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ABSTRAGT

Traditional theories of asset pricing assume there is complete market
participation so all investors participate in all markets. In this case
changes in preferences typically have only a small effect on asset prices and
are not an important determinant of asset Price volatility. However, there is
considerable empirical evidence that most investors participate in a limited
number of markets. We show that limited market participation can amplify the
effect of changes in preferences so that an arbitrarily small degree of
aggregate uncertainty in preferences can cause a large degree of price
volatility. We also show that in addition to this equilibrium with limited

participation and volatile asset prices, there may exist a Pareto-preferred

equilibrium with complete participation and less volatility,



1. INTRODUCTION

The prices of financial assets such as stocks are volatile in comparison

to most other prices. What causes this volatility? There are at least two
common explanations. One is that it is caused by the arrival of new

information about payoff streams and discount rates. Another is that changes

in preferences lead to liquidity trading and this causes changes in asset

prices. Traditional analyses of efficient markets have focused on the arrival

of new information as the cause of asset price volatility and have placed
hardly any emphasis on changes in preferences (sece, e.g., Fama (1970) and
Merton (1987a)).

Why is this? In standard models, such.as the capital asset pricing
model, it is assumed there is complete participation so all traders invest in
all markets and everyone helps to absorb the shocks caused by liquidity
trades. There is continuity in the sense thaﬁ small changes in preferences
cause small changes in asset prices. Since short run changes in preferences
are usually assumed to be small, the implication is that these are of minor
importance in determining asset price volatility., It is more plausible that
information about payoff streams and discount rates changes significantly in
the short run and that this causes the large changes in asset prices that are
observed,

Is the assumption of complete market participation justified? There is
extensive empirical evidence that it is not. Most investors do not diversify
across different classes of asset or across different stocks so that there is
limited market participation. For example, King and Leape (1984) analyze data
from a 1978 survey of 6,010 US households with average wealth of almost
$250,000. They categorize assets into 36 classes and find that the median
number owned is 8. In a more recent study, Mankiw and Zeldes (1990) find that

only a small proportion of consumers hold stocks; more surprisingly, perhaps,



even among those with large liquid wealth only a fairly small proportion own

stocks; of those with other liquid assets in excess of $100,000, only 47.7
percent hold stocks.

Other studies have found that investors' diversification within equity
portfolios is also limited. Blume, Crockett and Friend (1974) develop a

measure of portfolio diversification which takes into account the proportion

of stocks held in individuals' portfolios. Using this measure, they find the

average amount of diversification is equivalent to having an equally weighted
portfolio with two stocks. Blume and Friend (1978) provide more detailed
evidence of this lack of diversification. They find that a large proportion
of investors have only one or two stocks in their portfolios and very few have
more than ten. This observation cannot be explained by the argument
that investors are mainly holding mutual funds. In King and Leape'’'s (1984)
study, only 1 percent of investors' wealth was in mutual funds compared to
22.3 percent held directly in equities. The Blume, Crockett and Friend (1974)
and Blume and Friend (1978) studies are based on earlier data where the
ownership of mutual funds is likely to be an even smaller proportion of
wealth, given the growth in mutual fund holdings that tock place during that
period.

How can this limited market participation be explained? One possibility
is that there is a fixed setup cost of participating in a market. In order to
be active in a market, it is necessary to devote resources to initially learnm
about its basic features such as the distribution of asset returns and so
forth. Once an asset has been purchased it is necessary to monitor its
performance. Brennan (1975) has shown that with fixed setup costs of this
kind it is only worth investing in a limited number of assets. King and Leape
(1984) find evidence that is consistent with this type of theory.

The purpose of this paper is to investigate the effect of limited market



participation and changes in preferences on the volatility of asset prices. We
derive two main results. The first is that limited market participation,
liquidity preference and risk aversion combine to amplify the effects of
changes in preferences on asset prices. In particular, we show that an
arbitrarily small degree of aggregate uncertainty in preferences can cause a

large degree of volatility. The second result is that there can exist

multiple Pareto-ranked equilibria. In one equilibrium asset prices are

volatile. In another equilibrium, which is Pareto-preferred, asset prices are
not very volatile.

We derive these results in a simple model with three dates (i.e. two
petriods), Investors have the same type of preferences as in Diamond and
Dybvig (1983). They wish to concentrate all their consumption either at the
end of the first period or at the end of the second period and they do not
find out when they are to consume until the end of the first period. There
are two types of investors. The first has a high probability of being an
early consumer and this probability is known with certainty at the initial
date; they have a high preference for liquidity. The second has a low
probability of being an early consumer and this probability is a random
variable which is not realized until the end of the first period; they have a
low preference for liquidity. It is the aggregate uncertainty about the
probability of the second group being early consumers that generates the price
volatility in the model.

There are two financial markets. A short-lived asset where the payoff
occurs after one period is traded in the first market. It can be thought of
as short term debt. A long-lived asset which lasts two periods and only pays
off at the end of the second period is traded in the second market. It can be
thought of as equity. The return on the long-lived asset is higher than the

two period return on the short-lived asset.



Limited market participation is captured by assuming that investors are
initially free to choose the market in which they want to invest. Once this
choice has been made, however, they cannot participate in the other market.
Thus at the first date, agents invest their wealth in one of these two assets.
If they invest in the short-lived asset they can consume at the end of the

first period or reinvest their funds and consume at the end of the second

period. If they invest in the long-lived asset, they can sell it to consume

at the end of the first period or they can hold it and consume the payoff at
the end of the second period.

The first result (that a small amount of aggregate uncertainty in
preferences can lead to a large amount of price volatility) arises because
investors with a high preference for liquidity who are risk averse are
reluctant to participate in the volatile market for the long-lived asset.
They fear that if they have to liquidate their holdings unexpectedly they may
receive a low price. As a result, the market may be dominated by investors
with a low preference for liquidity who are not very risk averse. It is
optimal for these investors to hold small reserves of cash. Since the amount
of money available in the market determines asset prices, small variations in
the proportion of investors that are early consumers causes a significant
amount of price volatility. Although there are investors in the economy who
hold large reserves of cash which could potentially dampen this volatility,
they have chosen not to participate in this market and cannot be called to do
so at short notice.

In the equilibrium described, low participation and illiquidity in the
market are self-sustaining phenomena. The second result that there can be
multiple Pareto-ranked equilibria occurs because the converse is also true; a
high level of participation and a liquid market can also be self sustaining.

This equilibrium is Pareto preferred to the other because all investors



benefit from the higher returns to the long-lived asset and still enjoy

reasonable liquidity.

LeRoy and Porter (1981) and Shiller (1981), among others, have argued
that asset prices are characterized by excess volatility, that is they are
more volatile than changes in payoff streams and discount rates would suggest,
A number of authors have suggested that the degree of excess volatility found

by these studies is due to the use of inappropriate econometric techniques

(see Merton (1987a) and West (1988) for surveys of the empirical literature on
excess volatility). It is also possible that there may be a number of other
determinants of asset price volatility.2 The first result above suggests that
when there is limited market participation, even very small changes in
preferences can lead to a significant degree of price volatility. The second
result suggests that in addition to "statistical” excess volatility, there
should also be concern about excess volatility in a welfare sense. The fact
that the prices of financial assets are more volatile than other prices is not
per se undesirable. However, if there exists a Pareto-preferred equilibrium
with high participation and lower volatility, we can say that high volatility
represents a market failure,

Our analysis is related to a number of other papers in the literature.
The assumption of a fixed cost of participating in a market has been used in a
number of other contexts. The closest are Merton (1987b), Hirshleifer (1988)
and Cuny (1990). In Merton (1987b), there is a fixed cost of acquiring
information about the returns to an asset which causes traders to invest in a
limited number of assets. Among other things, Merton shows that this can lead
to an empirically significant effect on asset returns, Hirshleifer (1988)
assumes there is a fixed cost of participating in a futures market. These
costs result in thin markets, which in turn causes the residual risk to be

priced. 1In this case, risk premia are quite different from those when there



are perfect frictionless markets. Cuny (1990) considers the optimal design of
futures contracts assuming investors can only participate in one market. This
assumption causes liquidity to vary across markets, as in our model, and makes

the design problem a nontrivial one.3
Pagano (1989) develdps a related model which captures the relationship
between market thinness and volatility, He does not consider the role of

limited market participation in amplifying stock price volatility. He does

demonstrate the existence of multiple equilibria, but the reason they arise is
rather different. In his model it is the small number of investors that leads
to asset price volatility and multiple equilibria. If investors believe that
the market will be small and volatile, only a few traders enter and the
beliefs are self-fulfilling. If investors believe that the market will be
large and asset prices stable, many will enter and the beliefs are again
self-fulfilling,. The theory is thus able to explain the well-documented
empirical finding that thin markets are more volatile than thick ones (see,
e.g., Cohen et al. (1976), Telser and Higimbotham (1977), Pagano (1986) and
Tauchen and Pitts (1983)). Studies of excess volatility are based on data
from the NYSE and other major exchanges which are usually considered to be
thick so Pagano’s theory may not be relevant. In contrast, in our model there
is a large number of investors. It is the relative proportions of different
types that is important. Prices are volatile when only investors with a low
preference for liquidity participate in the market for the long-lived asset.
The rest of the paper is organized as follows. The model is described in
Section 2. In Section 3, the benchmark case where there is no aggregate
uncertainty is analyzed and in Section 4 aggrepgate uncertainty is introduced.

Section 5 presents an example. Finally, Section 6 contains concluding

remarks.



2. THE MODEL

To highlight the nature of the results, a simple stylized model is used.

(A.1) There are three points in time indexed by t = 0,1,2.

We assume investors' preferences are subject to random shocks as in

Diamond and Dybvig (1983).

(A.2) There are two types of investor, i - A,B. The probability type i

needs to consume at date 1 is Ai and at date 2 is l-Ai. At date 0,
expected utility is

Vi€Ci1:Cip) = AU (Cy) + (12U, (Cy 0. (1)

where Cit is consumption at date t and Ui(') is a continuous,
concave and strictly increasing von Neumann-Morgenstern utility

function.

For the purposes of discussion, it is helpful to think of type A's as

being risk averse and having a high value of A, so that they have a high

A
preference for liquidity. Type B's, on the other hand, are not as risk averse
and have a lower value of AB. The assumption that liquidity preference and
risk aversion are related in this way is not necessary and other possible
cases can be analyzed using our framework.

There is a continuum of each type of investor and preference shocks are
assumed to be independent across investors. This means that we can assume the

law of large numbers applies. That is, we assume that the proportion of

investors of type i who prefer early consumption is equal to the probability



A.. In the analysis of Section 3 it is assumed )\i is a constant. In the

analysis of Section 4, however, it is assumed that Ai is itself a random

variable which is realized at date 1.

(A.3) There are three assets:

(i) money with return 1:

(ii) a short-lived productive asset with return RS > 1 per period:
2

(1ii) a Iong-lived productive asset with return RL > RS > 1 over

two periods.
Money serves as the numeraire. Initially, investors are endowed with
money Wi. One unit of money can be transformed into one unit of the other

assets and these productive assets yield returns in the form of money. Thus
the stocks of the productive assets are not fixed at the initial date. A unit
of money held at the end of period t yields a unit of money in peried t+1, for
t = 0,1. The short-lived asset yields a return after one period. It is
possible to invest in the short-lived asset at either date 0 or date 1. a
unit of money invested in the short-lived asset at date t yields RS > 1 units
of money at date t+l, for t = 0,1. The long-lived asset yields a return after
two periods. A unit of money invested in the long-lived asset at date 0
yields RL > RS2 > 1 units of money at date 2.
(A.4) Financial claims to the assets are traded in financial markets, with
the long term claim trading at price P at date 1. There are no

short sales of financial c¢laims.

The timing of returns is illustrated in Figure 1. The short term

financial asset corresponding to the short-lived productive asset can be



thought of as a short term bond. The long term financial claim corresponding
to the long-lived productive asset can be thought of as equity since it pays
off RL at date 2 and there are no intermediate payoffs. 1In order to focus on
the uncertainty due to changes in preferences, the payoffs on both assets are

assumed to occur with certainty,

The model has a special market structure. It is intended to capture the

fact that there are fixed costs of investing in an asset which leads to
limited market participation. The fixed costs make it prohibitively expensive
to invest in both assets. To keep things simple these costs are not modeled
explicitly. Instead, we assume that the market structure allows the investor

to invest in one or other of the assets but not both.

(A.5) At t = 0 investors must choose whether to invest in the market for
the short term asset S or the market for the long term asset L.
They cannot invest in both and it is not possible to switch markets

once a choice has been made.

Investors’ choice of markets is illustrated in Figure 2, Once they
choose which market to enter at date 0, the two markets are segregated. First
consider market S which is shown in the upper branch of the diagram. At t = 0
investors can either invest in S or money. Since RS > 1, it is optimal for
them to invest entirely in S. At t = 1 investors find out whether they are
early consumers or late consumers. If an investor is an early consumer, he
consumes the entire liquidation value of his portfolio Cil - RSwi' If an
investor is a late consumer he reinvests his entire portfolio in S and at date
2 he consumes the total return to his portfolio which is Ci2 = RS Wi. Hence

equilibrium in the short term market is relatively straightforward.

In market L, which is illustrated in the lower branch of Fipure 2,



investors can either invest in L or money. At t = 0 they choose a portfolio
which is denoted (Ei,mi) where ﬁi is type i's holding of L and m, is their
holding of money. At t = 1 they find out whether they are early consumers or
late consumers. If an investor is an early consumer, he liquidates his
holdings of L at price P and this together with his holding of money gives

consumption Cil -m 4 Pﬂi. If an investor is a late consumer, then at t = 1

he can use his money to buy mi/P units of L so that at time 2 he can consume

C.12 = (mi/P + li)Rz. The reason it may be worth holding money in this market
is that when P < 1 it is possible to buy L at a lower price at date 1 than at
date 0. The lower is P, the more attractive holding money is.

Equilibrium in the long term market is not quite as straightforward as
equilibrium in the short term market. At t = 1, a proportion Ai of type i
investors that are participating in the market sell their holdings of L and
consume while the remainder use their money to buy L. Thus the equilibrium
level of P depends on the relative number of people of each type in the
market, their probabilities of selling Ai and their initial portfolios
(ﬂi,mi). It is important to note that P < RL since otherwise everybody would
prefer money to L at t = 1 and P would not be an equilibrium price. When
expressions for P are given below which could have values above RL, it is
implicit that the price is the minimum of the expression and RL.

So far we have considered equilibrium in the short term market and
equilibrium in the long term market. 1In order to ensure overall equilibrium,
it is necessary to require that investors choose the market where their
expected utility will be maximized.

Given that equilibrium in the short term market is assured since S
dominates money, the three conditions that are important for overall

equilibrium are the following.



(E.1) P clears the long term market,

(E.2) The portfolios of investors in the long term market maximize their

expected utility.

(E.3) Investors choose the market which maximizes their expected utility.

Having outlined the basic model and defined equilibrium, we next consider
the case where the parameters Ai are non-stochastic. This helps to fix ideas

and illustrate how the model works.

3. EQUILIBRIUM WITH NO AGGREGATE UNCERTAINTY

When AA and AB are non-stochastic, there is uncertainty for individuals
but no aggregate uncertainty. The determinants of price at date 1 are known
at t = 0 so it is possible to deduce what the equilibrium value of P must be,

At date 1, early consumers will want to sell their holdings of L. 1In
order for an equilibrium to exist, there must be investors holding money which
they can use to buy L. To see this suppose that nobody held money, then at
date 1 there would be an excess supply of L. This cannot be an egquilibrium
unless P = 0. However, at this price it would be worth holding money between
dates 0 and 1 in order to buy a large amount of L at date 1. Hence, in
equilibrium investors must be holding money with which to buy L.

Investors will hold money between dates O and 1 if they are indifferent

between money and L so in equilibrium it is necessary that
P =1, (2)

In fact, this is the only equilibrium price. 1If P > 1, L dominates money

between dates 0 and 1 and nobody would hold money. This cannot be consistent



with equilibrium since at date 1 there would an excess supply of L. If P <1

then money dominates L between dates § and 1 and everybody would hold money.
However, at date 1 everybody would try to switch to L since this dominates
between dates 1 and 2. This cannot be consistent with equilibrium at a finite
price since we know the supply of L is zero at date 1.

When P = 1, investors are indifferent between money and L between dates 0

and 1 but strietly prefer L between 1 and 2 since it pays off R, > 1 whereas

money only pays off 1. In equilibrium, investors therefore held just enough
money so that when the early consumers come to sell their holdings of L at
date 1, the late consumers have exactly enough money to purchase them at P =
1. If investors held any more or less money than this the market would not
clear at date 1.

Given P = 1, it can straightforwardly be seen that the utility for type i

in market L, is given by

ViL AiUi(Wi) + (1 - Ai)Ui(WiRL). (3)

For type i in market §,

2
v AiUi(WiRS) + (1 - Ai)Ui(WiRs ). (4)

is

If

Equilibrium can have a number of different forms depending on the ranking
of ViL and ViS as illustrated in Table 1. A separating equilibrium occurs
when the different types choose different markets. The fact that type A’s
have a higher value of A than type B's means that the separating equilibrium
will have type A's enter market § and type B's enter market L as shown in
Table 1, A pooling equilibrium occurs when both types enter market S or
market L. A partial pooling equilibrium occurs when both types enter one of
the markets and one type enters the other market. In the example shown in

Table 1, type B's are indifferent between the two markets and some may



participate in § and some in L. Type A’s on the other hand strictly prefer §
and will only participate in that market.
It can be seen from (3) and (4) that the parameters RS’ RL and Wi

uniquely determine ViS and ViL' Hence the form of equilibrium is uniquely

determined except in the special case where the parameters are such that VAS =

VAL or VBS = VBL and all three types of equilibria exist. Thus when there

is no aggregate uncertainty equilibria are generically either separating or

pooling. We mainly focus on the pure separating and pooling cases in the
sequel.

The preceding discussion can be summarized in a proposition.

Proposition 1: Suppose that 0 < Ai < 1l is non-stochastic for at least one i =
A,B. Then equilibrium exists and equilibrium expected utilities are
uniquely determined. Generically, equilibrium is unique and must be

either separating or pooling.

4. EQUILIBRIUM WITH AGGREGATE UNGERTAINTY

In this section we study the effects of introducing aggregate
uncertainty. In particular, it is assumed that AB is a random variable.
Two main results are derived. The first is that the introduction of an
arbitrarily small degree of aggregate uncertainty can lead to a separating
equilibrium with significant price volatility even though with no aggregate
uncertainty there is a pooling equilibrium. The second is that, under certain
circumstances, a pooling equilibrium can exist as well as the separating
equilibrium and this pooling equilibrium is Pareto preferred to the separating

equilibrium. In order to prove these results we need the following conditions

on the parameters.



{C.1) 0 < AA < 1 is a constant.

¢ with probability =;
(€.2)

p
[

0 with probability (1-n).

(€.3) When ¢ = 0, there is pooling in market L in equilibrium.

The first condition implies that type A’s face some uncertainty at the
P yp y

individual level. The second condition implies that type B’s face uncertainty
at both the individual and the aggregate level. It is assumed that AB has a
two-point support for ease of exposition. It is shown in the Appendix that
the results of this section hold for continuous distributions. Note that when
AB is random it is necessary to take expectations over AB in the definition of
expected utility in (1). The third condition is necessary as a starting point

for the two main results that are to be proved. It is satisfied provided RL

is large enough relative to R 2

S for the long term market to be attractive to

both types of investor.

Separating equilibrium with volatile asset prices

The first result we demonstrate is that introducing an arbitrarily small
amount of aggregate uncertainty (i.e. ¢ > 0) can lead to a separating
equilibrium. This is true even though (C.3) is satisfied so that with no
aggregate uncertainty (i.e. ¢ = 0) there is a pooling equilibrium. There is
thus a sharp discontinuity in the model when uncertainty is introduced.

Since AB has a two-point distribution, there are two pessible values of

P. We use the following notation.

B

P0 when AB =0.

PE when A, = ¢;
p-{ (5)



We consider the sequence of equilibria as ¢ 0 and show that there can
exist a separating equilibrium with type A’s in market S and type B's in
market L. We start by stating an existence result. This can be proved using

standard techniques.

Lemma 1: For any distribution of investors across markets, there exist prices

and portfolios that satisfy equilibrium conditions (E.1) and (E.2).

Proof: See Appendix.

It remains to show that as ¢ - 0, prices can be such that it is optimal
for type A's to enter market S and type B's to enter market L so that there is
a separating equilibrium and (E.3) is satisfied.

First consider market L and suppose that only type B’s enter. When AB -
€, early consumers sell their holdings of L. 1In order for an equilibrium
value of Pe to exist, it is necessary for investors to hold money between
dates 0 and 1. If they did not there would be an excess supply of L at time
1. Similarly to the argument in the previous section, it is not possible to
have Pe = 0 in equilibrium since investors would then find it worthwhile to
hold money and purchase large amounts of L. Money must be held between dates
0 and 1, in equilibrium.

When AB = 0 there are no early consumers at t = 1 and hence there are no
sellers of L. This means that the money investors hold between dates 0 and 1
is not used and the price P0 must be such that the investors are willing to
continue holding the money as well as their holdings of L between dates 1 and
2. This implies that in equilibrium PO - RL since otherwise investors would
not be willing to hold money and L between dates 1 and 2. At P = Ry they are

0
indifferent between the two assets, but if PO < RL they will want to hold only



L and if P0 > RL they will want to hold only money.

B
L would dominate money between dates 0 and 1 for both realizations of AB and

Given PO = RL’ it follows that when A = ¢, P€ < 1. 1If this were not so

nobody would hold money. However, as argued above, it is necessary for

‘equilibrium that money be held.

What is it that determines the equilibrium value of Pe? The market

clearing condition when AB = ¢ is

elBPE = (l-e)mB. (6)

The left hand side represents the sale of L by early consumers and the right
hand side is the amount of money late consumers have to purchase L with. 1In
contrast to standard theories where asset prices are determined by discounted
present values, here the price is determined by the amount of moniey held by
participants in the market.

It 1is possible to use this market clearing condition together with

the investors’ first order condition to demonstrate the following result.

Lemma 2:
n
PeO = lim P = —————EL———u— . (7)
e->0 RL - {1 -m
Proof: See Appendix.
It can be seen from Lemma 2 that when x = 1, PeO = 1. Intuitively, for

large values of #, the probability that the state AB = € occurs is relatively
large and investors have an incentive to hold money in case they are early
consumers. Hence PE is near 1. As «n falls, the probability of being an early

consumer falls so the need for money falls. To induce investors to hold

P — e s e 1 - . -



when 7 = 0, it can be seen from Lemma 2 that Pé0 = 0.

Thus even when ¢ is very small, prices can be very variable. TIn the

limit,

P o <1 with probability
p _{ €0

(8)
RL > 1 with probability 1 - .

Note that these are not equilibrium prices. When ¢ = 0, the equilibrium is as
described in Section 3 with P = 1 in all states. However, by choosing ¢ small
enough it is possible to get an equilibrium with prices arbitrarily close to
these,

Since prices are volatile it follows that if type A's are sufficiently
risk averse they will prefer market §S. Hence we can have a separating

equilibrium,.

Proposition 2: If {(C.1)-(C.3) are satisfied, and type A's are sufficiently
risk averse, then the introduction of an arbitrarily small amount of

aggregate uncertainty leads to a separating equilibrium.

Proof: See Appendix.

This result has been demonstrated for the case where AB has two-point
support but it is shown in the proof in the Appendix that the result holds
when AB has continuous support. This is true even when AB = 0 lies outside
the support. What is important for the result, is that the distribution of AB
converges to a limit of zero.

In our model, price changes are driven by preference shocks. Investors

who learn that they need to consume early will liquidate their stock. With



much money the other traders in the market have with which to buy the stock.
If there is a lot of money in the hands of traders, the market is liquid and
prices may not change much. If there is little money, a small shock may cause
a lot of volatility. Thus volatility can be amplified by portfolio decisions.

What determines the amount of money traders decide to include in their
portfolios? Type A traders have high liquidity preference because they think

there is a high probability they will be early consumers so they hold a lot of

money. Type B traders have a low liquidity preference because they think the
probability will be low so they hold little money.

This is where limited market participation, liquidity preference and risk
aversion combine to generate high volatility. In the case considered in
Proposition 2, the type A’s with high liquidity preference have high risk
aversion and the type B's with low liquidity preference have relatively low
risk aversion. The equilibrium with high volatility arises because the
expectation of high volatility will keep the type A traders who are highly
risk averse out of the market. Since the only traders in the market are then
type B’s, who have low liquidity preference, the market will be illiquid and
high volatility will become a self-fulfilling expectation.

Another possibility is that investors expect a low degree of price
volatility and as a result both type A’s and type B's enter market L. Since
type A's have a high preference for liquidity, they will hold large reserves
of money and as a result price volatility will be low. Expectations will
again be self-fulfilling. Moreover, since price volatility is higher in the
separating equilibrium, it alse natural to suppose that the pooling

equilibrium will be Pareto preferred. We consider these possibilities next.

Multiple Pareto-ranked equilibria

We start by demonstrating that when ¢ is small there exists a pooling



equilibrium as well as a separating equilibrium. As before, we are interested
in the sequence of equilibria as ¢0. Suppose that both type A’'s and type B's
enter market L. It follows from Lemma 1 that a pricg function and a pair of
portfolios that satisfy equilibrium conditions (E.1) and (E.2) exist, It
remains to show that (E.3) is satisfied and it is optimal for both A’'s and B's

to enter market L.

Using Ni to denote the measure of investors of type i, the market

clearing conditions (which are similar to (6)) give the following expressions

for P and P :4
€ ¢

NA(l-AA)mA + NB(l-e)mB

P = ; (9)
€ NAAAEA + NBeEB

. N, (1-3)m, + Nom, 10)
0 N A2 ’

AAA

When AB = € there is less money in the market for L than when AB = 0. As
a result Pe < P0 as shown by (9) and (10). By the usual argument both money
and L must be held in equilibrium. Given this it is not possible for both Pe
and P0 to be above or below 1 since in that case either L or money would

dominate and investors would not be willing to hold both. This implies PE <1l

< PO' From (9) and (10) it follows that,

lim P = 1im P, = 1. (1)
€ 0
>0 -0

Hence as ¢-50, the equilibrium tends to the equilibrium with no aggregate
uncertainty discussed in Section 3. Condition (C.3) implies that it is
optimal for both types to choose market L in this case. Thus for sufficiently
small ¢, a pooling equilibrium exists in addition to the separating

equilibrium,



The next step is to demonstrate that the pooling equilibrium is Pareto
preferred to the separating equilibrium. It is clear that type A's are better
off in the pooling equilibrium than the separating equilibrium since they
could have chosen market S if it yielded them higher utility. It remains to

show that type B's are better off.

In the separating equilibrium, type B's have expected consumption ECS =

B
mo o+ ziR'L where (L’i,mi) 1s their optimal portfolio at time 0. When the
probability that an investor of type B is an early consumer converges to zero,
he will wish to take advantage of the high returns to holding asset L by
putting all his wealth in asset L and none in money. Hence it can
straightforwardly be shown using the investors’ first order condition for

the choice of portfolio that lim ¢, = W. so that

€30 B B
. s
lim ECB = WBRL. (12
>0
In the pooling equilibrium Pe 2 Po = 1 for small e. If an investor
survives to be a late consumer his consumption is therefore W.R Hence, as

B'L’

their probability of being an early consumer goes to zero, their expected
consumption in the pooling equilibrium is given by

lim Ecg - R . (13)
>0

For small ¢ the expected consumption of the type B's is approximately the
same in both the separating and the pooling equilibrium. However, in the
separating equilibrium there is greater price volatility than in the pooling
equilibrium and as a result consumption is more volatile. Hence the fype B's

are better off in the pooling equilibrium. This gives the following result.

Proposition 3: 1If {C.1)-(C.3) and the type A's are sufficiently risk averse



then for sufficiently small ¢, a pooling and a separating equilibrium

exist. The pooling equilibrium is Pareto preferred to the separating

equilibrium.

Proof: See Appendix.

Equilibria usually come in odd numbers and that is the case here, too.

For the same parameter values there will also be a partial pooling
equilibrium in which some type A investors are found in each market. The
number of investors of type A who enter market L will be just sufficient to
reduce price volatility to the point where the type A investors are
indifferent between the two markets.

Proposition 2 showed that limited market participation could amplify the
effect of changes in preferences on stock price wvolatility and this has
implications for the debate on statistical excess volatility. In contrast,
Proposition 3 suggests that there may be excess volatility in a welfare sense.
With limited market participation there can be multiple Pareto-ranked
equilibria. The high volatility equilibrium can be Pareto preferred to the
low volatility equilibrium. This is the sense in which there is a market

failure.

5. AN EXAMPLE

The results above have been concerned with the case where ¢ is
arbitrarily small. This is an extreme case but one that is convenient for
deriving analytic results. We next consider a numerical example to illustrate
that the qualitative results do not just hold for small ¢. The parameter
values for the example are shown in Table 2.

In order to understand the factors determining whether a pooling or



separating equilibrium occurs, it is helpful to start by considering the case

where ¢ = 0, so there is no aggregate uncertainty, and varying RL while
holding the other parameters constant. It follows from Proposition 1 that
equilibrium is either separating or pooling, except for a negligible set of
parameters. The effect of varying RL on the type of equilibrium is

illustrated in Figure 3.

If RL is sufficiently small then both types will pool in market S. For

RL < (RS)2 = 1.0609, the short term technology dominates the long term one and
both types will clearly prefer market S. As RL increases and the long term
technology becomes relatively more efficient, type B's, who have a high chance
of being late consumers, will eventually find it worthwhile to invest in
market L. When RL - (RS)2 = 1.0609 the short term and léng term technologies
are equivalént for type B's, since AB = 0 and there is a partial pooling
equilibrium. For RL > (RS)2 = 1.0609 there is a separating equilibrium. As
RL increases further the long term technology becomes relatively more
advantageous for type A’s and when RL = 1.103 they are indifferent between the
two so there is a partial pooling equilibrium again. For RL > 1.103 there is
pooling in market L.

The main case of interest is where (C.3) is satisfied, i.e., where RL >
1.103. Figure &4 shows the types of equilibrium obtained for various values of
¢ and 7 when RL = 1.12, For large values of ¢, there is considerable
volatility and as a result there is pooling in market S. For low ¢ and large
values of x, it follows from Lemma 2 that there is relatively little price
volatility. 1In this case there is a unique equilibrium which involves pooling
in L. For low ¢ and n, there exist both separating and pooling equilibria.
In most cases the pooling equilibrium is Pareto preferred to the separating.
However, this is not always the case. To obtain a Pareto ranking of

equilibria (Proposition 3), it was necessary to compare the expected



consumption of type B's in the separating and pooling equilibria. For small
€, these are approximately the same. However, for larger e they are not and
in the area marked "Not Ranked" the type B's expected consumption (and their
expected utility) are higher with separation than with pooling. For larger «
and moderate 7, there is just a separating equilibrium, because even with both

types in market L the price volatility is too large for type A’'s to want to

stay. When x = 0 there is no aggregate uncertainty and (C.3) requires pooling

in L. There is pooling for small « also. In the small shaded region near the
origin the pooling is in market L; otherwise it is in market §.

The example illustrates that the phenomena highlighted by Propositions 2
and 3 do not rely on ¢ being small. For a wide range of parameter values
separating equilibria with significant price volatility can exist. For many
of these parameter values there also exists a pooling equilibrium which is

Pareto preferred.

6. CONCLUDING REMARKS

There is considerable empirical evidence suggesting that investors only
participate in a limited number of markets because of transaction costs. This
paper has investigated the effect of limited market participation on asset
price volatility. The first result is to demonstrate that even a small amount
of aggregate uncertainty can lead to a large amount of price variation. In the
particular model analyzed, it was shown that a small degree of uncertainty
about liquidity preference can cause sufficient volatility in the market for
the long-lived asset to drive out investors with a high liquidity preference
and high risk aversion. Only investors with low risk aversion and low
liquidity preference who hold little moniey are left in the market. As a
result, small shocks in liquidity preference lead to a large fluctuation in

prices. Investors from other markets could potentially dampen the



fluctuations in prices, as standard theories suggest. They do not do so
because they have already committed to transact elsewhere and cannot
participate in the market for the long-lived asset. The second result is that
there can exist a Pareto-preferred equilibrium with high participation and low
volatility. 1In this case, investors with a high preference for liquidity
holding large reserves of cash enter the market and this dampens price
fluctuations.

The analysis in the paper is based on a simple stylized model and many
important factors are omitted. For example, an important assumption is that
short sales are prohibited. This assumption rules out borrowing. Also, the
short-term provision of liquidity by market makers is excluded from the
analysis. The effect of incorporating borrowing restrictions, margin
requirements, market makers and a number of other features of actual markets
into models with limited market participation is an interesting topic for

future research.



APPENDIX

Notation

In proving the results in this Appendix, some notation which was not
introduced in the text is useful. Let 0 < n, < Ni denote the measure of

investors of type i who enter market L at date 0, for i = A,B.

The expected utility of an investor of type 1 who enters market S is

denoted by V?S and defined by
2 .
Vvil's - E[AiUi(RSWi) + (l-Ai)Ui(RS 1L'Ii)] for i = A,B. (al)
An investor's expected utility from entering market L at date 0 will be:
ViL(Ei,mi;P) = E[J\iUi(mi + Pli) + (l-Ai)Ui((mi/P + J‘li)RL)]. (A2)

An  investor of type i will choose a portfolio (Ei,mi) to maximize

. . : - *
ViL(Zi,mi,P) subject to the budget constraint £i + m, W Let ViL(P)

i

denote the maximized value of ViL(£i,mi;P) for any price function P.

Proof of Lemma 1

Let n, and ng be fixed and satisfy nA,+ ng > 0. Let S§ - {(8A,EB)I ¢ <

ﬂi < Wi, i = A,B) for any € > 0. For any EESE there exists a unique price

function defined by IN({) = min {RL,E(I-Ai)ni(wi-ﬂi)/ZAiniEi}. Then we can
define a correspondence from Sf to itself by putting Gi(ﬂo) = arg max

0 o 0 Q 0 . .
'\T;}_‘L(Ei,wi-fi;l’[(ﬂ )) and G(&7) = Gl(E )XGZ(E) for any ¢ ESe. It is easily

checked that G satisfies the properties of Kakutani's fixed point theorem.
Let 8€EG(£€) denote a fixed point for each value of £ > 0. Letting £ converge

to zero we get a sequence {26} of fixed points which contains a convergent

subsequence. In the same notation, suppose that Ef converges to 80. 1f 22 +

32 = 0 then H(Ef) converges to R, which implies that 8?. = W far £



sufficiently small, a contradiction. Similarly, if 32 + Bg - WA + WB then
H(ZE) converges to 0, which implies that Eg = 0 for ¢ sufficiently small, a
contradiction. Thus, 0 < Eg + Eg < WA + WB and it is easily checked that

0 0
N¢") and {(ﬂi,wi-ﬂg)} are the required price function and portfolios,

respectively.m

Proof of Lemma ?

Consider the decision problem facing investors at date 0. If they enter
market S their optimal strategy is the same as in Section 3. Consider market

L. The portfolio problem for a person of type i is

eMa; x[AiUi(mi + EiPe) + (l-Ai)Ui((mi/PE + Ei)RL)]
i'i

+ (l-1r)[,\iUi(mi + eiPO) + (l-)\i)Ui((mi/P0 + ﬂi)RL)] (A3)

subject to W, =¢ +m, . (A4)
i i i

Substituting for m, using the budget constraint (A4), the first order

condition is

W[AiUi'(Wi+£i(PE~1))(PE-1) + (l-Ai)Ui'((Wi/PE+ﬂi(l-l/P€))RL)(l~l/P€)RL]

+ (l-n)[AiUi'(Wi+£i(P0-1))(P0-1) + (1-Ai)Ui'((Wi/PO+2i(l-l/P0))RL)(l-l/PO)RL]
-0 . (A5)

Using (C.2), the market clearing condition (6) and the budget constraint

(A4) in the first order condition (A5) and rearranging gives



WP WeR,
, B e . B 1
"{‘Un[l-mpe](Pe'l) * (l'E)UB[LmPJ [LP_]RL}

W_(eP +(l-e)RL)
| BT e
+ (1-m)U [ l-£+€P€ ](RL-l) 0. (A6)
It can be seen from this that,
n
P€0 = lim P = —————ﬁk————— . (7

Proof of Proposition 2
The result demonstrated informally in the text holds for continuous
distribution functions. In particular, the result can be proved using the

following version of (GC.2):

{C.2) AB = §/(Z+8), where Z > 0 is a constant and # is a (non-degenerate)
random variable with c.d.f. F. The support of F is contained in the

compact interval {a,b] where 0 € a < b,

This rather odd way of parameterizing A, ensures that (l-AB)/AB = Z/8, which

B

makes subsequent calculations easier.

Our aim is to show that when the liquidity preference of type B's, AB’ is
sufficiently small, a separating equilibrium always exists. More precisely,
when Z is sufficiently large and type A investors are sufficiently risk
averse, there exists an equilibrium in which n, = 0 and np = NB.

Let {Zk} be a sequence of positive numbers diverging to infinity. For

every k, set AE = 6/(Zk+0). Let Pk and {(ﬂk,mk)} be the »nrice Ffunction and



portfolios that support equilibrium in market L, relative to the distribution

of investors n = (O,NB), for every k. The existence of this partial

equilibrium is guaranteed by Lemma 1.

The next step is to show that for k sufficiently large, the chosen

distribution of investors is indeed optimal. For each value of k, Pk = min

{RB,Yk/Bl where Yk = kalg/EB. Y1lc is bounded. To see this note that if Yk

. ey k . . .
approaches infinity, P~ converges almost surely to RL’ in which case money is

eventually dominated. But that implies that mk = 0, a contradiction. Thus,
{Yk} is bounded and contains a convergent subsequence. Without 1loss of
generality we can take this to be the original sequence. Then Pk converges

. © . o o .. k
almost uniformly to P = min {RL,Y /8), where Y is the 1limit of Y .
Similarly, [(E?,m?)] is bounded so we can choose a subsequence dlong which

(Zg,mﬁ) converges to (Ei,m:), for i = A,B. Without loss of generality we can

take this to be the original sequence. The next lemma characterizes the

limiting behavior of Pk

and (E?,m?).
itti
Lemma 3: 1If (C.1)-(C.3) are satisfied then 8; = wi, £Z > 0 and (Ez,m;) €

m -
arg max ViL(Ei,mi,P ) for i = A B,

Proof: The proof proceeds in a number of steps. The first step is to show
that 2: - WB. It is clear that in the limit the investors of type B can
0 k
. . N
attain an expected utility of UB(WBRL). If EB < WB then VBL(P } cannot
converge to UB(WBRL) since in the limit consumption at date 2 must be less
w - -
than or equal to EBRL +my < WBRL’ a contradiction.
The next step is to show that E[l/Pm] = 1. For each value of k, E: >0
k k k k . .
and oy > 0. If EB = 0 (resp. my = 0) then P = RB (resp. 0) but that implies
that money (resp. asset L) is dominated, a contradiction. At an interior

optimum, the following first order condition must be satisfied:



k k
E[AEUB(CI)P + (1»A§)Ué(02)RL] - E[AEUE(CT) + (1-AE)Uh(c§)RL/pk]_ (A7)

Ki . . . - , B 0 mz
Taking limits, we get E[UB(CZ)RL] E[UB(C2)RL/P ], where 02 WBRL' 50
E[l/Pw} = 1 as claimed.

The final step is to show that ﬂ: > 0. From standard continuity
arguments it can be shown that, for i = A,B, (E;,m:) € arg max ViL(ﬂi,mi;Pw).

It is enough to set gA = 0 and check the first-order condition:

EDU () + (1-3,)U; (R /E°)R /E°]
B{OU, ()P + (L3 )U, (W,R /B™)R ) /"]

< E[UL(WOP + (1-2,)U; (W,R /PR JE[1/P7]

E[AAUA(WA)P + (l-AA)UA(WARL/P R ], (A8)

a contradiction.m

An immediate corollary of Lemma 3 is that VﬁL(Pk) converges to UB(WBRL).

2 k
X e s .. *
Since RL > (RS) , it is clear that for k sufficiently large VﬁL(P y > VBS'

Similarly, if we assume that type A's are sufficiently risk averse that
@ k
* ici * *
VAL(P ) < VAS' then for k sufficiently large VAL(P Yy < VAS‘ Thus for k
sufficiently large the chosen distribution of investors is optimal and we have

a separating equilibrium {Pk,(ﬂlic,mljf,nl;)} where nz = 0 and ng = NB so that

Proposition 2 is demonstrated.m

Proof of Proposition 3
Let (Zs,ms) denote type B's optimal portfolio choice and (Pse’RL) denote
prices in the separating equilibrium. Then type B’s expected utility in this

equilibrium will be

w[eUB(CSI) + (l-e)UB(CSZ)] + (l-n)UB(CS3) (A%)

where



Csl = mS+ESPs€; CS2 - (mS/PS€+£S)RL; CS3 = ms+ESRL. (A1Q)

Suppose that the same portfolio had been chosen in the pooling equilibrium

with prices (Ppe’PpO)' Then type B's expected utility would be

I[EUB(Cpl) + (l-e)UB(sz)] + (l-ﬁ)UB(Cp3) (All)
where

Cop = B Cp = (/R HOR ;G = (my/P ot LR, (A12)

For small e, PSE is approximated by the expression in Lemma 2. By

choosing n appropriately it is possible to obtain any value for Pse between 0

and 1. Choose n so that

Pse = Ppe <1lc PpO' (A13)

Using this in (A9) and (All), it can be shown that the expected utility in the
separating equilibrium must be less than the expected utility in the pooling
equilibrium if the portfolio (Es,ms) were chosen. Since this, in turn, is no
better than the expected utility in the poaling equilibrium it follows that
type B's prefer the pooling equilibrium. Hence for small ¢ and =« satisfying
(Al3), the pooling equilibrium is Pareto preferred to the separating
equilibrium,

What happens for other values of x? Provided ¢ is sufficiently small, it
can also be shown that the pooling equilibrium is Pareto preferred. To see

this note that from (11) 1lim P = 1. Hence for small ¢, the case of
>0

interest is where

P <P . (Al4)
S€ pe

Now the expected consumption of a type B in the separating equilibrium is

EC = xlecC + (1-3¢ 1 4+ 1wy oA N



If a type B were to choose the portfolio (Es,ms) in the pooling equilibrium,

expected consumption would be
EC = xfe(C + (l-¢)C + (1-x)C_, . Al6
o = A )+ (-0, + (Lm)C (A16)

Using the market clearing condition (6) and (1l) and rearranging, it can be

shown that
ECP - ECS = ms(RL-l)(l-rr)/RL > 0. (Al7)
Since P. <P <«<1<P < R, it follows that
S€ pe p0 2
C52 > CP2 > Cp3 > Cs3 > CPl > Csl' (Al18)
Now transfer expected consumption from G to C until ¢'e¥ = ¢ or until
s2 s3 s2 p2
new new <q s .
CS3 - Cp3' Suppose C52 - sz. The expected utility corresponding to the

new allocation must be better than the expected utility in the separating
equilibrium since there has been a transfer from a high consumption state to a
low consumption state and expected consumption is the same. However, this new

expected utility is still clearly worse than the expected utility in the

pooling equilibrium. If ngw = Cp3, then transfer expected consumption from
. new new
C52 to C51 until 052 = sz. It follows from (Al7) that Cpl > CSl . Hence we

can use an argument similar to the previous one to show the pooling

equilibrium is again preferred to the separating equilibrium.m
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Table 1

Types of Equilibria

Separating - Type A's enter market §: VAS > VAL

f .
Type B's enter market L: VBL > VBS

Pooling . Both types enter market S or market L

viL > ViS i=AB

Partial - Both types enter one of the markets
Pooling One type enters the other market
e.g. VBS = VBL;
V..>V

AS AL’



Table 2

A Numerical Example

Investors:

Type A's Type B's
Utility function: U= - exp (-5C) U="- exp (-C)
Initial Wealth: WA =1 wB =1
Group Size: NA =9 NB =1
Probability of being
an early consumer: AA = 0.5 AB = ¢ with pr. =«

= 0 with pr. 1l-a

Assets:

R, = 1.03



Date:

Money:

Short term asset:

Long term asset:

N
'—l

> RS (> 1)

hd

—-» Trades
at P

Figure 1

The Timing of Payoffs on Assets

~
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Investors’ Choice of Market
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An Example with RL =1.12



Notes

lThe costs that prevent instantaneous movement from one asset market to
another have been stressed in a somewhat related context by Grossman (1988).
His concern is that the use of synthetic securities to replace trading in
options and futures markets reduces the amount of information flowing to the
market. In particular, it may mean that arbitrageurs are not forewarned of
impending demands for liquidity in the market. as a result, their capital may
be committed elsewhere, so that they cannot react in time to prevent sharp
falls in price. See also Grossman and Miller's (1988) explanation of the
crash of October 1987 as being the result of a lack of funds to absorb a
liquidity shock.

A number of other theories of excess volatility have been suggested. These

include those based on asymmetric information (see e.g., Allen and Gorton
(1988) and Gennotte and Leland (1990)) and those based on noise traders (see,
e.g., Shiller (1984) and Delong et al, (1990). Recent empirical

contributions attempting to categorize the causes of stock price volatility
include Campbell and Shiller (1988a; 1988b) and Campbell and Kyle (1988).

3See also Chatterjee and Corbae (1990). They develop a model where there is a
fixed cost of participating in the bond market and use it to address a number
of issues in monetary theory.

In the case where AB = ¢, the market clearing condition is

NAAAI!APe + NBEEBPE = NA(I-AA)mA + NB(1~s)mB,
where the left hand side is the sales of L by early consumers and the

right hand side is the amount of money consumers have to purchase L with,
Rearranging this gives (9). Similarly, when AB = 0, the market clearing

condition is

NAAA{APO = NA(I-AA)mA + NBmB,

and (10) follows immediately from this.



