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1. 1INTRODUCTION

What determines stock prices? Are they determined by expectations about
future dividends so they trade at their "fundamental value", or are they
"bubbles" which are determined by crowd psychology, fads or some other
arbitrary factor? These questions are central to the issue of whether stock
markets allocate resources efficiently or not.

There is no wide agreement on how the empirical evidence on stock prices
should be interpreted. There have been a number of extreme historical
episodes, including the Dutch tulipmania (1634-37), the Mississippi Bubble
(1719-20) and the South Sea Bubble (1720) where asset prices rose very quickly
and then dramatically collapsed. Some authors have argued that these examples
provide evidence of bubbles (see, e.g., Kindleberger [1978]) while others have
argued that assets traded at their fundamental wvalues during these episodes
{see, e.g., Garber [1990]). More recent evidence has been presented which
suggests that the volatility of stock prices is too large to be explained by
variations in underlying dividend streams (see, e.g., Leroy and Porter [1981]
and Shiller [1981]). However, the interpretation of these studies has also
been challenged by a number of authors who claim the econometric techniques
used are flawed (see, e.g., Flavin [1983], Kleidon [1986a,b], Marsh and Merton
[1986] and West [1988]).

In addition to the empirical debate on the existence of bubbles, there
has been an extensive theoretical debate on whether bubbles are consistent
with rational behavior. An important strand of the literature has developed
models of bubbles where at least some traders are irrational (see, e.g., De

Long et al. [1990] and Shleifer and Summers [1990]).
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Another strand has adopted the more traditional approach of assuming all
traders are rational. An argument that is often used in this framework to
support the position that stock prices reflect fundamental values relies on
backward induction. Suppose that at time T an asset is known to have a final
payoff P;. Then at time T-1 it must be worth the discounted present value of
Pr, otherwise there would be an arbitrage opportunity. By extending this
argument backwards appropriately, it can be seen that at any point in time the
value of a stock must be equal to the present discounted value of its future
dividends.

One of the situations in which this argument fails to work is when there
is an infinite horizon so that there is no final payoff. There is a large
literature on the possibility of assets trading above their fundamental value
in this case, starting with Samuelson’'s [1958] overlapping generations model
explaining the existence of fiat money (Camerer [1989] contains a survey of
these and other theories of bubbles). It has alsoc been shown that bubbles can
still exist when there is a finite horizon provided there are an infinite
number of trading opportunities (Allen and Gorton [1991] and Bhattacharya and
Lipman {1990]). |

The purpose of this note is to show that even if there is a finite
number of trading opportunities the backward induction argument may fail. We
present an example where the market price of a security is above the present
value of its future dividends even though every trader is rational and knows
the dividends with certainty. The reason is that traders do not know other
traders’ beliefs. Ex ante, all traders have a common knowledge common prior,
but because of private information it is not common knowledge that everybody

believes the stock price will fall. Everybody realizes the stock is
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overpriced but each person thinks he may be able to sell it at a higher price
to somebody else before the true value becomes publicly known.

A number of recent papers have emphasized the importance of the common
knowledge assumption in related contexts. Abel and Mailath [1990] show that
there exist cases where a project can obtain financing even though everybody
believes it has a negative net present value. Kraus and Smith [1990)
demonstrate that there can be a change in asset prices, even though there is
no new information about security payoffs, because some traders’ beliefs about
other traders’ beliefs change. Jackson and Peck [1990] present an infinite
horizon overlapping generations model where rational traders attempt to deduce
"market psychology” by examining the past movements of prices and show that
bubbles can exist.

We proceed as follows. Section 2 contains an example of a fulfilled
expectations equilibrium with a bubble where investors do not deduce
information from their own trades. Section 3 presents an example of a
rational expectations equilibrium with a bubble where investors do deduce
information from their own trades. Finally, Section 4 concludes with a

discussion of these results.

2. FULFILLED EXPECTATIONS EQUILIBRIA WITH BUBBLES

In this section, we will define a fulfilled expectations equilibrium and
present an example of such an equilibrium in which there is a bubble. Before
proceeding, we will present some notation and definitions.

We consider a market with I risk averse or risk neutral traders: i =
1,...,I. There are a finite number of states of the world represented by Q.

The traders have a common prior over @; the prior assigns positive
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probablility to each state in 1. There are two assets, a riskless, divisible
asset (money) and a risky asset. There exist a finite number of shares of the
risky asset each of which will pay a dividend which may depend on the state of
the world. We represent by d(w) the dividend per share to be paid in state
w € 2. Prior to the payment of the dividend, there are a finite number of
periods in which the traders can exchange claims on the asset at a price p
which depends upon the true state and the period. We will denote by x,{(w)
trader 1i's mnet trade in this asset in period t when w is the realized
state. Short sales of the asset are prohibited. Trader 1i's information
about the state of the world at the beginning of period t = 1,...T is
represented by a partition of the space @, 1II;,. We will denote by s,.(w)
the event in II;; containing the state w. This represents the information
trader 1 has at time t when the state w € 1 has occurred. Trader 1
has a concave utility function over final consumption. We will assume that

the discount rate is zero, although it will be clear that this will not alter

any conclusions.

DEFINITION 1: A fulfilled expectations equilibrium is a price function P
which associates with each state w € 1 and each period t =1,...,T a price
P = P{w,t), and a set of net trades x;,(w) such that for each i and t:
(a) X;p(w) maximizes 1i’'s expected utility conditional on i's private
information s;,, and the information conveyed by the price S(p) = P™(p),
(b) The market clears: Z;x;,(w) = 0,

(¢) P(-,t) 1is measurable with respect to the partition generated by the

individuals’ partitions at time t, [I4)su;, .. 1-
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(d) x is measurable with respect to the partition generated by the
1t P P g ¥

intersection of the individuals' partitions.

It is worthwhile to say a few things about this definition before going
on. First, the definition is quite standard. Part (a) simply says that for
each trader and for each period, the trades are utility maximizing using the
individual'’s private information and any information that may be contained in
the price. Parts (c) and (d) are simply restrictions restricting the
price and trades to be feasible given the totality of information available.

More importantly we note that an individual’s trades may not be
measurable with respect to the partition generated by the price function P
and his private information. If this is the case, the trader could have
obtained additional information from the trade he was to ecarry out. In the
next section we will consider a stricter equilibrium notion in which traders
are assumed not to be able to obtain such information.

We will say that for a given equilibrium there is a price bubble in an
asset if there is a state of the world such that when that state of the world
is realized, all traders know that the price of the asset is higher than its
"fundamental value". A precise notion of the fundamental value of an asset in
a world of risk averse traders is difficult. We will take a very conservative
view of what constitutes a bubble by demanding that each trader know that with
probability 1 the dividends the asset pays will be less than the current
price. More formally, we say that the price function P exhibits a bubble in
state s at time t if Vv i, ¥ s € §'P(w,t) N s;p, d(w) < P(w,t). Clearly
weaker notions of bubbles would be interesting; e.g., taking expected

dividends over the indicated information sets, etc. Since our purpose in this
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note is to show that bubbles can exist in equilibrium, the examples are more
striking given the strong notion of a bubble we are using.

Before giving the example formally, we will describe it in words. There
are three periods and two traders holding quantities of an asset that yields a
state dependent dividend in the third period. The dividend will be either 10
or 22 depending upon the state. Each trader will have private information
regarding the state of the world. In the event that the dividend is low (that
is, that the dividend will be 10), with positive probability a trader’s
private information will reveal this. The information partitions are such
that in some states of the world, a trader will know the value of the asset to
be 10, but not know whether the other trader knows this. If the other trader
does not know that the value is 10 in the first period, the information
structure, and dividends, are such that this trader’s estimate of the value of
the asset will go up in the second period. Given this information structure,
there will be an equilibrium in which for one state of the world each trader
is informed that the asset has value 10 (and thus be priced at 10 two
periods hence) and yet be willing to buy or hold the asset at a higher price
(13 to be precise) in the hopes that he can sell it at a still higher price
in the next period (before the other trader knows the value to he 10).

It is important to emphasize that there is no irrationality on the
traders’ parts. A trader who buys or holds the asset at the price of 13
which he knows ultimately will have value 10 does so knowing that the other
trader also may have been informed that the value will be 10. 1In this case,
each will have bought or held the asset in the hope of selling it to the other
trader. In this case, the price will go to 10 and each trader will lose

money. Precisely offsetting this will be the (expected) profits a trader



7
would make in the case the other trader did not know the asset had value 10,
The formal example follows.
There are two traders and two assets, one riskless and one risky. Each
trader has a von Neumann-Morgenstern utility function u(m) = m. There are
ten equally likely states of the world, wy, J = 1,...,10. We list the state

dependent dividends below:

10§ =1,2,3
d(w,) = 22 j = 4,5

10 j=6,...,10

There are three periods; all consumption takes place at the end of the third
period. The asset pays dividends in the last period. We will denote by Il
i=AB t=1,2,3 the partition of trader 1 in period t. The partitions

are listed below.

=]
b
1

]

{wl,wz} {603-wnst’WB:“’?rwB!wnglo}

=]
o
i

I

{w]_:wa} {wZ:warwS:wa»(“)Tva}wg:wlu}

{W]_,wz] {‘-ﬁ’a,wﬁ} {ws.ws} {wy,wg) {Wg,wlo}

=

]

[ ]

i

{W1.w3} {wz,ws} {wa,ws] {w;';wg} [‘03:0’10]

=

>

[ ]
I

H33 = {w;) [Wz} {ws} {wy) lws]) (wg) {wy) {wg) (wg]) {Wm)

We claim that there is a fulfilled expectations equilibrium such that in
period 1 both traders know that the dividend will be 10 yet each buys the
asset at a higher price in the hope that the other trader does not know the asset

has value 10. The traders are completely rational in that they realize that
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there is some chance that the other trader does know the true wvalue and is
behaving in the same way.

The prices in this equilibrium are given in Table 1 below.

TABLE 1
state @y Wz W3 ws We W Wy wg Wy @10
period
1 13 13 13 13 13 13 13 13 13 13
2 10 16 16 16 16 16 10 10 10 10
3 10 10 10 22 22 10 10 10 10 10

To see that these are equilibrium prices, we begin by observing that clearly in
the third period the prices are the only prices consistent with the state
contingent dividends of the asset and the fact that each trader has perfect
information in this period. Next, note that in the second period, if the trader
A observed an event other than {w;,w,} and trader B observed an event other
than {w),w;}, the price conveys no information beyond that the traders already
possessed. Also note that for every event other than these two events, the
expected dividend in the third period is equal to the price in the second period
(the expectation being taken over each of the possible events that either trader
could have observed). For example, if person A observes {ws,w;) in the second
period and person B observes {w,,ws}, the price is 16 since the expected dividend
for both information sets is 16,

If either trader observes in the second period the event that contains

wy, the price will be different for the two states contained in this event.
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Thus, his private information plus that revealed by the price will give him
perfect information. If the state is w;, the price of the asset is 10, making
each trader indifferent to buying, selling or holding the asset. If he sees this
event but the state is not w,;, the price will be above the value (and hence,
the price of the asset next period) and he will want to sell any of the asset
he owns. The restriction on short sales means that he can sell no more than his
holdings of the asset in this period. Thus, the prices in the second period are
consistent with equilibrium and the prices in the third period.

It is clear that the price reveals no information in the first period since
it is constant across the states. It is straightforward to verify that for every
state of the world and for each individual the expected price in the secoﬁa
period is equal to 13, the price of the asset in the first period (the
expectation being taken over an individual’s observed event). Hence, the prices
given in Table 1 constitute a fulfilled expectations equilibrium.

There are several points to observe about the example.

1. It is possible that a bubble exists so that all traders know that the price
of an asset will fall in the future but are still willing to hold the asset.

To see this, suppose that state w; arises. In this state both traders
observe an event which guarantees that the asset has value 10 yet each is
willing to hold (or buy) the asset at price 13.

2. All traders may know that the asset will drop in price and yet it is not
common knowledge.

When trader A sees the event {w,,w,), he knows that the true state of the
world is either w; or w,. If the state is w;, trader B has observed the
event {(wy,ws] and thus knows the wvalue to be 10. If the state 1s w,,

however, trader B has observed the event {wy,w, ,ws,Wg, Wy ,Wa,Wq, W] : the
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expected value of the asset given this information is 13, the average of its
dividends over the eight equally likely states in the event that he has observed.
When the state is w,, trader B will observe the event (w;,w,} in period
2 and the expected value for the asset will go up to 16, Thus if the state
is w;, both traders know that the value of the asset is 10, yet neither knows
whether the other knows this.

3. There is a second equilibrium with no bubble.

Consider the prices given in Table 2 below.

TABLE 2
state Wy Wz w3 Wy ws Ws @z Wy wg @10
period
1 10 10 10 94,7 9477 9477 94/T7 94T 9477 94/T
2 10 10 10 22 22 10 10 10 10 10
3 10 10 10 22 22 10 10 10 10 10

It can easily be checked that the prices given in this table constitute
a second equilibrium in which there is no bubble. Here, if either of the two
traders receives a signal that the asset has value 10, the price immediately

reflects this fact.

3. RATIONAL EXPECTATIONS EQUILIBRIA WITH BUBBLES

In the example above, we have shown that there exists a fulfilled
expectations equilibrium in which there is a bubble. There is a shortcoming of
the example, however, to which we alluded following the definition of a fulfilled

expectations equilibrium. In the example, we did not specify what net trades
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were to take place in each state; we only showed that for any state other than
w, ©0r w,, each trader will be indifferent to all net trades and that in the
states w; and w, exactly one of the traders wants to sell his holdings. If
we had specified the net trades to take place in each state, the trade that an
individual trader made in some states would have revealed information in addition
to the information that could be extracted from the price and the trader'’s
private information. (See Kreps [1977] or Tirole [1982] for a discussion of the
possibility of traders learning from quantities). To illustrate this, Table
3 below contains a set of net trades for trader A consistent with the
equilibrium prices in Table 1. (The changes in trader B's holdings are, of

course, just the negative.)

TABLE 3
state Wy Wz w3 @y, ws Wg @z wg wg @10
period
1 0 0 0 0 0 0 0 0 0 0
2 0 -1 +1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0

These net trades are the minimal trades consistent with equilibrium; in those
states that a trader knows that the asset will fall in price the next peried,
he sells his holdings. It is clear that these net trades contain information
in addition to that conveyed by a trader’'s private signal and the information
contained in the price. For example, if trader A has observed the event
{wy,w,}, the price provides no additional information since it is constant over

this event. As indicated in the previous section, trader A 1is indifferent to
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all net trades with only the information provided by observing the event
{wy,w,). However, under the proposed net trades shown in Table 3, trader A
buys 1 wunit of the asset in w; and doesn’t trade in w,. Thus his expected
gain for the proposed net trades is negative.

To summarize, i1f the traders were to condition their beliefs on the net
trade in addition to the information they could extract from their private
signals and the price, they would not be indifferent to all net trades. There
is no consensus as to whether or not it should be assumed that traders will
extract information from their net trades. The example in the previous section
should cause one to be skeptical about equiiibria in which traders could learn
something from their trades in addition to the information they glean from prices
and their private information. In that example, either of the two traders could
follow a simple trading strategy that would yield higher expected utility than
they receive in the equilibrium: sell out in period 1 and never buy. That
trading strategy yields expected utility 13 for the share of the asset
initially owned. If a trader carried out the net trades in table 1 as part
of the equilibrium in the previous section, his expected utility from the asset
and/or the proceeds from selling the asset would be only 12.4. In other words,
a trader doesn't have to be incredibly sophisticated to be able to do better than
he could within that equilibrium.

It isn't our aim to provide a definitive market equilibrium concept for
a world in which traders have differential information. We would like to show,
however, that the phenomenon exhibited in the example doesn’t rely upon the
traders not extracting information available from their personal net trades.
Toward this end, we will follow Tirole [1982] in defining a rational expectations

equilibrium in a way that prevents traders from extracting information from their
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net trades in addition to that extracted from the price and their private

signals,

DEFINITION 3: A rational expectations equilibrium is a fulfilled expectations
equilibrium in which for each trader 1 and each period t, the net trade

function x,,(w) 1is measurable with respect to the partition I, N STH{P(w,t)).

If a trader’s net trade function is measurable with respect to the
partition I N S"1(P(w,t)) clearly no information can be gained in addition to
that obtainable from the trader's private information and the price. As we have
explained, while the example is an example of a fulfilled expectations
equilibrium in which, for some states of the world, all traders know that an

asset is overpriced, the price is not a rational expectations equilibrium price

function.?

We will next modify the example in a way that makes it a rational
expectations equilibrium. The modification will be dome in two steps. First,
we will introduce a third trader and second, we will modify the dividends in one
state. This third trader will be risk neutral and trade so that the other two
traders to have trades that are functions only of their private signals and the
information conveyed by the price function. Trader C's partitions for the three
periods are
o = (wy,wp,w;,0,0s,Ws, Wy, W, Wg,Wyg}

Iz = {wq} {wz,w3,w,,,w5} {wg) {97,“’5,0’9.&’10}

1 We note that we only demonstrated one set of net trades that were
consistent with the price function and showed that these trades were not
consistent with a rational expectations equilibrium. This leaves open the
possibility that there might be other trades that are consistent with a rational
expectations equilibrium. It is straightforward to verify that, in fact, there
are no such trades possible.
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His valuations of the asset are the same as those given in Section 2 for traders

A and B for each state except for wg;

16. The prices for this economy are given in Table

state Wy
period
1 13
2 10
3 10

Wy

13

16

10

Wa

13

16

10

TABLE

@y

13

16

22

for this state,

4

Ws

13

16

22

We

13

16

16

4,

Wy

13

10

10

trader C's value is

Wy g Wi

13 13 13
10 10 10

10 10 10

The only non-zero trades for this economy are in period 2. They are shown in

Table 5 below.

state w,
trader
A -1
B -1
C +2

It is straightforward to verify the following:

W2

+1

W

+1

TABLE

W, Wy
+1 -1
-1 +1
0 0

Wg

wy

Wy Wy @ig
0 4] 0
0 0 0
0 0 0

1. For every trader and for every state of the world, the trades are functions

of the private signals and the information conveyed by the price function; no

additional information can be extracted from the trades.
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2. For each trader 1 and for every state of the world, the trades maximize
expected utility conditional on 1i's private information and the information
conveyed by the price, except for state wg. When the state is wg, both
traders A and B have seen an event for which the price of the asset is 16
and they are to sell the asset. The difficulty is that given their private
information (the price and their net trades yield no further informaticn) they
are selling an asset which will have value of 16 or 22 with equal probability
for 16. Clearly, this is not optimal. We will alter the dividends and the risk
aversion of traders A and B to make the trades optimal.

The alteration consists of letting the asset have a random return in wg . 2
In particular, the asset will return either 22 or 0 in this state. The
probabilities of the two amounts are 16/22 and 6/22 respectively. Thus, the
expected value of the asset is 16. Since trader ¢ 1is risk neutral, he is
willing to pay the price 16 1in period 2 for the asset. We will make both
traders A and B risk averse in a way that will make them prefer selling the
asset for 16 to holding the asset and bearing the risk of a return of 0.

Assume that each of the traders A and B hold one unit of the asset to
begin with and have initial money holdings of 16. Both trader A and B thave
a piece-wise linear utility function with a kink at 26:

u(m) = km - 26(k - 1) if m < 26

-m if m = 26

where k > 1. It is illustrated in Figure 1. If trader A holds the asset,
he will have a final wealth of either 38 or 16. The expected wealth is 35;

from this it can be shown that the expected utility from holding the asset is

2 Formally we could divide the state ws into two distinct states &g and

&g with the dividends and probabilities associated with these states chosen as
below.
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b in the diagram. Selling the asset for 16 yields a non-randem final wealth
of 32, which yields a final expected utility of a in the diagram. Tor
sufficiently large k, it can easily be seen that b > a. Thus, even though the
price is below the expected return on the asset, both traders A and B have
higher expected utility if they sell their single unit of the asset rather than
hold. Note that they have only enough money to buy a single unit at most. We
also note that the utility functions are such that in any state other than wy,
the traders act the same as risk neutral traders would.

This completes the example. The traders are now maximizing in state wg,

whiech was the last state that had to be checked.

4., DISCUSSION

Clearly the example is "razor-edged”, that is, there are a number of
perturbations of the economic environment which would destroy the qualitative
characteristics of the equilibrium. To the extent that the example 1is not
robust, it has few implications about real asset markets. We will discuss the
various ways that the example is not robust and the importance of that non-

robustness.

Dividends and Probabilities

(a) Values of the dividends. In the example, the dividends take on only two
values, 10 and 22. 1If the dividends were different in different states, this
might reveal some of the information. If the asymmetry of information is
eliminated, there will be no possibility of bubbles. Thus, it might be argued

that since small deviations of the dividends across states could eliminate the
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bubbles, they are not important. This is simply a variation of the fact that
rational expectations are generically revealing in many circumstances.

One has to be careful of such arguments, however. A trader in the example
faces two kinds of uncertainty. There is uncertainty about the fundamentals
(whether the dividend will be 10 or 22) and uncertainty about what other
traders know about the fundamentals. It may be reasonable that the actual payout
in two different states differs at least a little bit if those two states are
meant to capture some physical difference. But in the example there are really
only two states necessary to describe the physical differences that may arise
(that is, whether the dividend is 10 or 22). The other states are artificial
in a sense; they are introduced to model the second type of uncertainty, namely
what other traders know. For example, states w,, w;, and w; should be thought
of as a single physical state that might be known to either of the first two
traders but not the other or to both of the traders. While it might be
reasonable to believe that the dividend should vary across physical states, it
should definitely not be different in two states whose sole difference is whether
or not someone knows when that state has arisen.

(b) Probabilities. We argued above that it would not be reasonable to alter
the value of the asset so that it differed across states In which the
fundamentals were the same. This suggests that the non-genericity associlated
with the fact that the values of the asset are constant across these states is
irrelevant. There is a second feature of the example that is more problematic,
however. The example had equally likely states. Small changes in these
probabilities would have changed the values of the asset so as to reveal more
information than in the example. Unlike the case of the value of the asset,

there is no reason for the probabilities not to be altered across the states.
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They reflect the probabilities attached to various sets of people knowing some
fundamental variable: there is no reason that there should be any particular
pattern to these probabilities.

While it is true that the example is highly non-generic with respect to
these probabilities, we would argue that this feature stems from the finite state
space that we have used for expository purposes. In models with an infinite
signal space, generic non-fully revealing equilibria may exist.® While we have
not constructed an analog of the example in such models, we have no reason to

expect that this cannot be done.

No-trade theofem

Milgrom and Stokey [1982] proved a result that is sometimes called the no-
trade theorem. It says that if two traders agree on an ex-ante efficient
allocation of goods, then after they get new information, there is no possibility
of a transaction with the property that it is common knowledge that both traders
are willing to carry out the transaction and at least one trader strictly prefers
the transaction to mno (further) trade. Our example is not in conflict with this
result for several reasons. First, that result doesn't rule out the possibility
of it's being common knowledge that a set of risk neutral traders are engaging
in fair gambles. Second, the initial distribution of the asset is not efficient.
In state wg, the asset must be transferred to the third trader for efficiency,
since he is the only trader who is risk neutral over the relevant gambles in this
state. The assumptions of the no-trade theorem are violated, hence it is not

surprising that the conclusions may be as well.

3 See, e.g., Ausubel [1990].
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This last point is worth elaborating upon. To the extent that there is
4 bubble of the sort exhibited in the example, we are compounding socially useful
trade (efficient distribution of risk among the traders) with superfluous
gambles. If traders are strictly risk averse, there is a social loss to that
part of trade that is essentially a gamble. There would, in a sense, be a social
gain to the elimination of the gambling aspect. That doesn't prevent speculation
from occurring in equilibrium, however. Traders will still find it rational to
trade in a world with bubbles so long as the gain from the beneficial
redistribution of risk outweighs the loss from the costly gambles associated with
the bubbles.

If equilibria without bubbles have efficiency advantages over those
exhibiting bubbles, perhaps traders have a way to assure that only those
equilibria without bubbles arise. For example, traders might simply trade to
an efficient distribution of the assets immediately. Once the allocation is
efficient, the mo-trade theorem applies, and no further trade would occur (at
least no trade that is socially detrimental). There are two responses to this.
First, our models typically don’'t allow analysis of which of several equilibria
in a model might arise. Given any equilibrium and its path of prices over time,
each trader by definition is doing as well as he can.

There is a second and more important reason to be unconvinced by the
suggestion that there might be trade to an efficient distribution of assets with
no further trade necessary. This would be possible in an Arrow-Debreu world with
complete state-contingent markets (as assumed in Milgrom-Stokey), but in a world
of incomplete markets there may be no distribution of assets that is not only
efficient at the present time, but will remain efficient over time with

probability one. As the uncertainty in the environment unfolds, it may be
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necessary for there to be redistributiomns of the assets to rggain an efficient
distribution of risk. Even if markets were essentially complete through dynamic
trading strategies, there would be no reason that the sort of bubbles exhibited
in the example would be ruled out.
In general, the only thing that can be ruled out is that the expected loss
from the riskiness of the bubble be no larger than the expected gains from

efficient distribution of risk.

Other observable information

At the beginning of Section 3, we pointed out that the example in Section
2 of a fulfilled expectations equilibrium with a bubble might be considered
flawed by the fact that traders were not extracting information available from
their personal net trades. That, in fact, was the motivation for modifying the
example in Section 3 to generate a ratiomal expectations equilibrium with a
bubble. As mentioned there, it is never absolutely compelling what information
we should assume that traders condition on when forming their beliefs. There
is (usually) general agreement that the traders should condition on their private
information and that information conveyed by the price. It is not agreed whether
traders should condition on their personal net trades; it is also not agreed
whether traders should condition on some aggregate market variables, such as
volume of trade. One possibility is that the aggregate volume of trade cannot
be observed by individual traders. If aggregate volume could be observed and
was conditioned on, it would provide additional information which would upset
the example. It seems likely that the example might be modified further so that
volume was constant, and hence conveyed no information. We have not carried out

this exercise, however. Clearly, though, if traders conditioned on the
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identities of the traders with whom they transact, the example would be upset
and could probably not be "fixed up". That traders might have this information

and condition on it seems unreasonable for the sorts of markets we have in mind.

Indivisibilities

We assumed that the asset was available in indivisible shares. This wasn't
necessary for the first example (the fulfilled expectations example in Section
2). It is necessary in the modification in Section 3. Imn that modification
trader C was to buy the shares of the asset in state wg. Both traders A and
B are selling the asset for a price of 16 when the expected value of the
asset, given their beliefs, is higher than 16. If the asset were divisible,
they would not sell all the asset, but would retain some portion. The
indivisibility makes them choose between holding at minimum one unit or holding
none. The form of their risk aversion leads them to choose none. A similar
result could be obtained with divisible assets if there are transactions costs
that are non-linear so that it is cheaper to trade in round lots rather than odd
lots. Such transactions costs could also lead to traders either selling all or

none of their holding of stock.

Concluding remarks

Examples have been presented where the backward induction argument that
stock prices reflect fundamental values fails. Bubbles can exist because traders
are unaware of other traders’' beliefs; beliefs are not common knowledge. Even
though they all know an asset is priced above its fundamental value, they can
all rationally believe that they may be able to sell it to somebody else at a

higher price before its true value is publicly revealed. Although the particular
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examples presented were rather special, it was argued that the phenomenon they

illustrate can occur in a wide range of situations.
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