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Abstract

Many analyses ~f debt policy assume exogenous government expenditures.
Instead, we use an optimizing model in which the government selects values of
taxes, spending, and debt to maximize welfare. If demand for publicly
provided goods 1s elastic, a debt-financed tax cut increases consumption,
because individuals rationally expect some reduced government spending in
future. Even though future taxes rise, they do not offset the expansionary
effect of the current tax cut on consumption. Depending on preferences, the
marginal propensity to consume out of tax cuts can take any value between zero

and the marginal propensity out of ordinary income.



1. Introduction

The main implication of the Ricardian theory of government debt policy
(Barro (1974)) is the result that consumers do not spend more when they
receive a deficit-financed tax cut. Instead, rational forward-looking
individuals save the additional disposable income, anticipating that the

increased government debt is financed by future tax increases. Holding

government spending fixed, the current tax cut is exactly offset in present
value terms by higher taxes in the future. Permanent disposable income and
therefore consumption remain unchanged.

We show that assumptions about government spending are crucial in this
argument. The presence of endogenous real government activity makes the
Ricardian theory of debt policy inapplicable except under extremely
restrictive conditions.

The voluminous literature following Barro's (1974) seminal contribution
has explored how his basic line of argument can be adapted to more complicated
environments with capital market imperfections, different bequest motives,
uncertainty about the incidence of future taxes, or distortionary taxation
(see, e.g., Abel (1986), Barro (1979), (19814), Barsky, Mankiw, Zeldes (1986),
Carmichael (1982), Chan (1983), Gilles and Lawrence (1984), Judd (1987), and
the recent survey by Aschauer (1988)). Although tax cuts may increase or even
decrease consumption in some of these richer environments, it seems difficult
to disprove the claim that "overall, the Ricardian theorem stands up
theoretically as a plausible first-order proposition" (Barro (19814}, p. 228).

Surprisingly, this entire literature has adopted Barro's focus on the
government's financial poliecy (debt and taxes). Government spending or other
real activities are treated as exogenous or are simply excluded from the

model.1 If government spending is endogenous, however, significant deviations



from Ricardian neutrality are possible: We show that the marginal propensity
to consume out of a tax cut can take any value between zero and the marginal
propensity to consume out of crdinary income.

To interpret some change in the economy as caused by a tax cut, cne
necessarily has to hold constant all other factors that could cause the same

effect, i.e., invoke the "ceteris paribus" clause. This means that current

government spending must be held constant to identify effects of a tax cut on
consumption. This is a logical necessity, not a restriction. The strong
assumption in Ricardian theory is all future government spending is held
constant in analyzing the effect of tax changes.2

To evaluate this assumption, the key question is the following. Suppose
consumers receive a tax cut today and see the corresponding increase in
government debt. What are their expectations about future government
activity? Can they rationally believe that the debt is served and/or repaid
entirely out of future tax increases (relative to the originally expected
levels) or should they expect that government spending is reduced later?

The answer depends critically on the model of government behavior (see
Sargent (1984), Sims (1986)). If one postulates that the government follows
(and can commit to) arbitrary rules of behavior, Ricardian neutrality can be
"saved" in a trivial way: Just let the rule specify the exogenous path of
government spending. However, when one listens to current political debates,
it seems that tax rates, federal expenditures, and the deficit are jointly
determined in a political process that works in a discretionary way.3
To formalize this process, we adopt Barro's (1979) assumption that the

government maximizes social welfare. Taxes, government spending, and debt are

determined endogenously as the outcome of the government's optimization



problem. In contrast to Barro (1979), who excludes real government activity,
we assume that government spending is also a choice variable.

To obtain a unigue optimal policy, we follow Barro (1979, 1986} in
assuming distortionary taxation. In reality, taxation is clearly
distortionary (at least on the margin). The appeal of Ricardian neutrality as

an empirically relevant result stems from the fact that it seems to be robust

to small changes in assumptions. Indeed, if government spending is exogenous,
e.g., because of a spending rule, small distortions do not significantly

affect Ricardian neutrality (as we will confirm). But this is not true, if

4

government spending is endogenous.

OQur welfare-maximizing model of government dramatically alters the way in
which debt policy affects private behavior. Consumers know that the initial
level of debt is a constraint on government activity. A current debt-financed
tax cut implies higher payments on interest and/or principal on government
debt. Unless future government spending is reduced, taxes will have to be
increased. But higher taxes increase the excess burden of taxes on the
margin. Since the marginal excess burden indicates relative social cost of
private and public spending, tax increases make government spending more
expensive relative to private goods. Therefore, any optimal policy that plans
an increase in taxes must also include a cut in spending. In particular, the
Ricardian argument that lower taxes and higher deficits today are exactly
offset by higher future taxes does not hold. Instead, an increase in
government debt does not only signal higher taxes, but lower future spending
as well. A current tax cut is never a purely financial policy
change--Ricardian theory cannot be applied.

How far the results differ from the predictions of a model with an

exogenous spending rule depends on the assumptions on preferences over
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privately and putlicly provided goocds and services. We find that the effect
of debt financed tax reductions on consumption is large if the price
elasticity of government experditures is high. Only in the extreme case that
government expenditures are spent on goods that cannot be substituted for
private goods, does a neutrality result emerge. At the other extreme, when
demand for public goods becomes infinitely elastic, individuals may ratlonally

ignore effects of debt on future taxes. In planning consumption, they may
treat disposable income from tax cuts lLike any other income.

Two remarks on modeling are appropriate. First, notice that the economic
intuition for non-neutrality is more general than our welfare-maximizing
model. Even if a government has many other objectives, the argument for
reduced government spending in response to higher initial debt holds as long
as welfare is one component of the government's objective function.? We
concentrate on strict welfare-maximization to sidestep questions of what
"other" objectives the government may have and how they may be motivated
rigorously.

Second, it is technically complicated to analyze tax pelicy in a model of
optimizing policy. To observe the experiment of an equal change in taxes and
debt, one must assume some unexpected shocks to the economy that motivate such
a policy shift. But these shocks must not affect any other variables, like
government spending or private income, that could independently affect
consumption. We have to introduce at least as many independent sources of
noise as we have choice variables. Even in a basic model with only consump-
tion, government spending, and taxes, we need three different random shocks to
preferences and technology. Thus, to prove rigorously that high debt implies
lower future government spending, we need a relatively complicated model {(even

if we defer discussion of many technical issues to an appendix).



In Section 2, we develop a general equilibrium model with a
representative, infinitely lived consumer in which changes in taxes,
government spending, government debt, private consumpticn, and capital
accumulation are driven by shocks to preferences and technology. Optimal
government poiicy is determined in Section 3 and interpreted in Section 4, We
show that individuals generally increase consumption in states of nature in

which the government reduces taxes. The deviations from the Ricardian result
can be substantial: Everything between the Ricardian response and "naive"
disregard for future taxes may be optimal consumer behavior. In Section 5, we
show in a slightly simplified model that the rule of minimizing excess burden
of Barro (1979) arises as a special case when the demand for public goods is
completely inelastic. The conclusions are reviewed in Section 6; technical

results are given in an appendix.

2. The Model

We will construct a model that allows us to study government activity and
its implications for rational private behavior. To make the setup as
favorable as possible for Ricardian analysis, we omit all complications that
may lead to non-Ricardian results, except that we abandon the assumption of
exogenous government spending. That is, if government spending were
exogenous, we would return to models that replicate Barro (1974) and Barro
(1979).

The economy consists of identical, infinitely lived individuals and a
government. Each individual has preferences over two goods ¢, and gy. In
period t, individuals want to maximize the utility function
i

t[i=0 87 - uley iy By Yt+i)] ’ (1



where u{-) is concave in Ct and Bgr Yo is a random shock to preferences, and

0 < § <1 is the rate of time preference. We assume that individuals buy the
good ¢, privately, but that the good 8t is provided ty the government in equal
quantity to all individuals.6 Individuals take government decisions about
taxation and spending as given. They have initial wealth and earn after tax

income y (both defined below) to pay for the private good and to invest in

capital Kt and government bonds D..

Each unit of capital K, yields R > 1 units of goods (public or private)
in period t + 1. To simplify, we assume that the interest rate R is constant
and that the government can commit itself not to tax capital (to eliminate
time consistency issues). Then government bonds and capital are perfect
substitutes for individuals. The government must pay interest R on debt Dt'
fAnalogous relations hold for all other periods. Initial private wealth is

R - (Kt-1 +D _1) and the individual budget constraint in period t is

t

e, +K_ +D, =R - (K

£ g T Ve b1 * Deop) * ¥y (2)

The government uses taxation and debt financing to pay for the publicly
provided good g,. Without loss of generality, we can define units so that c,
and g, have identical production cost per capita and we can normalize prices

to one. Given initial government debt R - Dt-1’ the budget constraint in

period t is then7

g +R-D_, =T +D, (3)

where T, denotes tax revenues.

It is important that taxes may not be lump-sum. Our assumptions are
motivated by the notion that taxes create welfare losses because they distort
relative prices. The following structure of production generates allocative

distortions of the type assumed in Barro (1979) and (1986) and leads to a



relatively simple function for excess burden.8 Suppose individuals are

endowed with Y, units of raw products (&) that they inelastically supply to

two production processes, denoted by QWt + QDt = Yt. We assume that Yt is
exogenously given and equal to Yt = 1+ y_, where v, is a random shock,

L
Process #1 generates one unit of output per unit input, Vg * Qlt' Process #2

generates Yor = F(lzt et) units of output, where e is another stochastic
)

shock and 0 < aF/aigt = FE < 1.

The idea is that process #2 is less efficient than process #1, but that
the government cannot observe how much a certain individual uses process #2,
i.e., that it cannot tax it. For example, process #1 may be regular work
while #2 is work at home. With some modifications, lit and l2t may also be
interpreted as work and leisure; this alternative story is deseribed in
Appendix 1.

Taxation is generally distortionary, because it can only be levied on
process #1 and therefore induces individuals to shift resources to the less
efficient process #2. Lump-sum taxes are obtained in the special case
when FQ(O, st) converges to zero. Assuming decreasing returns to scale in

process #2, higher tax rates cause increasing absolute and marginal

distortions. We can define tax revenue as Tt = 21t . Tt and after tax income

as Yy =Ygyt Vpp m Ty ® () - by F(Y = Ay, ep).

The first-order condition for individually optimal supply of E1t is
1 - L F£(1 + wt - 21t’ st), which implies optimal values of inputs £1t’
income y., and tax revenue T, as functions of (rt, €y ¢t). If we invert the
function for tax revenue to obtain the tax rate as a function of the desired
level of revenue, we obtain income as a funection of current shocks and

government revenue requirements. Intuitively, higher desired revenue

inereases the tax rate, which leads to increased distortions and lower



income., As a benchmark, income without distcrtions is egqual to r - Tt.

Therefore, we will write actual income as

yt = y(Tt? wt’ Eq.) = Yt - Tt - h(Tt, ‘b*f E-) 1 (u)

b L r:l

where h{+) can be interpreted as total excess burden, a function fhat

indicates the loss in income because of distortionary taxes. Under some

auxiliary assumptions, which are described in Appendix 1, it has partial

2 Q, >0, and h, 2z 0.

T Arp Te
The role of the three types of stochastic shocks, Yis mt and ¢

derivatives h
£ is to
generate interesting movements in macroeconomic variables that can be
interpreted as unexpected changes in government policy. We assume that the
shocks are independent and white noise. The shock $t increases income and
therefore aggregate economic activity. The shock €y affects the relative
efficiency of the two production processes and therefore tax revenue.
Assuming Fie > 0, a positive realization increases private opportunities to
escape taxes and increases the government's cost of raising revenue. [t will
be the main motivation for changes in debt and taxes. The shock e increases
preferences for the publicly provided good. We assume that it does not
increase marginal utility for the private good directly, i.e., ugY > 0 and
ucY = 0.

Over time, macroeconomic variables are realized as a result of a game
between individuals and the government. Each period, individuals determine
current consumption, capital, and bond purchases to maximize utility (1)
subject to the budget constraint (2). Each individual takes initial wealth
and current and past actions of the government and other individuals as given

and forms rational expectations about all relevant future variables. The

government determines current government spending, debt, and the tax rate to



maximize welfare, i.e. the same utility function {1), subject to constraint
(3). It takes initial debt and private behavior as given and also forms

rational expectaticns.

3. Optimal Government Policy

We want to characterize the behavior of the government and of consumers

in this setting. The analysis of the game is made tractable by the specific

structure of production and by the assumption that the government is welfare
maximizing. The individual decision to allocate inputs between processes i1
and #2 depends only on endowments Y., the shock € and the tax rate Ty - It

can be determined independently of all other decisions. The resulting welfare

loss is completely summarized by the function h(T £ mt). Since the

t,E
private incentive to minimize taxes is the only aspect of the game where

individual and social objectives differ, the equilibrium alloecaticn can be
obtained by solving a social planner's problem in which the government is

allowed to choose consumption but takes n(T e wt) as given. That is, if

gt €
we allow the government to choose consumption, it will select exactly the path
of consumption that a rational consumer would also choose, given the same
constraints.?

The social planner's problem of finding equilibrium consumption,
government spending, taxes, capital, and debt can be solved by dynamic

programming, State variables are initial capital and debt and the random

shocks. Let

rost - u(
=1

V(K,, D} = max E (5)

¢+ D¢ t+1[ Crei? Brai’ Yt+i)]

i

be the value function. It indicates the maximum welfare from period t + 1 on,

where the maximum is over choices of consumption, government spending and
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taxes subject to budget constraints {2) and {3) and the condition that the

function for output (4) is satisfied in each period. The problem in peried ¢

s to solve
U(Kt-?’ Dt—W) - max u(ct, 8 yt) + 8 EtV(Kt, Dt) (6)

subject to'C
Kt - R Kt-1 + Yt - - g - h(Tt’ by st) (7)
Dt:gt+R-Dt_1-Tt. (8)

The first order conditions for optimal consumption, government spending and

taxation are

uglegs Bpr vp) - 8 - EV(D, K ) =0, (9)
ug(ct, By Y ) v 8 Et[VD(Dt, K.) - VD, Kt)] =0, (10)
5 - Et[-hT(Tt, by €) ¢ V(D K - V(D k)] =0. (11)

The solution to this problem is a mapping I from the state variables (K

t-1'
Dt-1’ bpr Eps yt) to optimal values (Ct’ Kt’ 8y s Tt’ Dt) =T (Kt-1’ Dt-1’
wt, €1 Yt). We make two simplifying assumptions to characterize the paths of

the endogenous variables more explicitly.

First, the focus of the paper is on the link between private and publice
goods through taxes. Therefore we want to assure that direct substitution or
complementarity in utility plays a secondary role. The intuition is brought

out most easily under the assumption of separable utility (u 0). 1Ir

cg "

ucg # 0, equilibrium paths of ¢, and g, must be adjusted for the substitution
effect. In the verbal interpretation we will ignore this effeet; but all

results hold and are proven under more general conditions stated in Appendix 2

that allow some substitution.
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Second, the system is highly nonlinear so that randem shocks may have
complicated effects through expectations and risk attitudes. The cnly
funetion of random shocks is to provide a motivation for some noise in the

macroeconcmy. We will therefore assume that the distribution of shocks is

sufficiently tight, whenever ambiguities would arise othernise. '

We will first study the mapping under "normal" conditions and then turn

to degenerate cases. In the non-degenerate case, we assume that taxes cause
strictly positive distortions that strietly increase with the tax rate and
that marginal utilities for the privately purchased good ¢, and the publicly
provided good g, are positive and finite for peositive values of c. and gg.

>0, u,, <0, and u < 0.

g gg

We assume that a solution T exists and that the value function is

Formaily, hT > 0, hTT > 0, hTe > 0, u, » 0, u ce
strietly concave at the solution.'® Then the solution determines unique
values of the endogenous variables, which are characterized by the first order
conditions. The derivatives of the endogenous variables with respect to the
state variables have signs as indicated in Table ! (see Appendix 2 for the
derivation and details}.

Intuitively, more initial capital means that the government can increase
taxes and spending somewhat and still leave a larger disposable income to
individuals, which they use to increase both consumption and new capital.
Higher initial debt implies that the government has to issue more new debt and
increase taxes. In addition, government spending is more costly and is,
therefore, reduced.

The shocks also have economically sensible effects. A positive value of
the supply shock wt has a similar effect as high capital K;_,. Unexpectedly
high preferences for current public goods, a positive value of Tes imply an

increase in government spending and a reduction in private spending. High



cost of current taxation, a positive value of ¢ causes a reduction in

Lt
%

current taxes and shifts taxation intc the future through higher debt.

4. Interpretation

Qur main guestion is how individuals will react to fluctuations in taxes

and debt. In particular, will they increase consumption, if an unexpected

debt-financed tax cut occurs?

Unexpected changes in taxes occur whenever shocks have nonzero
realizations. MNotice, however, that shocks typically change all variables,
ineluding government spending, so that innovations in financial policy should
be observed very rarely. While this may be taken as support of Buchanan's
{1976) doubts that pure financial changes wili ever be observed, it is still
useful to decompose realizations of shocks into a component that leaves taxes
Ty unchanged and "other" changes. The ratio of the change in consumption to
the change in taxes may then be interpreted as a marginal propensity to
consume. Or in an ecconometric interpretation, cne may ask what coefficient an
empirical researcher would find in a regression of consumption on taxes and
other variables.

Define innovations in endogenous variables by
(Act,AKt,Agt,ATt,ADt) = P(Kt_1,Dt_T,wt,et,yt)-r(Kt_1,Dt_1, o, 0, 0) ,

where I is the mapping from predetermined to endogenous variables that was

characterized in Table 1.

We define a debt-financed tax cut as a realization of (st, yt) that just
leaves spending unchanged, Agt = 0, and reduces taxes, ATt < 0. Notice that
the change increases debt, ADt > 0. Typically, the tax cut will be a positive
realization of € which increases the marginal welfare cost of current

taxation combined with a change in Te that offsets the side-effect of &, on

£



government spending., 4s our first main result, we can show that any such

realization of shocks increases consumption for a given level of

endowments (wt =0 w.l.o.g.).

Theorem 1:

Consider all realizations of (K ) that satisfy

g-10 Dyt Y Sp Ty
Agt = 0 and wt = 0. Then Act > 0 if and only if ﬂDt : -ﬁTt » 0. In this
sense, every debt-financed tax cut inereases consumption.

Proof: See Appendix 3.1.

An unexpected tax cut increases debt, which implies that the government
cannot maintain future spending and taxes at the level previously planned.
The formal analysis (see Table 1) shows that taxes will rise in subsequent
periods.13 This is consistent with Ricardian analysis. But higher debt also
reduces government spending in future periods. Each period, the marginal
tradeoff between privately and publicly purchased goocds is given by

u{c_, g, v,.)
g ot Sgr el
) T T hT(Tt' Ves Et)

ug(ce, 8py 7y

which is implied by the first order conditions (95 - (11). The relative price
of publicly provided goods is unity (production cost) plus the marginal cost
of distortions hq. Since higher debt raises future tax rates, it raises hT.
Therefore the marginal cost of the good g increases and there is substitution
from good g to the private good c¢. Future taxes increase by less than the
amount that would offset the effect of the current tax cut. Rational
individuals will increase consumption immediately.

Suppose we define the marginal propensity to consume out of a tax cut as

the ratio
MPCT = =1/(1 + hT) . Act/ATt ,



where the changes in c, and Tt are the results of a pure debt-financed tax
cut. Then our result means that the marginal propensity to consume out of a
tax cut is unambiguously positive. The reason for defining MPC; this way is
that -(1 + hT) . ATt is the change in disposable income caused by the tax cut.
In the econometric interpretation, the theorem says that a regression of
consumption on taxes (or debt}, endowments, government spending, initial

capital, and initial government debt will yield a negative coefficient on
taxes (or a positive one on debt).

A critical reader may have noticed that the positive value of £y that
caused the tax cut might directly increase disposable income y,--namely,
if hE < 0. To demonstrate that such an income effect is not responsible for
the change in consumption, we will strengthen the result slightly. Let T* be
the tax revenue if all shocks are zero. Then shocks have no direct income
effect, if

by = h(T#*, o st) - h(T*, 0, 0) (12)
Define a "pure" debt-financed tax cut as a realization of the shocks

Q" ) that, in addition to leaving government spending unchanged and

£t fpr g
reducing taxes, satisfies (12). Typically, this means that we consider a tax
cut that is accompanied by a slight fall in endowments.1u Still, the same

result is obtained:

Theorem 2:
Consider all realizations of (Kt—1’ Dt-T’ bps Eps Yt) that satisfy
Agt = 0 and (12). Then Act > 0 if and only if ADt =z -ATt > 0. In this sense,

every pure debt-financed tax cut increases consumption.

Proof: See Appendix 3.2.



Again, the marginal propensity to consume cut of a tax cut Is positive.
In the regression interpretation, endowment must be replaced as regresscr by

an "adjusted endowment" defined as Y _ - he/(T - h$) g Compared to Theorem
Ld 1

1, not much is changed, provided hE is small.15

Next, we would like to relate our results to the literature and show that
the deviations from Ricardian neutrality are economically significant. The

Ricardian theory implies that individuals should largely ignore the tax cut,
because taxes will be increased later to repay the government debt. On the
other hand, there is the "naive" hypothesis that individuals disregard the
level of debt in determining their consumption, which was widely accepted
before Barro's (1974) contribution,

Let us define the marginal propensity to consume out of income
as MPCy = ﬁct/Ayt, where the innovations in consumption and income are the
results of a realization of shocks that leaves fiscal policy unchanged,
AT = ag = 0.16 it can be interpreted as coefficient on "adjusted endowments"

" government

in the regression of consumption on taxes, "adjusted endowments,
spending, initial capital, and initial government debt. Also define

8 = MPCT/MPCy. The ratio 8 indicates what fraction of the tax cut is
considered as increase in funds available for consumption. That is, an
increase in disposable income by 1/MPCy, which would increase consumption by 1
unit if the change were due to higher endowments, increases consumption by @

units if the income comes from tax cuts. Riecardian neutrality is equivalent

to 6 = 0; the "naive" hypothesis predicts 6 = 1.7 We obtain

Theorem 3:

a. 0 <8 <1, or equivalently, 0 < MPCT < MPCy.

b. Asu__~» 0, 8+ 1.
244



PROOF: See Appendix 3.3. Recall that we generally assume 0 > Uy > -= and

hTT > 03 this is eritical for {a). °

The theorem confirms that both marginal propensities to consume are
positive, A tax cut has a smaller effect on consumption than an Increase in
endowment income. The reason is that scme increase in fufure taxes is

expected, But if the demand for the good g is very sensitive to cost (u

88
small in absolute value), the higher debt will not lead to future tax
increases but rather to future reductions in spending. If this case
characterizes preferences, the result is far from Ricardian neutrality.
Individuals will spend as much income from tax cuts as they spend from other
disposable income. But this behavior should not be interpreted as a
contradiction of the Ricardian theorem. It is simply the rational behavior in
an environment in which current tax cuts have no relation to future changes in
taxes.

Results close to Ricardian neutrality can be obtained in two other
limiting cases. The two cases correspond to two versions of Ricardian theory
which are most clearly expressed in Barro (1974) and Barro (1979),
respectively.

According to Barro (1974), debt policy is completely irrelevant, if taxes
are lump-sum. This is also true in our model. If taxes were non-
distortionary (h{-) = 0), the paths of government debt and taxes would be
irrelevant, Also, Dy _j could be omitted as state variable and D, and T, would
riot be uniquely determined by the mapping T (as one can verify from the
equations in Appendix 2).

According to Barro (1979), distortionary taxes uniquely determine debt
policy, but tax changes do not have a first-order effect on consumption. In

our setting, this corresponds to a case in which preferences are such that



zovernment spending is very inelastic at some exogenous value g*, l.e.,

I
=
——
o

uleys gpr 1) t

where g§ is an exogenous sequence and u(-) is concave. Alternatively, this

case can be obtained as limit ugg(ct’ g:, Yt) + -,

If taxes are distortionary (hT > ), the level of debt matters even with
exogenous spending. Each dollar in interest on the government debt paid to
consumers must be financed by one dollar in taxes received from consumers.
This has offsetting welfare effects. In addition, taxes induce individuals to
shift to inefficient production, which creates a welfare loss of hp per unit
of tax revenue {on the margin). Since marginal losses increase in tax rates,
the optimal policy will have a relatively smooth path of taxes, as in Barro

(1979).18

Unexpected debt-financed tax cuts can still oceur, if a shock €y
temporarily increases the marginal cost of taxation. Then marginal tax rates
become more uneven over time but the net present value of tax revenue remains
unchanged. One should therefore suspect that Acb = 0. Indeed, the proofs for
the strict inequality Act > 0 in Theorems 1 and 2 do not hold for the limiting
case of infinite Ugg- Unfortunately, the uncertainty of future shocks makes
it impossible to obtain precise results. But we can obtain the Ricardian
neutrality result in this limiting case, if we simplify the stochastic

structure slightly. This is done in the next section,

5. A Comparison of Marginal Propensities to Consume
Uncertainty about shocks in future periods has complicated the analysis
considerably. So far, we assumed that shocks follow stationary stochastic

processes. This seems a natural assumption. But if shocks are small as we



assumed already, optimal decisions should not be affected much by

uncertainty. In addition, the stochastic shocks are only needed to provide a
motivation for unexpected policy changes in the current period. Therefore, we
will make a simplification: Shocks only occur in period t, the pericd unger
consideration. Alsc, we assume that the rate of time discount equals the
interest rate, 68 = 1, and define R - 1 = r.

Under these assumptions, the future path of the economy for any
realization of current state variables can be computed more easily and a
direct comparison to Barro (1979) is possible. We can explicitly compute the

marginal propensities to consume.

Theorem 4§:
Let A =-u_+2(1+hJu - {1+h 20+ b0 lul =u_u - u®
gg T  “cg T “eec TT e’ ce gg cg’
and B = U A+« hoou o {-ucc) +r - |u]. Then

MPC, =1 - (ful - u,, + hppu )/B > 0,

MPC_. = r - h_u_ - (uc - (1 + hg) - ucc)/[B < (14 hT)] >0, and

g

) h‘T'I‘uc(uc:g A ucc]
" (hppu (-u ) + Jui) - (V+hp) 7

Proof: See Appendix 3.4.

Under "normal" conditions (i.e., u,, finite and hpp > 0) individuals

28
respond less to changes in income caused by tax policy than to other changes,

i.e., 0 < 8 < 1. The difference is primarily due to the fact that debt

increases future taxes. In addition, if Uy < 0, a tax cut reduces current

g
consumption relative to future consumption, because individuals want to
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. compensate for the expected low future government spending. This reduces the

19

marginal propensity to consume out of tax cuts further.
Another feature of optimal consumpticn is interesting: In a permanent

income model with exogenous government spending, one would have MPCy =

r/(1 + r). Here, we have MPCy =r/[1+r s (u - (1 - hT) ]2/

cg
uc)] ¢ r/(1 +r). The potential for future changes in government

u
ce

(Jul - ucchTT

spending reduces the impact of any type of aggregate change in income. The
reason is that some of the higher income is saved in the form of capital and
that higher capital increases optimal government spending and taxes in the
future.2® Even if an increase in disposable income is entirely due to higher
aggregate endowments, a fraction (1 - (1 + r)/r-MPCyJ > 0 must be set aside
for future taxes.

Barro's results are obtained by taking the limit as demand for good g
becomes very inelastic, 1.e., as ugg + —o: We see that B + =, hence
MPCT >0 and 8 » 0. This holds trivially if taxes are lump sum (h(-) = Q) as
in Barro (1974), but it even holds if taxes are distortionary (hT, hTT > 0) as
in Barro (1979).21 Thus, as ugg + -=, the Ricardian proposition holds even
with distortionary taxes. This shows that the assumption on preferences is
crucial. If individuals have less extreme preferences over publicly provided

goods (i.e., finite derivative u__ for positive values of g), tax cuts have an
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expansionary effect on consumption.
As before, we have 6 = 1, if demand for publicly provided goods is
infinitely elastic (ugg' ucg + 0). The two marginal propensities to consume

are also equal in another special case. Suppose taxes become very
distortionary on the margin at the level of taxes currently expected for the

future, i.e. hop is large for given hp.” Under separable utility, we



get 6 » 1 as hTT - w.22 Taxes will not be raised later even if debt is

increased now.

Overall, a marginal propensity to consume out of tax cuts that has any
value between zero and the marginal propensity to consume out of other inccme
is consistent with rational behavior for some utility funection over goods ¢

and g.

6. Conclusions

Rational consumer responses to changes in government debt or tax levels
depend heavily on the model of government behavier. If the government can
commit to rules of behavior and if it chooses the particular rule of keeping
expenditures constant, a current change in financial policy has no effect on
consumption. That is the message of the Ricardian proposition. But what
happens if the government cannot precommit to fixed spending?

In a model with optimizing government policy, individuals will take into
account government incentives and the resulting expected optimal future policy
actions when they determine current consumption. The government will set
spending in future periods at whatever level is optimal at that time. As a
result, one cannot assume an arbitrary set of values for future government
variables {including spending) when determining consumer reactions to current
palicy changes. In particular, there is no pure finaneial policy. Even if
current government expenditures are held constant, current shifts in financial
policy will affect future real spending. Therefore, we obtain the main
result: Debt poliey has real effects.

These effects have a magnitude that is important for policy
discussions. In our model, the effects of a debt-financed tax-cut may range
from the "naive" prediction of increasing consumption regardless of the level

of government debt to the Ricardian neutrality result, depending on
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preferences. The Ricardian result is cbtained in the special cases of
completely inelastic government expenditures and lump sum taxes. If demand
for publicly provided goods is somewhat elastic, individuals will consider the
effect of debt on future taxes, but they perceive an increase in net wealth

and consume more when taxes are reduced,
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Footnotes

*Department of Finance, Wharton School, University of Pennsylvania,
Philadelphia, PA 19104, An earlier version, titled "Debt Policy anc
Endogenous Covernment Expenditures," was part of my dissertation. [ am
grateful to Ben Bernanke, Mark Gertler, Dilip Mookherjee, Neil Wallace, and
the members of the macroeconomics group at the University of Pennsylvania for
helpful comments and suggestions.

'pnother limitation of Ricardian analysis involves money creation.
Aiyagari and Gertler (1985) show in a model with exogenous spending that an
increase in debt has wealth effects, if bonds are partly backed by money
creation. However, they take the degree of tax-financing of bonds as given,
whereas it is determined endogenously here,

Spublic choice theory also questions the omission of real government
activity, e.g., see Buchanan (1976). Buchanan seems to doubt the empirical
relevance of poliey changes that are purely financial. While our model
supports this argument from a theoretical perspective (see below), our focus
is on expectations, given that a tax cut has occurred.

3There is also a welfare argument against an exogenous spending rule. We
show below that the relative cost of public and private goods depends on the
level of debt, if taxes are even slightly distortionary. Higher debt makes
public spending more expensive, which provides a powerful economic incentive
to abandon the rule and to reduce government spending. Given the apparent
absence of an enforcement mechanism for spending rules in the political
process, such rules are not likely to be maintained.

uAs in Barro's model, a unigue optimal debt policy exists if taxation
imposes a (possibly very small) excess burden on the economy that increases
with tax rates. On the other hand, optimal debt policy is indeterminate, if
all taxes are lump-sum. In our model, the level of future government spending
is independent of debt policy if all taxes are lump-sum. But this result is
not robust to small perturbations: Debt policy may influence government
spending significantly, if taxes are even slightly distortionary.

For example, a systematic bias of politicians towards higher spending
could easily be accommodated by adding appropriate expressions to the
government's objective function. Regardless of the level, it is only
important for our results that government spending responds to changes in the
cost of public goods in the direction suggested by economic incentives.

6This good may be a public good in the sense that no person can be
excluded from consuming it. Then taxation arises naturally as solution of the
externality problem. But it may be any other good or service that is financed

by taxes.

7He assume throughout the paper that the relevant transversality
conditions are satisfied.
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81n general, excess burden may be a complicated function of many
endogenous variables. Our assumptions make it a specific function of taxes
only, This will allow us to sign effects of shocks on macroeconcmic variables
easily and greatly simplify the analysis of the game. It also excludes the
possibility of multiple soluticns of the mapping of shocks to endogenous
variables in a natural way and maintains easy comparapility to Barro's
results.

IThe assumption of welfare maximization is sufficient but not
necessary. Any modification that does not distort the intertemporal pattern
of private consumption and leaves u{-} as part of the objective function does
not change our qualitative conclusions. For example, if politicians had a
bias in favor of government spending and maximized u(ct, gy yt) + 58, ,
where > 0, nothing would change except that ug would havg to be repldced by
u_ + ¢ in equation (10) below.

TOEquation (7) is obtained from (2) by substituting debt from (3).

Mror details, see Appendix 3.1. These technical complications would
arise identically in a model with exogenous government spending; hence they
seem to be unrelated to our main issue.

12pn existence problem might arise if financing the debt is not feasible;
i.e., we assume that initial debt is sufficiently small. The value function
is always weakly concave and it is strictly concave if the game ends aftes a
finite number of periocds. We exclude the degenerate case that V VDD - VDK
converges to zero in the transition from a finite to an infinite-period

gconomy .

13table 1 implies that T, ; and D, 4 rise in response to higher D . Then
higher D, implies an increase in Ty ,, and so on.

Wrechnically, this is equivalent to just assuming that h_ = O. But
because of hTE > 0 the condition hE = 0 cannot always be satisfied.

5The treatment of distortions may create empirical difficulties, if
endowments are not cobserved. Regressions may be misleading, if researchers
observe only the sum y,. + y5 OF only y t (the income that the government
considers taxable) and if they use one o} these income variables as
regressor. The reason is that a tax cut would increase these measures of
income so that researchers would interpret the resulting rise in consumption
as reaction to higher income, even if true endowments remain unchanged. If
Y1¢ *+ ¥pi 1s used as regressor instead of ¥_ (or Y _,-h /(1 - h, )-¢_), the
regression coefficient on income is increasgd, whife Ene coef*icignt on taxes
is reduced by .  The measured coefficient of taxes may then be positive or
negative. With the simplifications of Section 5, it is reduced by hT - MPC
and is positive, if hT /(hy « (1 + hT) >u_/u_ . This is satisfied, if y
distortions are small IhT mall) but incre§§in§ (hepp large) and if government
spending is price elastic (u /ug small). If Y1t 1s used, the results are
unpredictable without additigﬁal assumptions,

164 careful definition is necessary, because disposable income differs
from endowments not just by tax revenues, but alsc by excess burden (see
Appendix 3.3).
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Ttnis is true even in a permanent income approach because all randem
shocks are i.i.d., hence all changes in disposable income are temporary
(provided future taxes are ignored).

1815 spending is exogenous, equations (7} and (8) imply that the optimal

. L Toi-t .
policy is to minimize Eti€06 h(Tt+i’ Epoi? $t+i) given

) = RD, _

=

E, 2 5t
i=0

minimizing the present value of excess burden.

£

(T This is just Barro's (1979) objective of

*
b+ " Btei 1

19Under separable utility, this behavior has an interpretation in terms
of private net wealth. If we define net wealth as the present value of after
tax income plus R'(Dt- +Kt—1)’ it must equal the present value of consumption
(from egquation (2)). évery period, individuals consume r/(1 + r) of net
wealth. Disposable income from higher aggregate endowments increases net
wealth by (1 + r)/r-MPC_ < 1, Income from tax cuts increases net wealth by
(1 + r}/r-MPC, = 8-(1 +'r)/r-MPC_. Thus, if a tax cut increases aggregate
disposable income by 1/[(1 + )/ - MPC ], which would raise net wealth by a
unit if it came from higher aggregate eXdowments, only a fraction @ is
considered net wealth, while a fraction 1 - 6 is set aside for expected future

taxes,

2Othis argument does not involve taxes on capital that would distort
individual saving decisions. The point is that a social planner allocates
higher aggregate initial capital to both public and private consumption. This
could be shown clearly, if we introduced idiosyncratic shocks to endowments
that aggregate to zero. An individual receiving an idiosyneratic increase in
disposable income would indeed consume a fraction r/(1 + r).

21This result is exact for our definition of a "pure" debt-financed tax
cut. For a tax cut of the type considered in Theorem 1, it would only be an
approximation.

22If‘ goods ¢ and g are substitutes, the situation is more complicated,
because consumers must save to compensate for the reduced future government

spending. Then 8 - 1 - ucg/(ucc(1 + hT)] < 1as hpp » @,
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Table 1

Effect of Ke Dy e Yi b
on

Ct + ? + - +
g¢ + - ? + +
Tt + + - 7 +
Dt ? + + + ?
Kt + 7 ? 7 *

Legend: + = the marginal effeet is positive;

the marginal effect is negative;

i
1"

the marginal effect may be positive or negative.



Appendix

A.1. Labor Supply and Taxes

4 labor-leisure interpretation of production can be obtained, if we
replace y, in budget constraint (2) by y,. - T, and replace preferences
ufe,, 8, Y, by ﬁ(ct, Lopy Bur Yi) = u(ct P, )y 8y Yt]- We have
chosen the two-processes interpretation in the text, because the notation

with u(:) would be inconvenient.
We assume that the production process Yor = F(12t, et) is continuous, has

continuous partial derivatives, and satisfies the following properties:

Assumption: Given the initial value of debt D._, and given any values of

€y wt on the support of their distributions, there is a value

L*¥ 0 < ¥ < Yt =1+ L% such that
(1a) Frg € 0, (1b} Foo” 0, {2a) Foog 2 0, (2b) Flee 20
(3a) @ = (-F )-(Y - 2,,) - (1-F)>0

for all t*¥ > ¢. > 0; moreover

2t

(36) (1 - F (2%, e )-(Y, - %)) > max(R-D 0)

t-17
{3e) lim a =0 .

The assumption looks complicated hecause of a Laffer curve effect. Tax

revenue is supposed to rise initially when the tax rate and £2t are

increased. This is condition (3a). But revenue is zero at Loy = Yt'
Condition (3c) defines &* as the level of nontaxed activity that maximizes tax
revenue. Hence we are only concerned with the properties of F({ ) for

EZt < %, Conditions (la, b) guarantee that a shock €y raises 22t’ {3b)
guarantees that it is feasible to finance the debt, and (2a, b} assure that
the derivatives of the loss function h( } have the signs that intuition

suggests. Notice that (3b) just requires that initial debt is low enough.
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There are functions that satisfy the assumptions, e.g., F{2, ) =

2 ,. .
Bo-as( )7, 2% = {1+ 4, - ¢ )/2, provided |wt| <

bounded and R-Dt_ is small enough (e.g., zero).

1

Suppose tax rates are in the interval 0 < Ty <1 - FR(Q*, e )

individual maximizes (1) subject to (2) where

¥y - Tt - m1t-(1 - Tt) + F(azt, Et) , E1t + E2t < Yt g Ezt >0,

The Kuhn-Tucker conditions for optimal labor allocation are (using the facts

# *
that oy S L < Yt and F2 > 0 for 12t < ¥)
P m B Qe Ao =0 A 20, A - gy =20
L P e ,
The solution is oy = 0, if L <1 - FE(O, st) and Loy = E‘1 {1 - Ty et), if

¢ S 1 - Fl(m*, st). Notice that the solution involves only

i.e., it is independent of the choice of consumption or any other

1 - FE(O’ et) <7

T and €y

variable in the individual's problem.

The case T < 1 - FQ(O, et) is the situation with nondistorticnary

taxes. We clearly have Tt = Ty Yt' Ye = Y¢, and h{-) = 0. Then marginal

changes in €y have no effect on the allocation. The more interesting case is

-1
- * = - -~
FE(O’ st) < T, <1 FI(E , et). Then E1t Yt FE (1 Teo et),
-1
Tt = Tt(yt - F£ (1 - Tes et)] = T(Yt’ € rt), and Ve = Yt - H(rt, st), where

- -1 .
H(tt, et) = F! (1 - T st) + F(Fg (1 - Ty et), et). Notice that

T =Y, - 8, + T /B = V(B ) [(-F, ) (Y, - 25) - (1 - F,)] > 0, hence we
can write T, = t(Tt, Ve st). Then h(Tt' $t, at) = H(t(Tt, es st), et] is
the loss in output as result of distortionary taxation. The partial

derivatives of h(-} are

- - - - - = — 2
hT = Tt/u >0, hE = hT £1t Fls Fe . hw z Tt/a < 0
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T S R E T ¥
h., =T F /ag(-E + 4 | I | /a2 F > 0
Te " Le 29 1t 292 t i%e
h, = -T /a3(2 - F o+ F ) <0
Ty £ 11 t 228

For Theorems 1 and 2 we need that hE < 0, which can be assured by

assuming that FE is large enough. The intuition that ey largely causes
incentive effects and that wt is largely an income change corresponds to a
situation in which hs, hTw’ and h, are small in absolute value. This is

b
assumed to determine the signs in Table 1.

A.2. Characterization of the Mapping r

We prove the resﬁlts in Table 1 first for a truncated economy by
induction and then take the limit. The steps are straightforward but
extremely tedious. Essentially, we have to solve 3 first order conditions and
two constraints to determine the 5 endogenous variables as functions of the 5
state variables. To find the signs of the derivatives, we have to determine
simultanecusly some technical properties of the value funetion.

First, we have to formalize the assumptions on the utility function. We
do not want that direct substitution of goods ¢ and g in u(-) dominates the
analysis. To limit substitution effects it is sufficient to assume that goods
¢, and g are not complements in utility and that none of the goods is

. . . < _
inferior. Formally, this means ucg <0, u (uc/ug)ucg < 0 and

ce

- / u < 0.
Ugg (Vg UeUeg

As example, consider utility functions of the form v(ec + ag) with

0 £ a < 1, which are popular in the empirical literature (e.g., Aschauer

1A

(1985), Barro (1981B}). They imply that government spending is a partial

auitbhetitute for private consumption. But fAiimetione of Fhiac Funa Am meb smoveer s od e
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a metivation for government spending {the optimal level of g would be zero).
[f we supplement such a function by some additional preference for the good g

that motivates its existence, e.g., VW(C + ag) + v.{g, v}, the complete

2
utility function satisfies our assumptiocns.
It is necessary to define some notation. For the infinite herizon

economy, let Uij = §E Vij; i, j =D, K. Let fT = 1+ hyp, and

t
UKK UKD Hoe ucg
U= , u = ,
%ok b Yge  Ygg
h = (h, 1), F - (f7. 1),
f
Uge *+ Ugg Usg * Ykk - Ykp +aplUkg + Ugp
8 = “Uge + Ugg ~ Ugp Uge = Yge * Upp - Ugp -hrUxp - Upp
[ “Frlee * Yeg Ugg = Frlcg -hprl
4
R Upe R Uy -h_ e Uy 0 Uge * (1 - by
B - R - Uy R - Upe h_ - U . Upe © (1 - b))
L 0 0 hTE oy, -ugY hTw " U,

where the jth columns of Q and B are denoted by nj, Bj! respectively.

Suppose our game is ended after a finite number of periods, T. Terminal

. R £-1
values Dp = Kp = 0 are given. Define a value function V (Dt—1’Kt-1) by

T-1 t L

v = max u(cT, Bps yT), V" = max u(ct, g yt)+ GEtVt+ , £ < T, where the

maximum is taken subject to the budget constraints.

For the truncated economy, define ﬂt

t t £ttt .t t . .
replaced by UiJ = GEtViJ. Let Cxr Cps Byr Bps TD’ and TK be the derivatives

of ¢,, g, and T, with respect to changes in state variables D._4 and K. _,.

and BY analogous to @ and B with UiJ

For the induction, it is useful to define the expressions

£ £ £\t E. b Lt bt £ "
Xy = (ugg - ucg)UKK * ucgUDK’ X5 = UoeUpp - (ucc - ucg)UDK’
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Wb bbb b bt R £ &
K3= ludy = ug Wik~ Heelpge o = Upg * Aplgge and fg = Uy ¢ nlpy (where
superscripts indicate the period)}. Note that
t £ L £ b Lt £ o
ENEE -u, B (Ju”] + Ju~] + R g Ag] + Ju’] - nUR' + Ul - Fufr .

Then we can obtain the following results.

Lemma 1:
For the final period t = T, the derivatives of the endogenous variables with

respect to state variables satisfy

t t t
cK > 0, gK > 0, gD < 0, (A1)
t t
and TD > 0, TK > 0 . (A2}

Proof: We have to maximize

u[R - ( # Do )+ Yo = T - B(T -R -

Koy * Do Doy vl

T 7t )y Tg

which leads to the first order condition ug - (1 + hT) ©u, = 0. Taking the

total differential implies

Ty = R/A [ucg - (1 + hT)ucc] >0

Y} >0

T, = R/A - (uc -u o+ (1 + hT)(uCg -u,

D g g8
gy =T, - R = -R/& - [hppu, - by - (u (1 + b)) - ucg)] <0

Bk = TK > 0

[p]
n

R- (1+h)T, = R/A - [hTTuc - Ugg (1 + hT)ucg] >0

p— - = . - <
¢y = R - (1 +h)T) = R/A [hTTuc + hT[ugg (1 + hT)ucg] >0

_ 2
where A = hu - ugg +2(1 + hT)ucg - (1 + hT) U ? 0. QED.

TT ¢
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Lemma 2:
In peried ¢ = T - 1 we have
55 < 0, (U5 50, ot} <o, (43)
x?>o,x§>o,x§'>o. (a4)
o, Ko (45)
Proof: The envelope conditions are VE—1 = R Etuz and VB-1 = R Et(uz - u;).
Therefore,
U;£1 = RS Et—1( Cccg + uzggé)
UE51 ) UBET = RS Et-1(utccg * uzggg)
= R§ Et_1[(uzC - uzg) CE + (ug’g - uég)gﬁ)]
o R (AR SRR
Using the results of Lemma 1, we obtain for t = T
U= 8 R, [u®l/a - (hputt - D] .

We know that |ut| > 0 and uzc < 0 by concavity of u( ); also A > 0, u_, > 0,

c
and hep > 0. But we do not know the conditional covariances between these
expressions. Here we need the assumption that shocks are sufficiently

small. The conditional covariances are of the order of magnitude of the

variances in the shocks; hence for small shocks U;§1< 0 follows from
t t
Ep_qlu®] > 0, E_ju <0, Ex_44 > 0, E;_qu, > 0, and E¢_jhpp > 0. From here

on we will use the assumption of small shocks to sign expressions without

mentioning it explicitly. Note that we do compute the exact solution to the

dynamic programming problem; the assumption of small shocks is only considered
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as a sufficient condition for the characterization of the exact solution.

lext,
t-1, _ b-1.t-1 t-1.2 2.2 £t £ £ £
U] = U U - g 1 = RTE e g - o - gp)
%%, JutE A e (hu) o0
£-1 t-1 t-1""TT ¢ !
£-1 _ £-1 tE-1, t t-1 E-1, £y t
S GREt—i[[( gz~ Ueg )ucc * cc  cg )ucgJCK
£-1 t-1, t [ E-1, ¢ t
+ [(ugg - ucg )uCg + (ucc - ucg )ugg)gK]
t-1 t£-1 t-1 t-1 t
= aR(ugg Uio - ucg ucg )Et-icK > 0
where we approximated {using the first order condition ug—I = GREt_}(ug) and

the assumption of small shocks)

t=-1 t-1 t-1 t-1
u u -u u )

(Ut-‘[ut t—1ut ) - SR(

t-1""gg “ecc ucg cg gg cc cg cg >0

t-1 t -1t
( u’_'u

u u - = 0
t-1""gg “cg cg gg)

Using similar approximations, we get

7 = e (g, - ugghugs! - Tt - uhug ey
+ ((ugg - u;g)uz;1 + (UE;T - uZé‘)uzg]gg
- -rfu"T[E,_g¥ > 0
i = erey (g - ugghug, - (g, - uggherNeg
(g = ugghugy - gy - wpug g

!
O
s
c
cr
™
cr
)

0
= et
A
o
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Using these results, ]Qt"1| < 0 is immediate. Moreover,

£-1 t £

VD S REt(uc - ug) z REth%uz implies
U§51 - RGEt-1[-h;(u§c ' c§ ' uzg ' gg) h;TUETé
UBB1 - RéEt-?[—hg(uzc ' CB ¥ ugg ' gg) ) hgTuzTg]
Using these alternative expressions,
XE'1 = 6REt_1[[(h;-1 - hg)ugj[(uzc . c? + ugg . g;)/uZJ - h;TugTE]
Note that Et_1(h;-1 - h;)uz S u;'1 - u2-1 + GEt—TVB = 0, hence
xﬁ”1 . GREt‘1[—h;Tu§T£] <o,
provided shocks are small. Similarly,
1 o (T - BREIE, -+l - s - el
- sRE, ,[-nu’Ti] <0 . QED.
Lemma 3:

Suppose (A3) and (AY4) hold for some period t = i + 1, i + 1 < T. Then (A3)

and (A4) also hold for period t = i,

Proof: Let t = i + 1. The endogenous variables satisfy the first order

conditions (9)-(11).
The first order conditions (10) and (11) can be simplified to
ug(ut, - Yt) - uc(ct, 8e» Yt) + 8§ - Et[Vg(Dt, Kt)] =0,
uglups 8y vg) - (1+ p(Ts vy ) - ugle, gy vy) = 0.

Taking the total differential of (9) and these two equations, we obtain



-49-

£
t -1 7 t-1 £

Then Cramer's rule implies

o7+ (de, dg, dT)' = B" - (D, dK_, de_dy, d

v t _ -R t t t £
o T T T g (KT [UT]) - (U = Spigg) - [V >0
t-1 |7
ac
t £t  -R £ t t t
I | [hTTuc[uggUDK - Ugg(Upg = Upp) + (U )
+ h_(u -fu)-|Ut|]
T "ge T cg
3g
t _ t _ R | .y b 1 _ .
TR T [hopu Ky + |U7] - (ug, - £ u, )] >0
A S E N I R U - by - (u - foou )] <o
D BDt_1 lnt| TT ¢ 2 T cg T ce
aT
£ t -R t t
T, = = - [-fu K+ UM - u - fL s u )] >0
LG |9t| b cg T ce
aT
t £ -R £ t
T = = < l-fufxg + U] - u - fu )] >0
D aDt_1 |Qt| 5 cg T ce
In determining the signs, we also use the fact that f‘Tucc - ucg = fT(ucc -

(uc/ug)ucg) < 0 and Ugg - fTucg = Ugg - (ug/uc)ucg < 0. Analogous to the
Lemma 2 we get
£-1 _ t t .t t
Ugg = BB q(ugoex + uggy)

2

given that (A3) and (AY4) hold for period t = i + 1.

t t t t .t t
- ROSE, [ |U"[(hqqu s - Ju™[) + Ug u”]]/|e”| <0
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£-1 2.2 ' £t tt
U] = sTRE L futHeggy - el
2,k N T N o
= 8RE, [ u ) (U« o [ S SO
A A P
XS(uggUDK - Uy = Uppd )

Eintiro byt iy O
- by [0 (20 nutalu®)) )

2,4

t t (I
= - §°R Et_1]u |/Et-1lﬂ | - E,_ (o u [UT]) >0 .

-1

t-1 =1

The arguments for X Xg , X; > 0 and |Qt_1[ < 0 are identical to the

arguments in Lemma 2. QED.

Notice that Barro's (1974) case, h(-) = 0, implies that 93 = 0. Hence
@} = 0 and the proof fails. This reflects the fact that then the mapping r

has no unigue solution.

Lemms 4:

i+1, 1+ 1<T. Then (45)

Suppose (A3) and (A5) hold for some period t

also holds for peried t = i.

Proof: Use the same arguments as in Lemma 2.

1A
-3

Corollary: (A1)-(AS) hold for all periods t

Proof: Statements (A3)-(A5) follow by induction from Lemmas 2 and 3.
Inspection of the derivatives in the proof of Lemma 3 shows that they imply

(A1) and {(A2).

Lemma 5:
Take the limit T » =. Then (A1)-(A5) still hold as weak inequalities. Under

the assumptions [U| > 0, all other inequalities in (A1) - (A5) are striot.
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Proof: 4s T » =, Lemmas 3 and 4 immediately imply U£§1 <0, |Ut"1f >0,
£-1 t-1 S0 L= t-1 JE-1
a7 <0, K20, K 20, KB 20, 47 <0, AS < 0. But the

recursion formulas show that the inequalities are strict in period t-1,

provided |U%| > 0 holds in period t. QED.

The other derivatives in Table 1 can be computed directly from

. LI . 1
@ - (de, dg, D)’ = (B B B - (de,_, dy,_, du_.)

and the budget constraints (for th and th). Using the resulits in Lemma 3,

we obtain
aD -R
t t t
= - ithou XJ + ju|l - X
aKt_1 Inl { TT ¢ '3 lul H]

_ . t €y, _ _ _ t
5 - Tl [hTTuc(|u| + Xy + X3) |u|(ugg fTucg) iulthu] > 0

3K
t R 6l
i [hTTuc(|ul + X5) [u]XS] > 0

g1 19l

BKt -R

t
D, . - Ja] [Bppg(ugg= ugg) = (Upp= Uped + BXful = hpfUlCu, - fplog)]

To compute the effects of y,. and ¢ , define

t!
A, =u (B U + (u - u )XF+u_x5)/(-])a]) > 0
1 c'' T gg cg’ 4 eg' 5
t Lt
A, = u (b X3 - X5 - [U])/(-a])
t Lt Lt
Ay = uc(lU[ + |u| + Ki+ X5+ x3)/|n| <o,

Then
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§EE hpy Ay W ; 5 aQCt ’ ;i' hp Ay ;E aZCt
bpo TV t-1 v F £-1
' -h 3 h
E%E = h. - A+ v, %t E%E - h i s == _Eﬁﬁ_
awt T 2 R 3Kt—1 Bst Te 2 R aKt-I
B L N To oo L e T
Bwt T 3 R aKt_1 de, Te 3 R aKt_1
3D 1-h 3D aD h aD
£ b £ € t
— =h, + (A, - A,) + . , — =h (A, - A)) + —
., Ty 2 3 R LA de,  Te 2 37 R aK_,
3K 1 -h 3K
—t_ -
W, - Ty (Ry + 8+ bphg) « — TR
3K h 1.4
t . _E | £
ae, by (R + By + bpha) + g K, _,
Note that 4, - Ay = c(X + £ X + ul)/(-]af) > 0 and a; + &, + hpdg =
t : s
u /o] - [ht|u| + £ X5 - ggUDK + ucgg DK " UDD)], which may be positive or

negative.
Then the signs in Table 1 are obtained under the assumption that hTLIJ is
small enough so that the expressions with (1 - h$) determine the sign of the

effects of wt and that he is small enough that expressions with h, determine

Te
the direction of the effects of € - Finally,
act
e T_?I [hTTuc(ucg + Uy = Upp) - £0]U] - ucghUH]
g, -u )
— - . - * '
v TETI [-hgqu (U, + Upe) + u,, * BUh' + [U]] > 0

aT -u

5?% - TETI - [|uf + x - bk “l
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Bdt -U F
—;—gl. _h ¢ . _ ' 1:" s 0
v, 19 | TTuC(uOC+ UKK) ARE ucg) (4] U
Bkt -U t
—:—gl . - . _ .
., @ [hTTuc(uCC Uog * Uyp) ucc‘T“5]

A.3. Proofs of the Theorems

The key observation for the proofs is that the assumptions select a one-

dimensional subspace, a curve, out of the three-dimensional space of

realizations of (wt, ey Yt). &n innovation like Act is a function of the

actual realization and can be determined by integrating the partial
derivatives of the variable along this curve from (0, 0, 0) to the

realization.

The endogenous variables ¢y, 8, and Tt are differentiable functions
of (Dt-1’ Kt—1’ bor Ep yt). Denote them by c(wt, €s Yt), g(¢t, € Yt)’

and T(w , Yt), respectively, at the given values of Dy _1s Ke_q. Let

£ g
innovations be denoted by 4's, e.g., Ac(wt, € yt) = c(wt, €t yt) -

e(0, 0, 0), and derivatives by subscripts, e.g. cw:rﬁcw: ac(wt, €t s yt)/awt.

A.3.1. Proof of Theorem 1

A debt-financed tax cut is a realization of (wt, £ ) in R3 in the

£ Tt
subspace {(0, €9 Yt)[ﬁg(O, €s yt) = 0}. Since gY > 0 (see Appendix 2),
Ag = 0 defines an implieit function Yy = y*(st) with derivative

Y*(e,) = -ge/gy; the subspace is the curve (0, x, y*(x)) in R3, where the
index x is any number in the support of € -
Consider a specific realization (wt, € s Yt) = (0, € Y*(et) on this

curve. We have
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Tt < / \
Act = 4c(0, Se Y*(et)] = g [CEKO, £, y¥(x)] + yz(x) -OYLO, , v¥(x))dz
“t de St
= | i (0, %, v¥(x))dx = | c {x)dx
0 X 5 X

€
T, = [ (7,00, 5, ()] + v¥(x) - T (0, %, v¥(x))dx

t 0
¢ dT °t
gl # _
g dx (01 Z, ¥ (k)de = g TX(X)dX .

Note that ADt = -ATt by the budget constraint. Thus, it is sufficient to

prove that ¢, > 0 and T, < 0. These derivatives must satisfy the total

differential

Q - (dct dgt th)' = (B3 B4 85) . (dst dYt dwt)‘

defined in Appendix 2. Here dwt = dgt = 0 are given, and dYt/dx - Y: ig
endogenous. Hence,

- * vo-
(Q? Bu 93)(cx Y TX) B3
is a system of 3 equations for (cx y: Tx)' By Cramer's rule, we get

— - - - - t - -
¢, = |(By -By a,)|/A = Uy /A [ hpu Xy = b CJuf-hpou U]

) ) 3 ] } t
T, = (8, -By Bsl/a = u, /A [hTEuc(ucc + Ugg) - b u Xy

where A = |(Q1 -B, 93)| = -] - g, > 0.

Then ¢, > 0 and T, < 0 follow from properties (A3) and (A5} in Appendix 2 and

the assumptions that hE £0and h, > 0.

Te



-415-

A.3.2. Proof of Theorem 2

A4 pure debt-financed tax cut is a realization of (y ) in the

£ fer Yy
subspaced {($t, €,y yt)|Ag = 0, {14) holds}. Equation (14) implies

dwt - hwdwt - hEdet = 0. (36)

Since gY > 0 and hw < 0, the system of equations ag = 0, Ay = 0 defines
implicit functions Y, = Y*(st) and b = m*(st) with derivatives

* _— - . - * - - .

Ye(et) = gE/gY qu/gY hE/(1 hw) and ws(st) hE/(1 hw), the subspace
is the curve {y*(x), x, y*¥(x)) in R3, where the index x is any number in the

support of e, -

Consider a specific realization (v, e, v,) = [i*(st), €y Y*(st)] on
this curve. We have Ac = ﬂc(¢*(et), &) Y*(et)J = [ tcx(x)dx and
£ 0
[t - * * ,
ATt = [ Tx(x), where now cx(x) =e_+ mee(X) + cYYE(x), Tx(X) =T+

0
* *
T, + T y*(x).

We have to prove that e, 0 and '1‘X < 0. Using dgt = 0 and

dmt = hE/(1 - hw)det in the total differential

n(dct dgt th)' = (33 B, BS) (dst dyt dwt)'

we get
(nT 'Bu n3) (cx y: Tx) = 83 + he/(T - h¢)85

which is a system of three equations for (cx Y: Tx)' Note that B3 + he/
(1 - hﬂ)B5
Cramer's rule, we get

= [0 0 z]' where z = uc[hTe(1 - hw) + hshTw)/(1 -h,) > 0. By



t
0 0 XM
. u 2
c =0 1 ¥ B N O ST
X 5 A gy
o nTTuc
and TX = ugY(uCC + UKK)Z/A <0 (QED).

A.3.3. Proof of Theorem 3

g1 Epo yt) with the

property Agt = AT, = 0. Noting that dyt z dwt - hEdat - hwdwt’ the total

To derive MPCy, we have to consider realizations (v

t
differential in the general model (see A.3.2)

Q (dct dgt th)' = (B3 Bu B5) (det dyt dwt)'

reduces to

g, de, = (B

, de, +h /(1 - hw)85]de

3 £+ BudYt + BS/(1 - hm)dyt ,

-B._- - L. _
(n1, -BH’ B3 hE/(1 h¢)B5J(dct dst dyt) = BS/(1 h[b)dyt ,
which implies

Mpcy=|[35/(1 - h,), -By, -By-h /(1 - h¢)55]|/|[91, -By, -B3-h /(1 - hw)35)|

= UKK/(uCC + UKK) > 0.
t

KK)

/(1 + hT) > 0, hence 8 > 0. To show that 8 < 1, note that (1 - g) MPCy =

MPCy - MPC,, = 1/(f'T(ucc + UKK)) * (Upy - Upg)s Where Upe + Ugg < 0. Hence, we

. ) et t
In Appendix 3.2 we showed that MPCT = -cx/Tx/(1 + hT) = (u” + U

have to show that UKK - UDK < 0 for ugg < 0 and UKK - UDK = 0 for ugg = 0. As

in Appendix 2, we start with a truncated economy and use induction. Using the

Ssame notation and assumptions as in Appendix 2,

t-1 t-1 . .
UKK - UDK = &R Et 1 (c -e ) + u (gK - gD) If the game ends in period
T-1 T-1 _ T T t
T, U - Upe = sR° Ep [hTT cleg " f ]u |7a < 0. 1If UKK UDK < 0 for some
. t- 1 E-1 .2 £, t
period t < T, then Ut - Up ' = &R°E [[U | (hppuiu’ - leu )
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UBK)]/(—|Q|) < 0. By induection, ot -0t <0 for all

£
u”] (U KK = K

L
+ h x "

periods, hence UKK - UDK < 0 in the infinite horizen game. But

TTuc

if UKK - UDK < 0 in pericd t, the recursion formula implies that

UKK - UDK < 0 in period t - 1. Hence UKK - UDK < 0 holds for all t.
If u =+ 0 the assumption u_ < {(u /u Ju <0 impliesu =+ 0. Hence
g8 P g8 g ¢ cg P cg
Z t-1 E-1 . ,
|u| z ucougg - ucg + 0 and UKK - UDK + 0 in the reecursion formula above.

QED.

A.3.4. Proof of Theorem Y4

The key to optimal consumption in period t is to predict future taxes.
Future taxes and spending clearly depend on the situation the government faces
at the start of period t + 1. The state variables at that time are Dy and

K Since there is no uncertainty form t + 1 on, we can solve the

to
intertemporal optimization problem directly. Maximization of utility (1) in

t + 1 subject to the budget constraints

implies the first order conditions

)

uyey 1r 8eyq) = ule o8,

Ug(Ceprr Bryq) = ugleg iy 8 y)

( )y - {1+ hT(Tt+i)) - u ) =0

Ug'Cryir By e Ctei’ Bty

for all periods t + i, 1 > 1. Using the assumption hep > 0 and the budget

constraints, we obtain ct+i = ct+1 = Cy Bp.. =B 4% B and Tt+i =T , =T
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for a1l i > 1, where g =T - rD_ and ¢ = r{K, + Dt) + 1 -7« h(T) are

t
functions of T. Finally, T is determined implicitly as function of K, and D.
% L

by the first order condition

ug(r(Kt+Dt) + 1-T-h(T),T-rD_] = [1+hT(T)] - uc[r(Kt+Dt) + 1-T-h(T),T-rD, ]

¢
Now we can replicate the steps in Lemmas ! and 2 of 4.3.] (replacing R by r},
noting that all uncertainty is resolved in period t. To simplify notation, we

omit supersecripts for all expressions evaluated in t + 1.

In particular, we get the derivatives

T, = r(u_ - {1+ hT}ucc]/A ,

cg

3
1]

p =" r[ugg - {1+ hT)ucg - ucg + (1 + hT)ucc]/A ,

and the following properties of the value funection:

.ot -
Uy = ucc[r - (1 + hT)TK) + uCgTK = -r{ju| - Uyl )78 <0

£ £ vy
Upg = ~Bolpg = Bppu Tp = r(=(1 + hT)]ul + ucghTTuc)/A <0

t_ .t tt t £t
Xy= Upg + b= ~hppu Te + (b = b )0 < rhTTuc(ucg - (1 +hpju,_)/a <o

using the first order condition hT = h;.

- t
In A.3.3 we showed that MPCT = Xu/(ucc + UKK)/(1 + hT) and MPCy =

UKK/(ucc + UKK). Hence

t
e - -xu - A ) r - hTTuc . (ucg - (1 + hT) S UL, )
(_ucc ~ Cuu * U T

and MPCy = r(fu| - ucchTTuc)/B , where B = -ucc[-ugg + 2(1 + hT)ucg -

2
(t+ h )%+ hoou ) + r(fuf - Uoohppiy) - QED.



