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Abstract

There has been a long-running debate about whether stock market prices
are determined by fundamentals. To date no consensus has been reached. 4n
important issue in this debate concerns the circumstances in which deviations
from fundamentals are consistent with rational behavior. A continuous-time
example where there are a finite number of rational traders with finite wealth
is presented. It is shown that a finitely-lived security can trade above its
fundamental.
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1. Introduction

There has been a long and continuing debate on the determinants of stock
prices. One view is that these prices reflect economic fundamentals; that is,
a firm's stock price equals the present discounted value of its dividends.
Another view is that stock prices are "bubbles" and consistently deviate from

their fundamentals. As an empirical matter, there is currently no consensus

on which of these views is correct.

Historically, the possibility that stock prices are "bubbles" was raised
by a number of extreme incidents. Perhaps the most well-known of these is the
South Sea Bubble. During the first six months of 1720 the stock price of the
British South Sea Company rose by 642 percent; during the last six months of
1720 the price fell back to its original value. A similar rise and sudden
decline occurred in the stock price of John Law's Mississippl Land Company in
France. Both episodes were reminiscent of the Dutch Tulip Mania in the
previous century, and were precursors of the stock market crashes of
subsequent centuries of which October 1929 and October 1987 are perhaps the
most famous. While it is by no means clear that these events constitute
evidence of "bubbles", they were important in that many of them lead to
regulation. For example, the South Sea Bubble caused the British Parliament
to pass the South Sea Act which effectively eliminated the stock market as a
source of funds for over a century. In the United States, the Great Crash of
1929 lead to the creation of the SEC and the introduction of numerous
regulations, many of which are still in force.

More recently, the results of Shiller (1981}, Grossman and Shiller
(1981), and Leroy and Porter (1981), among others, suggest that stock prices
deviate from market fundamentals. There is again no wide agreement on the

validity of these studies; those who have challenged the methodology adopted



include Flavin (1983), Kleidon (1986a,b) and Marsh and Merton (1986). West
(1988) provides a more complete survey of this and related controversies.
Price paths that deviate from fundamentals have also been observed in
experimental settings (see Smith, Suchanek and Williams (1988)).

In addition to the empirical debate about the determinants of stock
prices, a growing theoretical literature has begun to address the question of

how asset prices can deviate from market fundamentals. Camerer (1987) gives a
full survey of this literature. In infinite horizon models, rational bubbles
have appeared as explanations for the existence of fiat meney starting with
Samuelson (1958). Important contributions were subsequently made by Wallace
(1980), Flood and Garber (1980}, Blanchard (1979), Blanchard and Watson (1982)
and Tirole (1985), among others. Although these theories can explain a number
of features of "bubbles" they are not entirely satisfactory explanations of
the phenomena the empirical literature has been concerned with. Some of these
models require that prices grow slower than the expected growth rate of the
aggregate wealth of the economy. There is no explanation of how bubbles get
started or of why they crash. Starting and stopping are taken as exogenous,
Diba and Grossman (1988) have argued there is no possibility that price
bubbles can crash and restart. Also these theories cannot address the
question of whether finitely-lived security prices can deviate from
fundamentals.

The major result for finite-horizon models is a negative one. Tirole
(1982) argues that in a discrete-time finite-horizon setting stock prices
cannot deviate from fundamentals unless traders are irrational or myopic. He
makes three important points in ruling out finite bubbles. First, he points
out that with a finite horizon the bubble would never get started because it

would "unravel." To see this let the final date in the economy be T. Then at



the date T - 1 an agent would not buy the asset at a price above the
discounted value of its payoff at T because he would incur a loss if he did
so. Therefore, the bubble cannot exist at T - 1. Similarly, by backward
Induction it follows that a bubble cannot exist at any point in time.
Secondly, with a finite horizon traders cannot be induced to hold the stock by
a price path that goes to infinity because there is finite wealth,

Consequently, there must be a date at which the (real) price path necessary to
support the bubble exceeds the total available wealth in the economy. At that
date the bubble will crash, but then at the date before that no other trader
will buy the asset. Again by backward induction the bubble cannot get
started. Finally, without insurance motives for trading not all of the finite
number of traders can rationally expect to benefit since they know that the
bubble is a4 zero-sum game. If traders are risk averse, some must be strictly
worse off since they bear risk and not everybody can have a positive expected
return.

Tirole's (1982) results exemplify the difficulties of constructing
theories which are based on conventional assumptions and which are consistent
with bubbles. These difficulties have iead some authors to abandon the
traditional neoclassical assumption of rational behavior. One example is
Shiller (1984) who models stock prices as being subject to "fads". Another is
DeLong, Shleifer, Summers, and Waldman (3987) who assume that some traders
continue to hold beliefs even after it becomes clear these are rejected by the
data. These irrational traders are consistently overly optimistic (or overly
pessimistic) and take larger positions than they would do if they were
rational. This means they bear more risk than is optimal but their wealth is
not driven to zero. They therefore persistently cause stock prices to deviate

from their fundamental. (See Camerer (1987) for other examples, )



The model presented below takes a different approach. We assume all
agents are rational but they populate an imperfect world. In particular,
there is an agency problem arising from an information asymmetry. In the
corporate finance literature the analysis of agency relationships is

commonplace and their implications for firms' investment decisions are well
known. It is widely accepted that asymmetric information can lead to firms

making inefficient investment decisions. Despite the fact that in the United
States and many other countries, a majority of the wealth held in stocks is
invested indirectly through financial intermediaries, the implications of
agency relationships for asset pricing has not been fully investigated. It is
argued below that one of the manifestations of asymmetric information in this
context is that asset prices can deviate from their fundamental values and be
subject‘to bubbles.

We assume there are two types of people that can obtain the
qualifications necessary to become a portfolio manager. The first group can
each identify a certain number of undervalued firms. The supply of these
firms relative to the total number that can be identified by this group is
such that their prices are not bid up. Thus markets are not strong-form
efficient but this is not inconsistent with rationality. The second group is
unable to identify undervalued firms. Lenders cannot observe which type of
portfolio manager they are entrusting their wealth to.

In Section 2 we assume that the portfolio managers, who have no wealth of
their own, receive a proportion of the profits that they make so their payoff
has the form of a call option; this is later shown to be an optimal
contract. We focus on the decisions of the second group that cannot identify
undervalued securities. It is shown that these traders are willing to

speculate in the sense of Harrison and Kreps (1978), that is, they are



"willing to pay more for [the security] than they would pay if obliged to hold
it {to the horizen]" This is because of the fact that there is an asymmetry
in their incentives. If they lose the money entrusted to them they obtain
nothing no matter how badly they do. However, if they do well they keep a
proportion of what they make. They are therefore prepared to purchase
securities which are trading above their fundamental provided there is some

chance of a capital gain even though they know that there is a good chance
they will lose their investors' money when the bubble crashes.

The key issue is therefore whether or not traders perceive there to be
some chance of a capital gain at all points in time. This depends on what
they conjecture about the strategies of other traders. We consider a very
stylized structure which makes traders' conjectures about other traders'
actiqns very simple. In particular, we assume at the outset that traders
leave the market when they "die" and that their "death" times are correlated
in a particular way. This rationale for exiting from the market, and the
correlation structure of these "death times," are clearly not meant to be
taken literally but rather are devices for streamlining the model in order to
focus on the theoretical issue of the existence of bubbles in a finite
world. The main point is to develop a simple structure under which the
logical sequence of conjectures traders go through will not lead to unraveling
but to traders deciding rationally to speculate. Having developed this
structure we go on to show how the model can be extended to the case where a
trader's exit from the market arises from an endogenous decision rather than
being due to an exogenous event.

In Section 3 we consider both groups of portfolio managers and
demonstrate that the contract assumed in Section 2 is an equilibrium

contract. It is not worthwhile for lenders to knowingly entrust their wealth



to portfolio managers that speculate. dowever, they cannot tell them apart
from the good portfolio managers that can identify undervalued firms.
Therefore in equilibrium the good managers subsidize the ones that speculate
and lenders earn their opportunity cost.

Tirole (1982) argued that bubbles could not occur in standard finite
horizon models unless traders were myopic or irrational in some other way.

The example presented in Sections 2 and 3 shows that bubbles can occur in
finite horizon models when traders are rational. The reason for this
difference in results is that our example is in a different class from those
considered by Tirole. An important issue concerns the robustness of our
example and its implications for theories of asset pricing. Section Y

discusses the critical elements of the example that lead to bubbles.

2. Speculative bubbles

This section considers a stylized model of a stock market in which there
are three traders. We assume that these traders have no wealth of their own
but instead manage other pecple's wealth for them. They receive a proportion
of any profits they make; this contract is shown to be optimal in Section 3
below. Subsection (i) outlines the basic model. Subsection (ii} considers
how bubbles arise when traders leave the market because of some exogenous
stochastic event which we term "death". The timing of a trader's own death is
unknown to that trader until the instant before it occurs. In Subsection
(iii) we consider an example where death times are known from the beginning.
Finally, Subsection (iv) shows how this can be extended to the case where exit
from the market does not arise as a result of "death" but from an exogenous
decision of traders. They decide to leave when the expected gain from holding

the share is no longer sufficient to compensate them for the risk of

continuing to hold it.



(i)

The basic model

(ab)

{(A5)

(A6)

(A7)

(A8)
(A9)

The following assumptions detail the basic model.

There are three traders called Persons 1, 2 and 3.

The model lasts for one continuous period, beginning at t = 0 and ending
at t = 1. Trades can occur at any time between 0 and 1.

The traders consume just before they die which occurs somewhere between 0

and 1,

The agents' utility is an increasing function of consumption. They can
be either risk neutral or risk averse.

Person 1 dies at date ty which is drawn from a uniform distribution on

[0, 1), Person 2 dies at t, where

t. = t +—(1-t1). (1}

Person 3 dies at t3 where

t=t+§(1-t). (2)

3 1 1

Agents learn their death times just in time to allow them to trade and
consume before they die. Death is private information.

There exists a firm with a known and certain payoff which for simplicity
we normalize to zero. In other words the fundamental is zero. The firm
issues one indivisible share. This share cannot be short sold.

Person 1 is always endowed with the share. Person 1 knows his identity.
Persons 2 and 3 are not endowed with any shares. They do not know their
identities (i.e., whether they are going to die last) and assign equal

weight to each of the two possibilities.

(A10) Persons 2 and 3 have no wealth of their own. However, they are able to

invest other people's wealth. They are to be thought of as portfolio



managers. They have a fixed amount B { = 1 in illustrations) they

invest. The amount = they repay to investors if the amount they have at

the end is y, is:

B + a{y - B) for y > B (3a)

=
(13

=y for y { B (3b)

where 0 € a £ 1. (In illustrations it is assumed that a = 0.95.) 1In
effect, the payoff the portfolio managers receive is a call option.

The accounting system is such that they cannot simply consume the
money they borrow. They can only consume the fee that they are paid for
managing the portfolio. It follows from (3) that this is a proportion 1
- a of the profits that they make if these are positive and nothing if
they are negative,.

(A11) The identity of the owner of the share is private information
throughout.

(A12) Trade occurs in the following way. All traders have the same
expectations about prices p(t)€ at which trades will occur at time t.
When a person decides to sell the share he seeks out a buyer. He locates
one or the other of the traders that remain in the market with equal
probability. If he finds another trader then trade occurs at p(t)®. If
the seller cannot find a buyer this becomes public information and the

price of the share falls to zero. In illustrations it is assumed that
p(t)® = ¢ for t e [0, 1). (4)

(A413) When a trade occurs only parties to the trade observe the transaction.



(A14) A1l agents know the structure of the model and the distributions of the

random variables but not particular realisations of random variables they

do not observe.

(ii) Unknown death times

The share considered has a fundamental of zero. It is clear that an
equilibrium with p(t)® = 0 exists where the share price reflects this

fundamental. The question that we address is the following. Do there exist
other price paths such that a rational agent is prepared to buy the share at a
strictly positive price even though he knows the final payoff to the share is

zero? Qur first result is:

Propesition 1

When death times are unknown there exists a set of self-fulfilling
beliefs such that two trades will always occur at a striectly positive
price between date 0 and date 1 provided:

(i) 0 < p(t)® < B for all t « [0, 1);

(ii) p'(t)® > 0 for all t < [0, 1).

To see why this holds first consider a numerical example where £y = 0.1
so that from {1) and (2) ts = 0.4 and t3 = 0.7. As mentioned in the previous
subsection we also assume p(t)® = t, B = 1 and o = 0.95. For ease of
exposition we first describe a possible sequence of events without analyzing
the traders' decisions. This sequence of events is illustrated in Figure 1.
We then consider a set of beliefs and show that these support the decisions in
Figure 1. Finally, we generalize the example and show that the beliefs are

self-fulfilling.



At t = 0 Person 1 is endowed with the share. At ¢ = 0.1 he finds ouc
ne's going to die and searches for a buyer which is Person 2 or 3 with
probability 0.5. For concreteness we assume he finds Person 2 who ouys the
share at a price of 0.1. At t = 0.4, just before he dies, Person 2 searches
for a buyer and finds Person 3 who buys the share at a price of 0.4, He makes
a profit of 0.4 - 0.1 = 0.3 and after repaying his investors consumes

(0.05)(0.3) = 0.015. At t = 0.6 Person 3 searches for a buyer, but finds
none. The bubble bursts and the price of the stock falls from 0.6 to zero.
Finally, at t = 0.7 Person 3 dies. At the time of his death, he has 0.6
remaining and so is only able to return this amount to his investors. He
consumes nothing.
Consider the following set of beliefs. Given that p'(t)® > 0, all agents
believe that:
(a) if there is a prospective buyer alive he will be prepared to buy the
share when approached.
Agents who do not know their own identity believe that:
(b) any agent offering to sell at a date in the interval 0 < t ¢ 1/3 is
Person 1 selling at t4 with probability 1; and
(c) any agent offering to sell at a date in the interval 1/3 < t < 1 is
Person 1 selling at £, with probability 0.4 or Person 2 or 3 selling at
t, with probability 0.6.
We demonstrate below that these beliefs support the sequence of actions in
Figure 1 as an equilibrium and that they are self-fulfilling.
First consider Person 1's decision. He knows from the structure of the
model that for 0 < t < t1 Persons 2 and 3 will be alive. Thus from (a),
Person 1 believes he can sell the share at any time until his death. Since the

share price is increasing through time, it is optimal for Person 1 to hold the



share until he has to sell it at his death time t.. Thus at t = 0.1, Person 1

Wwill search for a buyer. There is g Q.5 probability he will find Person 2 and
a 0.5 provability he will find Persen 3. For concreteness we suppose that
Person 2 is found.

Next consider Person 2's decision. From (b), he believes that the seller
is Person 1. He can put himself in the place of Person 1 and by doing so

deduce that Person 1's optimal strategy is to sell at his death time. He

therefore knows that £y = 0.1 which implies that £y = 0.4. This means that he
should not wait past t = 0.4 to sell the share since if he survives that date
he will be the sole remaining trader; until that date there will definitely be
another buyer. Since the price is increasing, he should sell at t = 0.4,

Person 2 finds the remaining trader, Person 3, at t = 0.4. Consider
Person 3's decision. Since he was not endowed with the share he knows he is
Person 2 or 3, but does not know which. Since he is approached at t = 0.4 he
does not know whether the seller is Person 1, 2, or 3. It follows from (¢)
that he believes there are two possibilities, There is a 0.4 probability that
the seller is Person 1 in which case £y = 0.4, This implies that by = 0.6 in
which case from (c) the share could be sold at any date up to this point. We
refer to this first possibility as state S to indicate the share can be sold
again. He also believes there is a 0.6 probability that the seller is Person
2 or 3. In this case Person 1 must have sold it at ty = 0.1 and there will be
no one for the trader to resell it to. We refer to this second possibility as
state N to indicate that no resale is possible,

The payment schedule in (3) implies Person 3 cannot lose from buying the
share and he can gain if he manages to resell it at a higher price, Since he
attaches a 0.4 probability to there being another trader who he can resell the

share to at a higher price, he is strictly better off purchasing the share.



What is the optimal time for him to try to sell the share? If state N is the

true state, then there is no other trader L0 sell the share to. This
possibility therefore has no effect on his optimal selling time. If state S
is the true state, then ¢y = 0.4 and ty = 0.6. Hence, since price is rising
his optimal action is to search for a buyer at t = 0.6. In fact in this
example there is no other buyer to be found, so at t = 0.6 he realises that he

is Person 3 and the bubble crashes. At t = 0.7 Person 3 dies.

So far we have considered the case where ty = 0.1. It can be seen that
for 0 < L4 £ 1/3 the analysis is the same because only Person 1 can die in
this interval. For 1/3 ¢ £y £ 1 it can be seen that the beliefs (a) again
make it optimal for Person 1 to sell at his death time. The difference here
is that the identity of the seller in the first transaction will be unknown,
The buyer's decision is then the same as Person 3's at t = 0.4 above; he
cannot distinguish between states S and N and assigns probabilities of 0.4 and
0.6 to these, respectively. Any other transactions in the interval 1/3 < t <
1 also have this feature so that the analysis of other possible cases is
similar to that of the illustration.

Why are the beliefs (a), that when found a prospective buyer will always
purchase the share, correct in equilibrium? First, consider somebody who is
approached after t = 1/3. A prospective purchaser will be better off buying
provided he believes that there is some probability that he can resell the
share. This depends on whether there is some probability he can locate a
prospective buyer and this conjectured buyer believes that he can resell the
share, and so on. From the point of view of any new buyer there is always a
0.4 probability of another willing buyer later. This chance of state § is
independent of time. At any point a prospective buyer cannot distinguish

between the seller being Person 1 or the seller being Person 2 or 3 and hence



whether or not another buyer remains. 4s a buyer goes through the logical
sequence of conjectures concerning whether he will be able to resell, he knows
for certain that the share cannot be resold more than once. However, the
person that he might sell to will think there is a 0.4 probability nhe will be

able to resell and so on; as far as each buyer in the sequence is concerned

there is always a possibility that the share can be resold once. This is true

for an infinite sequence of conjectured buyers. No matter how close to t = 1

a sale were to occur, (1) and (2) together with p'(t)® > 0 imply that there is
always a 0.4 possibility of reselling the share at a profit so unravelling
does not occur. For anybody approached before t = 1/3 the analysis is similar
except there is a probability of 1 they can locate another willing buyer.

Thus beliefs (a) are correct in equilibrium.

Why are beliefs (b) and (c) correct in equilibrium? It was argued above
that Person 1 always sells at his death time t, and the person he sells to
always sells at t,. The unconditional distribution of £4 is uniform on [0, 1)
with density 1 and the unconditional distribution of t, implied by (1) is
uniform on {1/3, 1) with density 3/2 as shown in Figure 2. Hence, the beliefs
(b) that for 0 < t, < 1/3, anybody selling the stock is Person 1 with

1
probability 1 are correct. For 1/3 < t. < 1 the probability the seller is

1
Person 1 (i.e. state 5) is 1/(1 + 3/2) = 0.4 and the probability the seller is
Persons 2 or 3 (i.e. state N} is (3/2)/(1 + 3/2) = 0.6. Beliefs (c) are,
therefore, also correct in equilibrium,
These arguments show that provided the expected price is always below B
so that traders have enough resources to buy the share and provided the price

path is rising, there will always be two trades at a strictly positive

price. Thus Proposition ' i{s demonstrated.



Wny do our results differ from those of Tirole {1983)7 His first
argument 1s that in a discrete-time finite-horizon model a bubble would never
get started because it would unravel. If an asset's payoff at date T is known
to be zero then at date T - 1 nobody will buy it at a positive price.

Similarly at date T - 2 and so on so that the asset is always worthless, In
our model time is continuous so that although there is a final date t = 1

there is no date corresponding to T - 1; no matter how close to t = 1 it is
always possible to resell the share before the final date. The unravelling
argument is not applicable.

Tirole's second argument is that with a finite horizon the price path
cannot go to infinity because there is finite wealth. If the price path did
g0 to infinity the amount needed to purchase the share would exceed the total
wealth available in the economy. Again by backward induction the bubble
cannot get started. In our model the price path does not go to infinity. The
reason that this is not necessary to support the equilibrium is the
correlation structure of death times. No matter how close to t = 1 a trade
occurs the probability of finding a subsequent buyer is 0.4. It is always
optimal for the trader to hold the stock until the conjectured €5. Without
some correlation structure of this type the chance of finding a buyer would
fall towards zero and the price path would need to rise to infinity to induce
the trader not to sell.

His final argument for bubbles not existing is that without insurance
motives for trading not all of the finite number of traders can expect to be
petter off ex ante since they know that the bubble is a zero-sum game. If
they are risk averse some must be strictly worse off. In our model all the
traders participating in the bubble are strictly better off ex ante. The

reason is that they are investing with other people's money and their reward



structure is such that they do not care about the magnitude of any losses they
Incur. The people who bear the losses ex-post are the investors lending them
the money. They are willing to lend because the traders are pooled with
portfolio managers that can identify profitable investment opportunities and
they effectively subsidize these losses by paying a higher interest rate than

they would have to in the absence of the bad portfolio managers. This aspect

of the model is explained below in Section 3.

The purpose of most of the assumptions used is to simplify the
analysis. For example, having Person 1 endowed with the share limits the
number of cases that need to be considered. It would also be possible to have
the share randomly endowed. In that case neither Persons 1, 2, or 3 knows
their identity and the number of possible states of the world each agent must
consider is significantly increased. However, the results do not change
substantively in this case.

The focus of the analysis on bad portfolio managers whose payoff is
effectively a call option is also to reduce the number of possible states that
need to be considered. It would be possible to include ordinary traders who
simply invest their own wealth. They will be prepared to participate in the
bubble in its early stages since for 0 < t < 1/3 they will be able to find a
buyer.

The assumption that outlines the way in which trade occurs is an
important one. Its role is essentially similar to that of the Walrasian
auctioneer and price-taking in standard competitive models since it allows
strategic aspects of traders' behavior to be ignored. Its purpose is again to

simplify the nature of the conjectures that people make about what could have

happened in the past.



The proposition indicates that any price path which is monotone
increasing is an equilibrium. In addition the fundamental is of course also
an eguilibrium, This multiplicity of equilibria is similar to that which
arises in infinite-horizon overlapping generations models. As in these cases
one way of describing which equilibrium oceurs is to associate each

equilibrium with the outcome of an exogenous random event or "sunspot".

(iii) Bubbles with known death times

The analysis above has the feature that agents' decisions to leave the
market are exogenous. As discussed in the introduction, "death" is not meant
to be taken literally but rather is meant to represent any event that causes
the trader to leave the market. For example, death could correspond to the
timing of liquidity needs. We next develop examples where the decision to
leave is endogenous. As a first step in this direction, we start by assuming
that the model is the same as above except that each person knows his own
death time from the start. We again show that bubbles can exist. In the next
subsection we show how the model can be reinterpreted so that decisions are
endogenous.

We replace assumptions (A4), (AS) and (A6) with:

(A4') The agents' utility is an increasing function of consumption. They are
risk neutral.
(A5') Person 1 dies at date tq which is drawn from a uniform distribution on

[0, 1). Person 2 dies at £, where

t2=t1+8(1 -t?), (5)

where 8 is the unobservable realisation of a random variable distributed

uniformly on (0, 0.5). Person 3 dies at ty where



b, = £, + 28(1 - ¢

37 ). (6)

1

(A6') Agents learn their death times at t = 0. Death times are private
information,
We again consider whether a rational agent would strictly prefer to buy

the share even though he knows its payoff is zero. We demonstrate the

following:

Proposition 2

When death times are known, there exists a set of self-fulfilling beliefs
such that at least one trade will always occur at a strictly positive
price between date 0 and date 1 provided:

(i) 0 ¢ p(t)® < B for all t « {0, 1);

(ii) p'(t)® > 0 for all t « {0, 1);

(iii) p''(t)€ 2 0.

IV

To see why this holds first consider a numerical example with £, =0.2, 8
= 0.25 and the other parameters as before. From (5) and (6) these values
imply that t, = 0.4 and £y = 0.6. As before, we first desecribe a possible
sequence of events without analyzing the traders' decisions. This sequence of
events is illustrated in Figure 3. We then consider the beliefs that support
these decisions as equilibrium outcomes and show they are correct in
equilibrium,

At t = 0 Person 1 is endowed with the share. At t = 0.2 he searches for
a buyer which is Person 2 or 3 with probability 0.5. For concreteness we

assume he finds Person 2 who buys the share at a price of 0.2. At t = 0.2



Person 2 looks for somebody to sell the share to and finds Person 3. Person 2
sells the share teo Person 3 for 0.4, making a profit of 0.2. The seller is

thus able to consume (0.05)(0.2) = 0.0! before he dies. At t = 0.6, Person 3
looks for somebody to seill to but discovers that he is the only remaining
trader so that he must be Person 3, The bubble bursts and the stock price
falls to zero. He is only able to repay 0.6 and consumes nothing.

Consider the following set of beliefs. Given that p'(t)® > 0, all agents
believe that:
(a') if there is a prospective buyer alive he will be prepared to buy the
share when approached.
fAgents who do not know their own identity believe that:
(b') any agent offering to sell at date t in the interval 0 < t < 0.5 is
Person 1 selling at t, with probability 1/{1 - 1n {1 - t)], Person 2
selling at t, with probability - 1n (1 - t)/[1 - In (1 ~ t)] and Person 3
selling at t3 with probability 0Q;
(c') any agent offering to sell at date t in the interval 0.5 < t < 1 is
Person 1 selling at t, with probability 1/(1 + ln 2), Person 2 selling at
€y with probability 1n 2/(1 + 1ln 2) and Person 3 selling at t3 with
probability 0.
We demonstrate below that these beliefs are self-fulfilling and support the
sequence of actions in Figure 3 as an equilibrium.
First consider Person 1's decision. By the same logic as before, Person
1 will sell at ty = 0.2 just before he dies. There is a 0.5 probability he
will sell to Person 2 and a 0.5 probability he will sell to Person 3. For
concreteness we assume he finds Person 2.
The buyer knows his death time is t = 0.4 and that he could be Person 2

or 3 since he was not endowed with the share. From (b') he believes the
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seller 1s Person ' with probability 1/(1 - In 0.8) and Person 2 with
probability - In 0.8/(1 - 1n 0.8). 1If the seller is Person ! then it is
equaily likely the buyer is Person 2 or 3 given that Person 1 is equally

likely to find Persons 2 and 3; if the seller is Person 2 then the buyer is
Person 3. As far as the buyer is concerned there are thus three possibilities

which are described in Table 1.

Table 1
Seller's Buyer's Probability
State Identity Identity
s1 Person 1 Person 2 0.5/(1 - 1n 0.8)
S2 Person 1 Person 3 0.5/(1 - 1n 0.8)
N Person 2 Person 3 1n 0.8/(1 - 1n 0.8)

For each of these states the buyer can use (5), (6}, his own death time of 0.4
together with his belief that the seller is selling at the seller's death time

to deduce that 8, t1, t2 and t3 have the values shown in Table 2,

Table 2
State B El Eg E§
S1 0.25 0.2 0.4 0.6
52 0.125 0.2 0.3 0.4
N 0.2 0 0.2 0.4

What is the buyer's optimal selling strategy given these beliefs? In
state N he is unable to sell the share sc his payoff is 0 no matter what he
does. Thus his decision only depends on states S1 and S2. For any sale at ¢

such that 0.2 < t < 0.3, the seller expects a payoff of p(t)e if the true
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state is either 31 or S2. For any sale at t such that 0.3 ¢ ¢ < 0.4 the
seller expects a payoff of p(t)® if state S? holds and 0 if state S2 helds.
Given p'(t)® > 0 and the fact that states S1 and S2 are equally likely

conditional on the seller being Person 1, it follows that it is optimal for

the buyer to sell at his death time of t = 0.4 if

p(0.3)% - p(0.2)® < 0.5 [p(0.4)€ - p(0.2)8) (7)

and at t = 0.3 otherwise. (It is assumed that when indifferent the person
sells at his death time). In the example, p(t)€ = t, so this is the boundary
case where (7) is satisfied with equality. It can readily be seen given risk
neutrality that the buyer will always sell at his death time provided p''(t)®
> 0. However, if p''(t)® < 0 then the buyer will sell at the earlier time of
0.3. In this case it is possible to derive a result similar to Proposition 2
where the buyer believes that if the seller is not Person 1 he is selling at a
time half way between his death time and the time at which he bought.

To summarize, Person 2's optimal strategy is to buy at t = 0.2 and try to
sell at t = 0.4; he is strictly better off doing this than not buying since
the probability he can sell at a positive profit at ¢t = 0.2 is 0.5/(1 - 1ln
0.8). Hence at t = 0.4 Person 2 searches for a buyer and finds Person 3.

Now the buyer knows that his death time is t = 0.6, but does not know
whether he is Person 2 or Person 3. His beliefs are as in Table 1 except t =
0.4 rather than 0.2 so 0.6 replaces 0.8. Similarly to Table 2 he can deduce

that 8, t,, t, and t3 have the values given in Table 3 in each of the three

states.
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Table 3
State 8 t, £5 tg
S1 0.333 0.4 0.6 0.8
S2 0.167 0.4 0.5 0.6
N 0.25 0.2 0.4 0.6

What is the buyer's optimal strategy if he buys? As before only states Si and
S2 are relevant for his decision. Comparing as in (7), it follows that his
optimal strategy is to sell at his death time. At t = 0.6 he looks for
somebody to sell to but discovers that he is the only remaining trader so that
he must be Person 3. The bubble bursts, the stock price falls to zero and he
dies.

So far we have considered the case where ty = 0.2, and 8 = 0.25. It can.
be seen that other parameter values will lead to a similar analysis. Whenever
a prospective buyer is approached for the first time he cannot distinguish
between states S1, S2 and N and makes a decision similar to Person 2's and
Person 3's decisions above. Given risk neutrality and p''(t)® > 0 it is
always optimal for a person to hold the share until his death time.

Why are the beliefs (a') correct in equilibrium? The argument is the
same as when death times are unknown; from the point of view of any new buyer
approached for the first time there is always a chance of another willing
buyer later and this is true for an infinite sequence of conjectures.

Why are beliefs (b') and (c') correct in equilibrium? Using the facts
that ty is uniformly distributed on {0, 1), 8 is uniformly distributed on (0,
0.5) and (5), it can be shown that the unconditional density function of £x

is:
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-2 1n (1 -1¢t) for 0 < £t < 0.5; (8a)

-2 1ln?2 for 0.5 ¢t < 1. (8h)

Figure 4 illustrates this together with the unconditional density function of
t1.
It can be seen that the probability, p, that a death oceurring at a

particular time is that of Person 1 relative to that of Person 2 is simply the
ratio of the density functions f1(t)/f2(t) at that point. Within the interval

0 <t <0.5;

1
T (-n )

Given the assumption that p''(t)® < 0 and risk neutrality then, as argued
above, holders of the share always sell at their death time. This implies
that sales oceur in situations S1, S2 and N. Unlike the case where death
times are unknown, which was analyzed in the previous Subsection, Person 3
never sells to Person 2; this is because if Person 3 is sold the share by
Person 1 he holds it until his death time at t3. Hence, in all the cases
where a death occurs at £, a sale oceurs, but in only half the cases where a
death occurs at £y does a sale cccur. Within the interval 0 < t < 0.5 the

probability that a sale is by Person 1 is:

] _ 1
o +0.5(1 -p) 1T -1n(1-¢)" (10)

Since Person 3 never sells, it follows that the probability Person 2 is the
seller is - 1n {1 - £)/{1 - 1n (1 - t)]. Hence the beliefs (b') are correot
in equilibrium. The argument that the beliefs (e') are correct is similar
except that 1ln 2 replaces - 1n (1 - £) in (9) and (10).

In the analysis above it was assumed that the agents were risk neutral.
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If the traders are risk averse the only substantial difference is that the
douncary case where sales by Persons 2 and 3 oceur at death times rather than

half-way between the purchase time and the death time is no longer p''(£)€ 2 0

but requires p''(t)% to be larger,

{iv) Bubbles with standard utility functions

So far it has been assumed that traders are motivated to leave the market

exogenously, namely, they die. Moreover, we assumed that these "death times"
were correlated in a particular way. In this subsection we provide another
version of the theory. The time at which the security will be redeemed is
uncertain. There is also assumed to be a level of wealth for each trader
beyond which the marginal utility of consumption is so low that the rate at
which their wealth is increasing is insufficient to compensate them for the
risk of the share being redeemed at its fundamental so they sell and leave the
market.

We again illustrate the theory using an example with the standard
parameter values. Investors' consume at the end of the period when they
receive their compensation for being portfolio managers. We replace (AY) with
the following.

(84'') For trader i:

*
u{€) = ¢ for C < Ci (11a)
» #
= C, for C22C.. {11b)
i i

We also replace (A5) and (A6) with:
*
(A5'') For Person 1 the critical level of wealth CT is drawn from a uniform

distribution on [0, 0.05). For Person 2

* *
C2 = 8(0.05 - C1) (12)
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where 8 is the the unobservable realisation of a random variable

distributed uniformly on (0, 0.5). For Person 3 it is alse the case that
# *
C3 = 8(0.05 - C1). (13)

*
(A6'') Agents learn their Ci at t = 0. The realisations are private

information.

The following assumption is also added.

(A15) There is some chance that the Securily will be retired early. The
retirement time tg 1s drawn from a uniform distribution on (0, 1] with
density fR(t) = 0.1 and mass of 0.9 on tR = 1. When the security is
retired the person holding it at that time receives the fundamental which
is still normalized to zero. Denoting the distribution function of tg by
FR(t) it follows that the expected utility of holding the share‘until

time t is:
Eu(t) = u{C({t)][1 - FR(t)] + u(O)FR(t) (14)

It can readily be seen that for C in the relevant range 0 = C £ 0.05 a
*
trader will sell the share when his wealth reaches Ci' This is because the
utility from holding the share (assuming he is not the last person) is

*
increasing when wealth is below Ci and decreasing when it is above:

C

Go = U0 §E LT - (o)) - wic®)] - u(0)ie(e) (15)

dt

where C = (1 - a)[p(t)e - pB] and Pg 1s the purchase price of the share.

Therefore, %% = (1 - a) p'(t)e . Recall that p'(t)® = 1 in our example,

Consequently in this case,

dEU _ oy

*
at - FR(t)] -0.1C>0 for C« Ci (16a)
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dEU * *
it - - .1 Ci <0 for C > Ci . {16b)

*
Thus when a trader i's wealth reaches Ci the effect is the same as dying in
terms of his behavior: he sells and leaves the market. Person 1 sells at £

*
z CT/O.OS which is distributed uniformly on {0, 1). The person he sells it

to, who we shall define to be Person 2, sells it to Person 3 when his wealth

*

) *
reaches C2 which occurs at t2 = [C1 + B(1 - C1)]/0.05. The distribution of t5

is thus the same as in Subsection 2(iii). Finally, Person 3 attempts to sell
it when his wealth reaches C; which occurs at t3 = [C: + 28(1 - CT}/0.0S. The
distribution of this is again the same as in Subsection 2(iii).

Since the trader knows his C: initially, the problem can be analyzed as
in Subsection 2(iii) above where the trader knows his death time. It can be
seen from a comparison of (A5') and (A5'') that the formal arguments are
similar since the structure of the C;'s (i =1, 2, 3) induces the same
ordering of exits as was previously assumed by the structure of death times.
The main differnce is that (by definition) Person 2 always receives the share
after Person 1. Hence two trades always occur and the probability that a
person selling the share is Person 1 as opposed to Person 2 is simply the
ratio f,(t)/f,(t).

We summarize with:

Proposition 3

Given traders' utility functions are of the form (11), there exists a set
of self-fulfilling beliefs such that two trades will always occur at a
strictly positive price between date 0 and date 1 provided:

(1) 0 < p{t)®* < B for all t e [0, 1);

(1i) p'(t)® > 0 for all ¢t « [0, 1).



In the case presented there is a dramatio change in traders marginal
utilities of censumption. In general this 1s not necessary. All that is
required is that there is some eritical consumption level such that the
marginal utility of consumption is low enough that it is no longer worthwhile

holding onto the security because there is a chance the security will be
redeemed. Hence, in principal, any standard utility funetionm, u(.), with a
declining marginal utility of consumption can be consistent with bubbles
provided the marginal utility of consumption falls to a low enough level.

The assumption concerning the possibility that the security will be
retired ensures that it is strictly optimal for the agents to sell the stock
when they reach their critical consumption level. One interpretation of this
possibility of retirement is bankruptcy of the firm.

An important feature of the case with standard utility fqnctions is that
the correlated structure of death times that was assumed in the previous
subsections is no longer critical. 1In the case considered, Persons 2 and 3
have identical utility functions but this is not essential. The critical
consumption levels determine the period of time the traders hold the share;
the ordering of times at which the traders leave is determined by the order in
which they receive the share. The main thing that is important is that
traders cannot identify whether or not they are the last person who is
prepared to buy the share; it must always be possible that the Person selling
the share is the one that was endowed with it so that one other person remains
to sell it to. Provided they always attach a positive probability to being
able to resell they are strictly better off buying the share and bubbles can

exist.
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3. The entire stock market

In Section 2 we considered the three traders who trade the stock which
experiences the bubble. The three people who trade this stock are strictly
better off in expected utility terms from doing this compared to not doing
anything even when they are risk averse. Person 1 is endowed with the stock
and is able to sell at a positive price. The traders who are not endowed with

the stock, Persons 2 and 3, are also strictly better off. The reason for this
is that the money they invest is not their own. They manage other people's
money and keep a share of any of the profits they make. If they are
unsuccessful they repay less than they were given to manage and are no worse
off than if they had not managed people's wealth. This implies, of course,
that the lenders cannot make money or break even by lending to these portfolio
managers alone. Why then would anybody be willing to lend to them? In this
section we consider a more complete model of the stock market with asymmetric
information, where it is optimal for people to lend to portfolic managers
using the contract assumed in Section 2.

We suppose that there are three classes of securities in the market: (a)
securities which are correctly priced; (b) securities which are underpriced;
and (c) the "bubble" securities discussed in the previous section. A value-
weighted portfolio of all securities yields an expected return &. Any
ordinary investor can simply invest on his own and obtain this return. Hence
this is their opportunity cost. In order to be willing to lend to portfolio
managers an ordinary investor must expect a return of at least §.

There are two types of people who acquire the necessary qualifications to
become a portfolio manager. There are good portfolio managers, denoted by the
subscript g, who can identify securities which are undervalued. The amount of

stock they can identify as being undervalued costs B. The second type of
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person that attains the qualifications necessary to te a portfolio manager

cannot identify undervalued securities. They can only identify the bubble
security, and find it optimal to speculate, as described in Section 2, They
are denoted by the subseript s. The lender cannot observe the Lype of the
portfolio manager. In this case it may be possible for type s portfolio
managers to obtain funds to speculate with even though in a full information

world they would not be able to do so.

We replace (A4) with (A4') so that all agents are risk neutral and add
the following assumptions to the basic model to consider this argument.

(A16) There is a group of risk neutral lenders who are prepared to lend as
much as investment firms require provided that on average their expected
return is equal to their opportunity cost, 6, which for simplicity is
taken to be zero.

(A17) The sequence of events when portfolio managers are hired by investment
firms is the following.

(i) The investment firms offer jobs specifying the contracts for the
employees.

(ii) The people qualified to be portfolic managers decide which
positions to apply for.

(iii) The investment firms choose which applications to accept.

(A18) The investment firms operate in a competitive industry and so make zero
expected profits.

(A19) For ease of exposition we assume that the bad portfolio managers can
identify a bubble stock with the price path and distribution of returns
considered in Section 2(ii) (a similar analysis can be made for the
distributions of returns in the other sections). They each have a

probability of 1/3 of being Persons 1, 2 and 3. This implies that the
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probability distribution of their fipal gross return y {i.e., including

the money they borrow initially), given that B = 1, is distributed as
illustrated by the solid line in Figure 5. Person ! makes a profit which
1s uniformly distributed between 0 and 1 so their gross profit is
uniformly distributed between ! and 2. Person 2 and Person 3's profit
depends on whether or not they are found by Person 1 when he decides to

sell the stock. If they are found they make a profit which is uniformly

distributed between 0 and 1/3 so that their gross return is uniformly
distributed between 1 and 4/3. 1If they are not found by Person 1 when he
sells, they make a loss which is uniformly distributed between 1/3 and 1
so their gross return is uniformly distributed between 0 and 2/3.

(A20) The good portfolio managers can each identify undervalued securities
which cost B = ! (but no more than this). 4 portfolio of these
securities has a stochastic return y which is distributed by the dotted
line in Figure 5.

(A21) It is not possible for a lender to observe whether the portfolic manager
invests his money in a profitable project or whether it is used for
speculation, However, the final value of y is observable.

(A22) The good portfolio managers represent a proportion y and the portfolio
managers who speculate represent a proportion 1 - y of those who manage
portfolios.

(A23) The total amount of undervalued securities that the good portfolio
managers can identify is less than the total amount that exists. Hence
the price of these securities is not bid up and the portfolio managers
earn a rent from their talent. This means that markets are not strong-
form efficient since prices do not reflect alil privately available

information. However, this is fully consistent with rationality.
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(A24) The parameter values are such that the portfolio managers who cannot

identify the undervalued stocks are better off speculating than investing

in all securities,

The sequence of events outlined in (A17) means that any portfolio manager
that chooses a contract at stage (ii) which identifies him as bad will have
his application denied and will be unable to manage other people's meney.

(See Hellwig (1986) for an analysis of the importance of the sequencing of
events in a similar context.) This is because bad portfolio managers on
average make a loss from speculating for the people whose money they borrow.
The implication of this is that bad portfolio managers will behave in exactly
the same way as good ones during the application process no matter what
contracts the firm offers. This means that any contract which is attractive
Lo good portfolio managers will also attract badlportfolio managers in the
Same proportions as they exist in the population. Since the investment firms
earn zero profits and must earn a return equal to investors' opportunity cost
of & to attract lenders, it follows that the optimal payment schedule must

satisfy the following program.

Max E [y - n(y)] (17)
w(y) &
subject to yEgn(y) + (1 - YJE_w(y) 2 B(1 + ¢), (18)

where Eg denotes the expectation operator with respect to the good portfolio
managers' distribution of returns and ES denotes the expectation operator with
respect to the bad portfolio managers that speculate,.

It is possible to show the following.
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When & = G, v = 0.095, B = 1 and the portfelic managers are risk neutral,

the contract with the linear repayment schedule:
m#(y) = 1+ 0.95(y - 1) for y 2 1 (19a)
=y for y < 1. (19b)

with a value of a such that lenders earn their opportunity cost is an optimal

contract.

To see this consider the first part of the schedule specified in (19a),
The good portfolio managers only produce outputs in this region. The expected

revenue received from them is given by
_ ru/3 2
Egn(y) = [177 2nty)dy + [ o (1/2)n(y)dy (20)
For y 2 1 the expected revenue received from the bad portfolio managers is
1 2
Es'n(y) =3 Egn’(y), {21)

where the superscript 1 refers to the expectations taken over the range
y 2 1. Hence, no matter what the form of the payment schedule ={y) the
amount of revenue raised from the bad portfolio managers is always 2/3 the
amount raised from the good managers; altering the form of the payment
schedule for y = 1 does not enable any more to be extracted from the bad
group. It follows that the first part of the schedule in the proposition is
optimai.

The second part of the schedule for y < 1 is also optimal because only
bad portfolio managers produce outputs which fall in this region. The good

portfolio managers' utility is unaffected by the form of the payment schedule
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in this region and lowering the payment below y can only reduce the revenue

raised from the bad portfolio managers. Thus, the second part of the payment

schedule is optimal.

Since § = 0 the bad portfolio manager 1s clearly better off speculating
than investing in all securities. The fact that § = 0 also means it is not
worthwhile changing the payment schedule so that the bad portfolio managers

choose to invest in all securities since the expected return on these is the
same as investing in the bubble security, Hence, the proposition is
demonstrated,

In order to derive the proposition it was assumed that all agents are
risk neutral. If agents are risk averse then the form of the optimal contract
will not be the same as that in Proposition 4; risk sharing will become a
factor. Nevertheless, the characteristics of contract will usually be
similar. It will be optimal to extract revenue from the bad portfolio
managers by penalizing poor performance and rewarding good performance.
Although the optimal contract may not have the exact form of a call option, it
may often provide incentives for bad managers to speculate and go for large

risky payoffs even when this is associated with poor average returns.

4. Robustness and implications

This essay has addressed a theoretical guestion, namely, can a security
trade above its fundamental when there are a finite number of traders with a
finite amount of weath, and there is a finite horizon? We have shown that
their exists a class of models different from those considered by Tirole
(1982) where rational behavior is consistent with security price bubbles. The
bubbles can grow at any rate, at least for short periods. If one imagines
repetitions of the model, nothing rules out bubbles starting again after they

have crashed in the previous period. They can occur on finitely lived
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securities. Clearly similar bubbles could occur with infinite-1ived

securities. Perhaps most importantly, the model explains the setting in which
bubbles can arise and shows when and how they end.

We have demonstrated the existerce of bubbles oy considering a specific
example. For tractability the assumptions made were very specific. This was
necessary to enable a set of self-fulfilling beliefs that ensure existence of

equilibrium to be identified. An important question concerns the robustness

of this example. In other words how general is the class of models in which
bubbles can arise? There are four elements of the example that appear crucial
to the result:

1. At any point in time there must be an infinite number of trading

possibilities before the horizon,

2. Agents must be unable to deduce whether or not they are the last

person in the market.

3. Some owners of wealth invest indirectly so that investment decisions

are made by portfolio managers and there is an agency relationship.

4. Markets are inefficient so that there exists a group of portfolio

managers that makes an above normal rate of return which allows the

losses of the bad portfolio managers to be covered.
We discuss each of these points in turn and then make some final comments.

It is clear that bubbles of the type considered in this paper require an
infinite number of trading possibilities. However, the example we presented
is not isomorphic to an infinite-horizon overlapping generations model; there
are a finite number of agents in our model whereas in an overlapping
generations model there is an infinite number of agents. Nevertheless, it is
possible to reinterpret the model here as an infinite-horizon model. Tirole

(1982) showed that in infinite-horizon models with a finite number of agents
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cubbles cannot exist because of the finite wealth argument and the zero sum
game argument. In our model these arguments are not relevant,

The second point concerns what information agents have. What is critical
for our result is that agents have an identification problem, In particular,
they must not be able to deduce whether or not they are the last person. In
the example presented, adding one piece of information allows traders to

determine whether they are the last person. However, this does not mean that
the result is not robust since, as we showed when analyzing the model with
unknown death times, whenever additional information is provided to traders,
adding noise recreates the setting in which the logical sequence of
conjectures a rational trader goes through will lead to a bubble,

The third point was the necessity of an agency relationship between
investors and the people that make investment decisions on their behalf,

Given the existence of this type of agency relationship, it is necessary that
the bad managers always pool with the good managers, If the contracts are
designed to penalize bad performance and reward superior performance, there
will always be a tendency for the bad managers to have an incentive to
speculate. These types of agency problems are well understood in corporate
finance contexts, though their role in theories of asset pricing is not. 1In
the example above the bubble can be thought of as a manifestation of the
inefficiency resulting from the agency relationship,

Finally, it is necessary that securities markets are not strong-form
efficient., There are a number of ways in which markets may not be strong-form
efficient. We modelled this inefficiency in a particularly simple way by
assuming that the supply of good portfolio managers was insuffieient to bid up
the prices of the undervalued stocks. All that is really required is some

form of inefficiency where one group can outperform another. For example, a
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version of the Grossman and Stiglitz {1980) model where 2 group of traders has

& comparative advantage at gathering information, will lead to Similar
results,

Any arguments concerning the generality of the example presented are
clearly only speculative. The important issue for future research is to
identify more precisely how general the class of models where bubbles exist

is.
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FIGURE 1

Example with Unknown Death Times

TRUE VALUES OF DEATH TIMES: # =0.1;1, =0.4; 3 =0.7

SEQUENCE QF EVENTS
t= 0 0.1 04 8.6 0.7
| { ; f i
PERSON 1 PERSON 1 PERSON 2 PERSON 3 PERSON 3
endowed finds out he's searches for a searches for dies.
with share going to die. buyer and finds 3 buyer.
He searches PERSON 3 None is
for a buyer. who buys. found. The
Suppose he PERSON 2 bubble bursts.
finds PERSON  dies.

2 who buys.



FIGURE 2

Distribution of Unknown Death Times
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FIGURE 3

Example with Known Death Times

TRUE VALUES OF DEATH TIMES: 1, =0.2; B=0.25,1, =0.4: 1, = 0.6.

SEQUENCE OF EVENTS
= 0 0.2 0.4 0.6
| 'r : i
PERSON 1 PERSON 1 PERSON 2 PERSON 3
endowed searches for a searches for a searches for
with share buyer. Sup- buyer and finds a buyer. None
pose he finds PERSON 3 is found. The
PERSON 2 who buys. bubhble bursts.
who buys. PERSON 2 PERSON 3
dies. dies.



Distribution of Known Death Times with Noise

FIGURE 4
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FIGURE 5

Probability Distributions of Returns bv Agent Tvpe
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