)



The constants @, (' and L are provided by the investor, P; is the clearing price of stock j,
and I is the index based on all clearing prices. P_,? and I° are the previous day’s (or previous
round of trade’s) values of P; and /. When L = 0, this order is the usual limit order.
When L # 0, the limit is adjusted to the market movements. For example, let PJ,Q = 100
and 7% = 1000, and assume the investor chooses @ = 200 ,C =102 and L = % If the
market doesn't move (I = I 0 = 1000), then the order will be: “Buy 200 shares of stock 7
if P; < 102." If the market goes up by 1% (I = 1010), then the order will be: “Buy 200
shares of stock j if P; €102 + %.” Woh! demonstrates that this call system is technically
feasible: under the regularity condition L < 1, there exists a unique solution for any set
of index-contingent limit orders in all stocks, where “solution” means a set of prices and a
corresponding index under which all markets for individual stocks are cleared.”

In this paper we analyze the economic implications of an index-contingent call system in
the framework of rational expectations equilibrium (hereafter REE) models with liquidity
traders. Admati {1985) presents a REE model with liquidity traders and many risky assets.
She assumes that each trader’s net demand for every asset is a function of the equilibrium
prices of all assets. Her assumption is equivalent to the assumption that, in a call system,
each trader submits a set of contingent limit orders, where the quantity demanded depends
on the clearing prices of all assets. Obviously, this trading system is impractical even in our
era of powerful computers.®> Wohl's proposal of index-contingent limit orders represents one
step in the direction of a realistic call system with cross-conditioning,

We present a model that allows us to compare two call systems: the usual system, where
the equilibrium demand for a risky asset may depend only on the equilibrium price of the
asset itsell, and the suggested system, where the order may also be conditioned on an index.

We assume that every trader has private information about one risky asset and actively

2Miller (1991) proposes the introduction of similar contingent limit orders in order to increase the market’s
efficiency and mitigate the impact of intermarket arbitrage in a system with continuous trading and a
specialist. These orders are automatically marked up or down by a prespecified movement in the future
market or of another observable index. Brown and Holden (1993) examine the advantages of Miller’s proposal
for retail traders.

3Gee Admati (1989, 1991) for a discussion of the problems associated with the implementation of REE
and how they are related to realistic trading mechanisms.



trades only this risky asset and the riskless asset. In the spirit of REE models we assume
that informed investors place their limit orders in accordance with their private information
and the information they gain during the trading from the equilibrium price of the asset they
actively trade and the equilibrium value of the index. We derive investors’ demand functions
and the equilibrium prices. We compare the two call systems and find that, in the system
with index-conditioning, (i} price fluctuations around “true” values are lower, (i1) expected
trading costs of liquidity traders are lower, (iii) the variance of the payoffs to the liquidity
traders is lower, {iv) the expected utility of informed traders is lower, and {v) the expected
volume of trade is higher than in a system without index-conditioning.

Section 2 contains the assumptions of our model. Section 3 describes the equilibria under
the two trading mechanisms. Section 4 derives the economic implications of the proposed
system. Section 5 describes an extension of the model. We conclude the paper in Section 6.

Proofs of lemmas and propositions are provided in an Appendix.

2 The Model
2.1 Assets

A riskless asset and a set of s risky assets (stocks) are traded. For the sake of simplicity, we
assume that the elapsed time between the trading and the receipt of the assets’ payoffs is
negligible. The riskless asset is in perfectly elastic supply at the (normalized) price of one
and will pay one unit immediately after the trading with certainty. The risky assets are in

fixed supply. Risky asset j will pay immediately after the trading

(2.1) Fj=1+8,
where [ is & common factor, 5j is an idiosynecratic payoff (independent of I and 5k, k # 7,

ESJ- = 0), and

(2.2) (1/s)-S°6;~ N(0,V5), V;= constant/s.
i=1

We assume that the number of risky assets, s, is “large”.



2.2

Traders

There are two Lypes of investors: informed investors and liquidity traders. Every informed

investor, in addition to a proxy for the common factor, receives private information on one

risky asset only and actively trades only this asset and the riskless asset. I'or each risky

asset 7, exactly n > 2 informed investors have private information. In the remainder of this

paper, the term “traders” will refer to the group of informed traders (as opposed to “liquidity

traders”). Trader ij is the i’'th trader of asset j. Following are further assumptions on the

information and behavior of the traders:

a.

e.

Before trading starts, trader 77 observes two random variables, proxying for the com-
mon factor and the idiosyncratic payoff of asset j:

(2.3) Iy =1 + &y,
and }
(2.4) bij = 05 + €43,

where é; and é;; are normally distributed random variables with zero means and vari-
ances equal to V, and V,, respectively. The variables are independent of each other, I,
3, and all other §’s €’s and ¢’s.

Based on his private information, trader ij forms a joint “subjective distribution” of I

and 5;:
5 v.))
0 V. |

. I Iy
]-((

This distribution is the posterior distribution of I and 5j when the variances V, and V,
are known and the investor has a diffuse (improper) prior distribution of I and §;.*

Every trader has an initial portfolio that contains K units of the risk-free asset and
@ /s units of each of the risky assets. The trader’s utility is based on the total wealth
after trading, W:

(2.6) U(W) =—e W

where «a, the risk aversion coefficient, is the same for all traders.

In seeking to maximize their expected utility, traders ignore any random variable with
expected value and variance that are equal to constant/s (recall that s is a “large”
number).

Traders ignore their own impact on prices.

1See Zelner (1971), p. 20.



f. Liquidity traders’ orders are based on factors other than private information or share
prices. Their total supply of asset j is X; ~ N(0,V,); X, is independent of X, k # 7,
and of I, 6y, €;, and &5, for all ¢, k.

2.3 Trading System

Denote the clearing price of asset j by ﬁj. Define:
~ 8 o~
(2.7) Ii=(1/s)-Y_P;.
F=1

Fvery trader may choose l;; and submit a demand function that depends on the variable
(lgj — l,-jf s). This variable will hereafter be termed “signal” and be denoted by S;;. Denote
trader ¢5’s demand for asset j by dyj;. I the trader selects lj; = 0, then d;; depends only on
the price of asset j but not on the index. Obviously, orders can indicate a fixed amount of
shares which depends neither on the price nor on the index.

Equilibriumn prices satisfy the condition that, for each asset j, total demand is equal to
total supply. As the price of the riskless asset is normalized to be 1, buying (selling) a share

at the price P; decreases (increases) the number of riskless units held by trader ij by P;.
3 Equilibrium

Lemma 3.1 Assume the model presented in Section 2 and assume that, for a gwen li;,
trader ij can condition his demand for asset j on the signal §¢j = 155, — lijfs. Assume there

exists an equilibrium with the following price for asset j:

where
(3.1a}) Ty~ N(0,V;)

independent of I and 5 Iz

(3.1b) E(éj) =0, V(éj) = constant/s ,



(3.2} 1% [(1/3) : i(fgj - f)] = constant/s ,
k=1

and E(-) and V (-) denote the random variable’s expectation and variance, respectively. Then

trader ij s demand for asset j will be:

(1= )l + 855 — Sy
3.3 dii = .
( ) “ a[(l — E,;j)QVe + VE]

The result in Lemma 3.1 is for a fiven value l;;. When I;; = 0, the it resembles the result
in Grossman (1976). In the following lemma it is assumed that the trader can choose any

value l;; in the range [0, L], L < 1, and condition his demand on S‘ij = (ﬁj — l,»jfs).

Lemma 3.2 Assume the equilibrivm characteristics of Lemma 3.1. Assume that trader ij
can choose any uvalue li; in the range (0, L], L < 1, and condition his demand for asset j on
the signal .E:’t-j = (Igj — lijfs). Then, the trader will choose a signal Sy; with ly; = L and his

demand for asset § will be:

(1= L) + 85 — (Pj — L)

o4 A (AN

The intuition for the result in Lemma 3.2 is straightforward. Under the equilibrium charac-
teristics of Lemma 3.1, I (the trading index) is a much more precise assessment of I (the
common {actor) than /;; (the assessment of trader ij). Therefore, every trader prefers to use
maximal weight of 7, in the assessment of I {and the payment ﬁj), and chooses I;; = L. If
L = 1, the trader need not use his initial assessment [;;, and the demand function of trader
ij does not provide any private information about I. In order to force the traders to provide

information about I, we limit their choice to L < 1.

Proposition 3.3 Assume the model in Section 2 where each trader ij can choose l;; in the
range [0, L], L. < 1. and condition his demand for asset j on the signal §ij = (ﬁj — ll,).

Then there exists an equilibrium with the following price for asset j:

(3.5) PjﬁﬁjJr%j'i‘@-j,



where

V.+ (1=-10)*V,] — (1-L)A. 1 &
(3.6) : :__a[ et ( ) ]'Xj‘i'(_““"—'_)zeij‘l‘“zﬁijn
n L ™
and
~ L a[Ve+(1—L)2Ve] 5.~ 5.
3.7 g = —{— X+ — b +
(3.7) I 5{ (1-L)n ,; (1-L)=

1S 1 s o n
! ;g;eik ’ n{1-L) LE-.li:IEik} .

Proposition 3.3 implies that the price P; is the sum of the true payoft F ; and two disturbances.

The variance of the disturbance 7; is decreasing in L. The second disturbance, éj, reflects

the “echo effect” of an index-conditioning: a noise in the demand for one asset affects the

prices of all assets. As the variance of this disturbance is of order %, it is negligible as s

increases to inflinity.

4 Economic Implications

All the propositions in this section are expressed in terms of functions that are monotonic

in L. To see the differences between the trading systems, recall that in the current system,

without index-contingent limit orders, L = 0.
Proposition 4.1 [or every asset j, limy . V(};j - ﬁ;,) is decreasing in L.

Proposition 4.1 implies that price fluctuations around the “true” value are lower in the
system with index-conditioning than in the current system. The possibility of using I, in
limit orders leads to transfer of information about I , from and to the traders of different
assets, via [,. This leads to more efficient pricing. Because the model does not include
liquidity traders’ preferences and endowments, we cannot measure the improvement in the

liquidity traders’ utility. Instead, we analyze their total trading costs.® For every asset 7,

this total cost 1s

(4.1) X;(Fy — Py) = =X,(7;+ ;).

3See Admati and Plleiderer (1991} for a similar analysis of liquidity traders’ total trading costs in a model
with “sunshine trading”, where some liquidity traders preannounce the size of their orders.



where the equality follows from (3.5).

Proposition 4.2 For every asset j, the expected trading costs of the liquidity (uninformed)

traders are decreasing in L as s — 0.

Proposition 4.3 For every asset j and for every realization X;, lims_.oo V(ﬁj - X;), the
limit variance of the payoff to the liguidity traders of asset j conditional on X, is decreasing

wmn L.

Propositions 4.2 and 4.3 show that in a system with index- contingent trading the ex-
pected trading costs of the liquidity traders are lower and the variance of the payoffs to the
liquidity traders is lower than in a system without it. The following proposition shows that
the expected utility of the informed traders is also lower in a system with index contingent

trading than in a system without it.
Proposition 4.4 The eapected utility of the informed traders is decreasing wn L.

It is interesting to note that the informed traders, as a group, will probably wish to prevent
implementation of an index-contingent trading mechanism while, if the mechanism is estab-
lished, all of them will use the conditioning by the index {Lemma 3.2}. Finally we examine
the trading volume under the suggested call systems. Intuitively, the index-contingent trad-
ing mechanism leads to more precise information about the common factor and, therefore,
to more aggressive trading by the informed traders. This intuition is formally presented in

the following proposition:

Proposition 4.5 For every trader ij, E lim |di;| is increasing in L.
§—0

5 An Extension of the Model

In this section we briefly describe an extension of the model where the payoffs of the risky

assets have different sensitivities to the common factor I:

ﬁjzaj'l‘ﬁjf"v}*gj



where

i 8
—Zaj = O,
$ 521
and
1 5
— .ﬁj:l
5j:1

In the extended model, if traders are limited to choose ! < L, then trader ij will choose
Ly = 3; i 3; < L, and i = L if 3; > L. When l; = 8; < L, the traders of asset j do
not provide any information about I to the mechanism. Hence, a sufficient condition for
an equilibrium to exist is that the number of assets for which 4; > L + ¢ (for some ¢ > 0)
increases to infinity as s — oo.

The economic implications of the extended model are very similar to those in Section 4.
Propositions 4.1 — 4.5 specify several economic values and moments and show that they are
increasing or decreasing functions of L. It can be shown that, in the extended model, these
functions are strictly increasing or decreasing in L when L < §; but do not change as a
function of L for [ > ;. If allowed, the informed investor will limit his orders with l;; = ;.
Increasing £ beyond 3; will not change the trader’s optimal behavior and the equilibrium

characteristics,

6 Conclusions

A feasible call trading mechanism that enables conditioning on an index is proposed by
Woh! (1994). The economic implications of this mechanism are examined in this paper in
the framework of RER models with liquidity traders. We show that the index-contingent
trading mechanism can contribute to the efficiency of prices and to the reduction of losses
and risks sustained by liquidity traders. In particular, we compare two call systems, with and
without an index-contingent trading, and find that in the system with index-conditioning (i)
price fluctuations around “true” values are lower, (ii) expected trading costs of the liquidity
traders are lower, (iii) the variance of the payoffs to the liquidity traders is lower, (iv) the

expected utility of informed traders is lower, and (v) the expected volume of trade is higher



than in a model witout index-conditioning. It is interesting to note that informed traders,
as a group, will probably wish to prevent implementation of an index-contingent trading
mechanism. However, if the mechanism is used, all of them will employ the conditioning by

the index, rather than by the asset’s price alone.

10



Appendix
Proof of Lemma 3.1

Consider trader ij. If he assumes the existence of the equilibrium (3.1)-(3.2), his wealth
after trading will be given by

Wy = K+(Q/s) 3 Fiu+dy(F;— Py)
k=1

w ||

= K (Qfs)- SO0+ ) — dy(Fy = P;)
k=1

= K+ QI+ (Q/s) ) 8k — dylFy +65)
k=1

where the fivst equality is implied by equations (2.1)-{(2.2) and the second equality is implied
by equation {3.1). By assumption (d) on the behavior of the investors (see subsection 2.2)
and assumption (3.1h) on 91,-, the traders ignore éj in the maximization of their expected

utility. Similarly, by (2.2) they ignore

Q/s > b
k=1

We will denote by = the approximation used by trader ij when ignoring the above variables.

In his optimization problem, the trader’s wealth will be (approximately)

By the assumption of traders’ utility function (2.6) and the fact that 7; and [ are normally

distributed we get the trader’s expected utility:

(A2) Bl = _e—a[K+QE(f)*dijE(‘T'j)J+%02[Q2V(f)+dfjv(‘?j)i

where the moments in the exponent are conditional on the variables in the trader’s informa-
tion set: [, 6;;, and §;;. The maximum of this expression is obtained when the exponent

reaches its minimum value. The first-order condition for minimum 1is:

& exponent 2 ~
8d.ij

11



The second-order condition is satisfied because a*V (7;) is always positive. The first order
condition implies that:

aV (7;)
where [(7;) and V(7;) are conditional on Ij;, §;;, and Sy Next, we derive these moments.

From (2.1), (2.7), and (3.1):

8 i~
Py—ligly = T+8;+7+0;— (ly/s)- (I + 6k + T+ 6k)
k=1
8
= (1— lij)f +5j+fj+6j — (lij/S) E(ak'l'%k"'gk) .

k=1
It can be verified that, conditional on I;; and é;;, the expected value of the summation is of

order (1/s). Similarly, the conditional variance is:

V {1/ s) - ZS:(Sk + T + ék)} =V [Uz‘j/s) : f_:(ﬁk —-1I)

k=1 k=1

which, by assumption (3.2), is equal to constant/s. Based on assumption (d) about traders’
behavior (subsection 2.2}, we can ignore these components. By assumption (3.1b) we can

ignore ¢; for the same reasons and get:

(A4) lﬁj — l,-jfs’“m“: (1—lij)f+5j+7~'j .
The joint distribution of 7; and Si;, conditional on Iy and §;;, is bivariate normal:
()~ iy o) (Vo svev )3
Sij (1 - lij)ij + 855 )\ Ve (A=) Vet Vet Ve /0
Therefore, as in Raiffa & Schilaifer (1961, page 250):

. V.
(A.5) E(F; | S, i, 835) = 0+ i z--)ﬁv:u T [Si7 = (1 — i) Ti; = 851
i3 e € T

and
v, 1 — 1;)*Ve + V]V,

(AB) V(T | Sy Ly bgg) = Ve = AT _ M ”2) et VIV |
(11 Ve+ Vet Ve (1=l Vet Vet Vs
Using (A.3) we get trader ij’s demand for asset j
(1=l + 85— Sy, (L=l Vet Vet Ve
(1—1)2V, Vet Ve 7 [(1=1)Vet Vi a
(1 - lyj) iy + bij — 545

a[(l — iij)ch + V(l l

Q.E.D.



Proof of Lemma 3.2

Consider trader ij (with the corresponding private information, Iy and §;;). Assume the
trader chiooses li; = | < L (1 is strictly less than L) and conditions his demand on §,-j. We
show that this assumption contradicts the assumption that the trader is an expected utility

maximizer. From Lemma 3.1 trader ¢j’s optimal demand for asset j will be

~ (1“1)1@4‘6@*3@'

YTl - D, 4 Ve

and from (A.1) his wealth will be (approximately)

When the trader chooses l;; he does not yet know the realization of §,;j. Thus, he chooses
l;; that maximizes his expected utility conditional only on /I and §;;. Assume the investor
chooses I;; = *, I < I* < L and conditions his demand on (133 - l"f). Assume the investor’s
demand is not the optimal demand for this case:

(1 - 1V + 83 — (P = ')
el(1 = 1)°Ve + V] ’

and his wealth will be (approximately)
(A.9) W~ K+ QI —dyi; .

We show that the trader’s expected utility is greater even in this case than in the case where
li; = 1. Denote

(A.10) C !

T (It Ve
Substituting (A.10) into (A.8) and then (A.8) into (A.9) yields

Wy~ K +QI—Cl(1— DIy + 65 — (P — Us)]7; .
From (A4} and (2.5) we get

(A.11) W, o~ K+ QI CHL=Déy+ &, — Tl

= K+ QI - Clégf; — i1 — C(1 = 1)éyTy

J

13



and similarly,

(A.12) W o~ K+ QI—Cl(1 =18y + &5 — Tl

Il

K +QI = Cléyf; — 75) — C(1 = I")éyT; .

We shall show that every-risk averse trader (like ij) prefers ﬁ?:,, to W;;. Define

. . 1-L.
(A13) Tqi = T5 — " €i4-

From (A.11), (A.12), (A.13), and (3.6) we get

=, . P S 1-L._ . 1—14. U 1-L._

IfVi} =K +QI-=-C (e,;j(”rﬁ + - €i5) — (T + Teij)z + (1 — 1*)éy (75 + Teij))

PR U 1—-L_ _ o 1-L,1-1L iy <D 1-1L o =
= K+QI=-C (fij"f'jr' Ty T T (—— - (1-1"))e; — (2 e (1-1 ))fiijTji)

Since E?J > 0 and I* > [, every risk-averse trader prefers the random wealth ’W:; to the

random wealth

(A.14) K + QI -

.. 1-L_ . o 1=-L 1-1L 9 1-L . -
¢ (Er‘ﬂﬁ ity — T~ (- {1-1)e - (2—— = (11 ))eijsz’)
Note also that
(A15) W=~ K +QI -
.- 1—-L_ . 5 1—-L,1—-1L 0 1 —L . -
' (E,jj Tii + N €i4€i5 — szi - —n-""'( " - (1 - E))eij - (QT — (1 b l))e,;j'rﬁ) .

The difference between (A.14) and {A.15) is only the last term. We shall show that under
the definition of Rothschild & Stiglitz (1970) the term &;;7; is “noise.” Rothschild & Stiglitz
(1970) showed that if:

1) Y = X + Z, and

2) E(# | X) =0 for every realization of X,

14



then every risk averter prefers XtoY (“Y is equal to X plus noise”). It also can be shown
that if Z has a symmetric distribution around 0 then every risk averter prefers ()F(U +aZ ) to

(X +bZ) where b} > |al.

(a) Because & and 7y; are independent of [, E(€;;7 | I') = E(&;7;) for every realization

of I. E(éi7;) = E(é:;)E(7;) = 0 because é;; and Ty are not correlated.

(b) For every realization, H, of &;7j, E(8y7yi | &7 = H) = B (e” ) HE (‘—2—1) and

m

because of the independence between é;; and é; we get HE(éy;) - E (E:) = Q.
(¢) Because é; and 7j; are independent, E(&;75 | Th=H)=E(y) E(ful|T | 7= H) = 0.
(d) Because é;; and 7;; are independent, E (&7 | éfj — H)=E(7;) E(é | é?j == H) =0.

Using (a)~(d) we have verified that €;;-7;; is “noise’ ' with respect to the rest of the expressions
(A.14) and {A.15). Becausen > 2and 0 <1< < L
21— L)

n

2(1 ~ L)

1n

—(1-1< -(1=10)

The above inequality implies that the absolute value of the multiplier of the symmetric noise
&+ Tj; is greater in (A.15) than in (A.14). Therefore, every risk averse investor prefers W*
to i;i;ij, illustrating that the assumption of l;; = ! is inconsistent with the assumption of the

trader being risk averse. Q.E.D.
Proof of Proposition 3.3

Assume (3.5), (3.6) and (3.7) for asset j. We first show that these assumptions imply the
equilibrium conditions assumed in Lemma 3.1. Because X 5y €ij, and &; are normally dis-
tributed with zero expectations, 7; is also of the same type, and, therefore, assumption
(3.1a) is satisfied. E(8;) = 0 because éj is the sum of random variables with zero expec-
tations. By assumption (2.2) and by the independence among )?j, &;;, and €;;, we get that
V(éj) — constant/s and assumption (3.1b) is satisfied. Next, we verify assumption (3.2). By

equations {2.1) and (3.5),

——y
-1

1
Sn

Bp= T 485+ 7+0;,
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and therefore,
8

(1/s) Z(~k—f)=(1/5) (Be + T + 04) -

k=1 k=1

By substituting the expressions for 7 and 0, from (3.6) and (3.7), we get:

oo~ - V. + (1= L)*Ve] =  1-L &,
(1/s) - E (Pk-—f) = —E { ([ +(n ) }‘\k“}" " E € T
i=1

=1 $ k=1
+ ;1{ . g;ézk ~L G[VE(JI (_11;_)573 - k_lfk
SRR W ;;w}
O
_(-1—)—2

This is a sum of four random variables, each of which is independent of the others, with
variance equal to constant/s. Hence, assumption (3.2) is satisfied. Because the assumptions
of Lemma 3.1 are satisfied and the signals are limited to L by Lemma 3.2, trader ij’s demand

for assel j is: _ i
by = 0 Lt By (P L
d al(1 = L)*V, + V(] '

In order to achieve equilibrium in every asset j, the total demand by informed traders
D; = 3% dy must be equal to the amount offered by the liquidity traders X ;. In other

words:

n [(1 — L)]” + 6@ — ﬁj + (L/S) . Zi:l ﬁk]

X, = -
5 al(1 = L)V, + V|

By exchanging sides, we get:

(A.16) = [ﬁj —(L/s) iﬁk} = —a[(1— L) Ve + Vo)X, + (1 - i iés',-j
k=1 i=1 i=1

Summing up for all assets yields:

8 1] n

W1 - L EPK__ (1 - L)*V, + V- ZXH (1= 3 T+ 30 ba

k—=1i=1 k=11i=1

[~
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The sum of the prices is obtained by dividing by n(1—L) and assigning to each ik bk = Si+Eik
and fz’k = f‘i‘ é.,;k:

al(1 - LV + V) 1 8

Azfjk = = ’ LZ;{(’C-}W
=1

n 1-L =
i 5 . 1 n & - .
(1/71) ZZ(JT + éik) + —""—‘—L 22(6;3 + Eik) .
i=1 k=1 n(l-L) IHa
Multiplying by L/s yields
s 2 5
~ [(1 — L)*Ve + V| L = =
AT L P, = - X+ LI+
(A.17) (/S)E;lk s 1—L,§1 k
L n 8 Ln 5 _
el G .y 5
+ ns ;;em + sn(l- L) " kz=:1 k
L 1 n & .
1 LEEE%E}“

In equation (A.16) assign to every ¢j the signals Sij = 53- +€;; and fg-j = eréij, and exchange

sides, We get:

. 1= LV + Ve .o 1-L .,
(AlS) Pj - #(I[( ) i ].Xj‘k(].—L)l + Zeij
n nooi=
. 1 n . L & -
+f5j+ —ZGUJF_ZP;;.
nis 5 k=1
Substitute (A.17) into (A.18) and get (3.5)~(3.7). Q.E.D.

Proof of Proposition 4.1

Directly from Proposition 3.3.

Proof of Proposition 4.2

By Proposition 3.3, for every j:

(A.19) Py=F;+7+6;.

The liquidity traders’ trading costs are —,;&Tj(fj + éj). From equations (3.6) and (3.7), and
by the independence of ‘:’J and ‘:.;;, k # j, and of Sk, &4, and & for all i, k, we get that the

expected trading costs of the liquidity traders of asset j is:

17



a1 = LYV, + V, 1
pre. 0= LlVet fl-(w———s( )

I n 1~ L)
1 - L)*V. + V. 1
Lyl Ber v (1)
n S(1-1)
As § — oo, the above expression is decreasing in L. Q.E.D.

Proof of Proposition 4.3

The total payoff to the liquidity traders of asset j is X; - }Sj. Conditional on the realization
X; the variance of this payoff is:
V(X; Py = X3V (P) = XFV(F + 75+ 65)
As V(§;) = constant/s, we get
Jim V(F; - X;) = X7 Hm V(EF; + 75 + ;)

= NIV(F;+ 5) = XFIV(F;) + V()]
where L"(].FJ-) is independent of L and, from equation (3.6), V(7;) is decreasing in L (L < 1).
Q.E.D.

Proof of Proposition 4.4

Consider trader 1. His wealth after trading is:

From Lemma 3.2 N N
- (1—L)Jg‘j+62'j—(Pj—LIS)

di; = (“.!.[(1 _ L)Qve + Ve]

Using (A.4) we get:

5 (1~ L)€y + &y — 75

iy = 5

(t[(l - L) Ve + ‘/6}
and
— e (L= LYoy + &y — 75 .

(A.20) Wym K+ QI - (L—L)ey tey -1y

ALV, +v]
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Denote

(A.21) 7= 15— wl(1 = L)éy + &),
and
(A.22) V! = Var().

The random wealth in (A.20) becomes

(1 + ?15) [(1—L)éy + &)~ 7}

T P I [#i 4 L] — LVeu + &
(A.23) Wya K +QI AR 7+ L0 L)ey + &) -

Because

a) €y, €y, 7 are normally distributed; and
b) é;. ¢;; and 'F;: arve independently distributed;
(A.23) can be written as
— d : -
(A24) Wy =K+QI -

(1 - L)yVe+V,—
( ) U\/7 [(1 L) Vv, + V ( \/%'{' ny\/(l - L)2Ve+ve) )

d L ) . 5 .
where & means “has the same distribution by the trader’s approximation,” and Z and ¥ are

independentrstandard normal variables. From {3.6), {A.21), (A.22)

(A.25) Vi o= (1= L)*Ve + ViPVe/n® + [(1 - L)*Ve + V- %rl

= (1 L)*Ve+ V] {1+ —

a*[(1 — L)*V. + V] - v]

By substituting {A.25) in {(A.24) we get

(A26) Wy A K+QI-
-7“ F— af{(1— L) Ve k V[V a2[(1- L)V, +Vi] -
Ve 1\/1+ n-1 + [1+—AT‘*‘—V]_%(1+%)1;2
o a
Dencte
= (1= L)V, + VijVa
(A.27) by \/’” 01 \/1 Leld- L) e+ VelVa |
n- n—1
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and substitute (A.27) into (A.20) to get
~ 4 = - )
(A.28) Wy & K+ QI +1[7%3 + Zjbr — L (14 %) ]

Consider a mechanism in which the bound is {, 0 €< 1 < L instead of L. We shall show that
in the l-mechanism the trader can get greater expected utility than in the L-mechanism.
Assume the investor's demand is

g (=Bl 8y = (P —Us) b
4 al(1— 1)V, + V] b?

then, the trader’s wealth after trading will be

I d . - b% 1 s T - 1 1 ~2
Wh & K+ QI+ % = |Z% +Zihi— —(1+ -7
" by «a 7 n
, 21 b, =. b3 1\ .q
- K4 Qi+ - |Z% -bZ—d(l —)
QLA L+(b,)Ly 2 \" )Y

where

n—1 a*i1=1) V+V]V
n—1

W’ is preferred by any risk averter to W,J because:

). . . 2
a) The term — (1 + -};) y- is multiplied by 0 < %5* < 1
)

b} The term — Ziby, is “noise” [see Rothschild & Stiglitz (1970) and the proof of Lemma

3.2| , symmetric around zero, and multiplied by 0< %I; < 1.

Therefore, decreasing L increases the expected utility of the traders. Q.E.D.

Proof of Proposition 4.5

Equation (3.4) presents trader ij's demand for asset j,

(1= L)y + 65 — (P; — LI,)
a[(1 — 1)*Ve + V¢ ’

dij =

which, together with (3.5)-(3.7) implies that

lim dy — [(1 —L)é;; + €4 — #]
s W a,[(l — L)'.Zve n Ve] .

20



Using eguation (3.6) we get:

wu— Ve V- (B2 + Vs

a[(1 = L)2V, + V]

¥

E lim |dy| = E|Z|

where 7 is o standardized normal variable. The derivative of the above expression with

respect, to L is positive. Q.E.D,
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