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Abstract

How should new securities be designed? Traditional theories have little
to say on this: the literature on capital structure and general equilibrium
theories with incomplete markets take the securities firms issue as
exogenous. This paper explicitly incorporates the transaction costs of
issuing securities and develops a model where the instruments that are traded

are chosen optimally and the economy's market structure is endogenous. Among
other things, it is shown that the firm's income stream should be split so
that in every state all payoffs are allocated to the security held by the

group that values them most.
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1. Introduction

It is widely acknowledged there has been a significant inerease in the

amount of financial innovation in recent years (see e.g. Miller (1986)). &

vast number of new securities with novel features have been introduced. These
include not only corporate securities such as zero coupon bonds and floating
rate bonds but also other types of security such as financial futures, options

on indexes and money market funds to name but a few. An important question
concerns how such securities should be optimally designed. In other words,
how should the payoffs to a security be allocated across states of nature to
maximize the amount the issuer receives? Unfortunately, with the exception of
a few papers (see, e.g., Duffie and Jackson (1986) and Silber (1981) on the
design of futures contracts and Williams (1986) on corporate securities as
optimal contracts when there is asymmetrie information) traditional theories
have little to say on this issue.

The literature on firms' capital structure decisions assumes that the
firm can only issue debt and equity. It does not consider the more basic
question of whether debt and equity are the best securities the firm ean
issue. The result of Modigliani and Miller (1958) and subsequent authors such
as Stiglitz (1969; 1974), Baron (1974; 1976) and Hellwig (1981) that capital
structure is irrelevant when markets are complete (assuming no taxes or
frictions) suggests that the form of securites issued in this case is aiso
unimportant. Although the result that capital structure is important when
markets are incomplete indicates the form of securities may also matter, it
throws little light on their optimal design.

In order to develop a theory of optimal security design it is clearly
necessary to develop a framework where markets are incomplete. Traditional

general equilibrium theories with incomplete markets such as Diamond (1967),



Radner (1972) and Hart (1975), 'have taken the markets which are open and those
which are closed as exogenous. The usual Justificaton for considering
incomplete markets is the existence of transaction costs of some sort,
However, the relationship between these transaction costs and the securities
which it is optimal for agents to issue are not considered.

The purpose of this paper is to explicitly incorporate the transaction

costs of issuing securities in order to consider their optimal design. We
suppose that firms bear fixed costs of issuing securities and determine the
allocation of payoffs to securities across states. Thus the securities that
are traded are chosen optimally and the incomplete market structure is
endogenous. The model is intended to be a very simple one so that it can act
as a benchmark. It is an abstraction which is meant to give insight rather
than a realistic description of what we observe.

Two important issues must be addressed when constructing this type of
model. The first is who precisely can issue securities and what the costs of
doing this are. We assume that firms can issue one security for some fixed
cost and a second security for some additional amount. The payoffs to these
securities are generated by the assets of the firm. Individual investors are
unable to issue securities. 1In particular, we assume that individuals cannot
short sell firms' securities. If individuals could do this without cost then
no equilibrium could exist in which firms issue costly securities. This is
because the short sellers are effectively able to expand the supply of a
firm's security more cheaply than firms can. However, in order for a firm to
be willing to issue securities it must be able to recoup the cost of doing
50. But if it faces competition from short sellers who face no costs this
will be impossible. The short selling of one firm's securities by another is

also excluded as this leads to nonexistence in the same way.



The justification for these assumptions is that short selling is
fundamentally different from i1ssuing securities backed by real assets. In the
latter case the buyer can directly observe the security's source of income
whereas with short selling this is usually much more difficult. In reality,
i1t appears that short selling is very costly and is only rarely done. For
most of the analysis it is assumed that the costs are such that there is no

short selling. However, at one point this assumption is relaxed to illustrate

what happens when limited short selling is possible at a low cost.

The second issue concerns the knowledge that agents have about the prices
of securities that in principle could be issued by firms but which in
equilibrium are not. We assume that both firms and consumers are aware of
these prices. The trading process that we have in mind is analogous to the
Lloyd's of London insurance market where a price can be obtained for a policy
insuring any risk whether or not such policies are actively traded. Our
approach is therefore different from that taken by Hart (1979} who assumes
that there is an asymmetry between firms and producers: firms know the prices
that would be obtained for securities that are not issued; consumers do not.

We obtain five main results.

(i) The constrained efficiency (and existence) of equilibrium is
demonstrated. This contrasts with the results of Hart (1980) and Makowski
(1980) who in related work find that equilibrium is not constrained

efficient. The difference is due to the fact that we assume both firms and
consumers know market clearing prices for all securities that do exist and all
those that might exist whereas they use Hart's (1979) approach of assuming
firms know the prices of unissued securities but consumers do not.

(ii) In our model, the number of securities that are issued in equilibrium

can exceed the number of states without there being complete markets in the



sense that first-best risk sharing is possible. We show that an upper bound
on the number of securities issued in equilibrium is [J].01T]. (]I - 1) + 1]
where |J| is the number of different types of firm and |I| is the number of
different types of consumer.

(iii) As a point of reference we consider examples where firms are

constrained to use debt and equity securities but these are costly to issue.

We show that Modigliani and Miller's irrelevance result does not hold: the
value of firms has to depend on their finanecial structure to give them an
incentive to issue the costly securities. In equilibrium both debt and equity
are issued. This contrasts with the arguments by Jensen and Meckling (1976)
and others that the existence of debt before the introduction of the corporate
income tax suggests the importance of asymmetric information in determining
firms' capital structures. In our model firms issue debt despite there being
symmetric information and no taxes. In addition for some parameter values {ex
ante) identical firms can have dissimilar capital structures, an empirical
regularity which, as Myers (1984) stresses, is inconsistgnt with conventional
theories,

(iv) If firms are not restricted to issuing debt and equity but can allocate
their earnings in a particular state to their two securities in any way they
choose then the optimal securities are not debt and equity. When the firm is
split into two securities, each one is targetted at a particular clientele.

In any state all the firm's output is allocated to the group that places the
highest valuation on consumption in that state.

(v) The role of the assumptions concerning short sales is shown to be
critical. As argued above, if costless short sales are possible then
equilibrium fails to exist. Financial structure must affect firm value in

order to provide an incentive for firms to issue securities. Without



frictions of some kind or another there will be arbitrage opportunities which
Will cause equilibrium to fail to exist. We illustrate what happens when
limited short selling is possible at low cost. In this case equilibrium may
or may not exist depending on the cost of issuing securities.

The paper proceeds as follows. In Section 2 the model is outlined.

Section 3 contains an analysis of the general model. The next two sections

develop illustrative examples. For the purposes of comparison Section 4 shows
what happens when there are costs of issuing securities but firms are
constrained to issue debt and equity; Section 5 considers the case where firms
are free to allocate their earnings in a particular state to the two
securities in any way they desire. In Section 6 the role of short sale

constraints is considered. Finally, Section 7 contains concluding remarks,

2. The model

A formal definition of the model is given in the technical appendix. An
intuitive description of its main features is given in this section.

There are two dates t = 0, 1 and a'finite set of states of nature s € 3
which occur with probability Ty All agents have the same information
structure: there is no information at the first date and the true state is
revealed at the second. At each date there is a single consumption good.
There is a finite set of types of producer j « J and a finite set of types of
consumer i & I. There is a continuum of agents of each type and for

simplicity the measure of each type is assumed to be unity.

Producers
A type of producer is defined by a production plan, a set of financial

structures and a cost function. A& production plan of type j « J is

represented by YJ = (YJ(S)JSES, where Yj(s) denotes the output of the good in



state s at date 1 for every s & S.

Any production plan can have at most two types of claims issued against
it. These two claims are indexed by k = 1, 2. A specification of the claims
against the production plan is called a financial structure. In the cése
where the claims are debt and equity the financial structure corresponds to

the debt/equity ratio, The set of financial structures available to the

producer is assumed (for ease of exposition in this section but not elsewhere)
to be finite. The financial structures available to the firm are indexed
by e = EJ. The index set Ej is referred to as the set of available financial

structures. For any financial structure e « E_ and k = 1, 2 let rK(e) denote

J
the vector of dividends corresponding to the k-th claim in the financial
structure e. Thus the properties of different finaneial structures and
different claims are completely described by the dividend functions (r1, r2).

The dividend functions are assumed to satisfy certain natural
conditions. Dividends are always non-negative: r1(e) > 0 and rz(e) 2 0 for
all structures e = EJ‘ Inactivity is possible, that is, if the producer
decides not to operate then rT(e) = re(e) = 0. Except in the case of this
trivial financial structure the dividends are assumed to exhaust the
production plan, that is, r1(e) + r2(e) = Yj' Also, it is possible to issue
equity only: rl(e) = YJ and ré(e) = 0.

The cost function of producers of type J € J is denoted by Cj' For any
financial structure e « Ej’ Cj(e) is the cost of setting up a firm with a
financial structure €. The cost of setting up the firm includes the cost of
inputs to the production process (i.e., investment) as well as the costs of
issuing securities, If a producer decides not to set up a firm and so issues

no securities, no cost is incurred. The null structure corresponding to this

action is denoted by e = 0 and so CJ(O) = 0,



Producers derive no utility from future consumption. Every producer
maximizes his (current) profit taking as given the market value of firms with
different finaneial structures. Let vk(e) denote the market value of the k-th
claim on a firm with financial structure e for k = 1, 2and e = EJ. Then the

market value of a firm with financial structure e is v1(e) + vz(e) = MV(e),

say. A producer of type j chooses e to solve

Max MV(e) - C (e)

EEEJ J

Since the producers' problem is non-convex there may not be a unique

maximum. Let Vj = [uj(e)] denote the distribution of financial structures

chosen by producers of type j. That is, vJ(e) is the measure of producers of

type ] who choose financial structure e for every e e Ej'
It should be noted that there is not essential loss of generality

assuming that producers maximize current profits. In any competitive market

profit maximization in this sense is a necessary condition of equilibrium (see

Hart (1979)).

Consumers

Let Q denote the set of non-negative consumption bundles. For any
consumption bundle x € Q@ it is useful to write x = (xo, x1) where x0 denotes
consumption at date 0 and x| = [x1(s))SES is the vector of consumption levels
in different states at date 1. That is, x1(s) is the consumption level in
state s at date 1 for every s « S.

A consumer of type i & I is characterized by a von Neumann-Morgenstern
utility function and an endowment of goods. The utility function of type i

consumers is denoted by Ui‘ For any consumption bundle x € @ the expected

utility of x is denoted by Ui(x) where
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0

U,(x) = 1 nsﬁi[x L x'(s)) .

seS

For some purposes it is more convenient to represent consumer preferences by
U;j; for some purposes Ui is more convenient. The consumer's endowment is
denoted by W, € 2. For simplicity, we assume that consumers' first period

endowments are such that their consumption is strictly positive at t = 0,

Preferences are assumed in the technical appendix to be well behaved: Ui
is strictly increasing and strictly quasi-concave.
A portfolio is represented by an ordered pair o = (uI, u2) of vectors.
For any financial structure e « E = uEJ and k = 1, 2, uk(e) is the number of
units of the k-th claim on a firm with financial structure e held in the
portfolio. Since short sales are not allowed portfolios must be non-
negative: a1, 02 2 0. Let A denote the set of non-negative portfolios.
Recall that vk(e) is the price in terms of consumption at date O of the
k-th claim on a firm with financial structure e, for any e « E and k = 1, 2.
For any security price function v = (v‘, v2), the value of a portfolio a « &
is denoted by « * v where
arve o a®(e)v(e) .
k=1 eeE
Similarly, the income at date 1 from a portfolio @« &« A is denoted by a * v
where
2 k K
a* vz I 1 aifelr(e)
k=1 ecE
In this notation the budget constraints of a consumer of type i can be written
as follows:

0 0
X" =W, -a * v,
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1 1
X = wi +a¥*pr,

(The budget constraints are written as equations because Ui is assumed to be
strictly increasing.) For any security price function v and any choice of
portfolio a « A the budget constraints define a unique consumption bundle

X = gi(a, v). So the consumer's problem is to choose a portfolic a to

maximize expected utility subject to the requirement that the consumption

bundle Ei(u, v) implied by a and v is feasible. Formally,

Max U.[g.(a, v}] S.T. £, (a, v) 20 .
171 1
asl

Equilibrium
We define our equilibrium concept in two stages. First we outline a

Walrasian type of equilibrium concept and then we add an extra condition. Our

notion of equilibrium is similar to that suggested by Hart (1979) but with one

important difference which is pointed ocut below.

In Walrasian equilibrium all agents maximize (expecped) utility taking
prices for both issued and unissued securities as given and all markets clear
at the prevailing prices. Formally, a Walrasian equilibrium must specify a
price function v = (v’, v2), a portfolio a; = (al, u?) for each type of
consumer i « I, and a distribution vj of finanecial structures for each type of
producer J e J. The equilibrium conditions are:

(E1) for every type i @ I, a, maximizes the consumers' utility subject to
their budget constraints and the non-negativity constraints given the
price function v;

(E2) for every type j < J and e « EJ’ if vj(e) > 0 (i.e., if the structure e
is chosen by some producers), then e maximizes the producers' profits

given the price function v;
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(E3) markets must clear: & @, = I v,
. i J
isl j&d

In a large economy the securities issued by any producer are negligible
relative to the size of the economy as a whole, Without loss of generality we
can assume that if a new security is issued it will be widely held and each
consumer will hold a negligible amount of it, In that case a security is
valued according to the marginal rates of substitution of those who hold it,
The rational conjecture condition says that the price firms expect to receive

1f they issue a SECUPILY 18 the mAwimum amount that any individual would be

prepared to pay for a very small quantity of it. For any consumer type i « I

with an equilibrium consumption bundle X, & 2 let pi(xi) denote the vector of-
marginal rates of substitution defined by
an(xi) an(xi)

p.(x.) = /
bl 3% ax?

If we write pi(xi) = (pis(xi)) then pis(xi) is the amount of consumption a
consumer of type i is willing to give up in exchange for an extra unit of
consumption in state s at date 1, for any s & 5. Suppose a security offers a
vector of dividends rk(e) at date 1, For some very small quantity ¢ of this
security a consumer of type i ought to be willing to pay spi(xi) . rk(e) units
of consumption at date 0. In other words, the price he should pay .

is pi(xi) . rk(e). The equilibrium price v¥(e) should be the maximum such

willingness to pay, that is

k(e)

vk(e) = Max p.{(x.,) - r
. it
iel

for every claim k = 1, 2 and financial structure e € E,
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An equilibrium is defined to be a Walrasian equilibrium that satisfies
the rational conjecture condition. This condition does not affect the
equilibrium allocation in any substantive way. It is automatically satisfied
in Walrasian equilibrium for every security that is actually issued. .Because
of the restrictions on short sales, this is not the case for securities that

are not issued. However, if it is not satisfied for unissued securities in

some Walrasian equilibrium then one can satisfy it simply by reducing the
value of vk(e) appropriately without making any other change in the Walrasian
equilibrium,

Hart (1979) distinguishes between markets that are open and markets that
are closed. If a particular security is not issued by any firm he assumes |
that market to Se closed. Also consumers are not allowed to trade in that
security and they do not observe a market-clearing price for that security.

On the other hand, producers know the price that would clear the market if a
small quantity of a non-issued security were to be introduced.

An equilibrium as we have defined it differs from Hart's in one important
respect. As far as producers are concerned the two concepts are the same. It
really makes no difference whether producers see prices quoted for every
possible security or have rational conjectures about what prices would be if a
new security were issued. For consumers, on the other hand, it makes a
difference whether they can trade every security at the quoted price, even if
they choose not to trade some of them in equilibrium. In other words, there
is a difference between a closed market and a market that is open but inactive
because no trade takes place at the prevailing price. The importance of this

difference is discussed in Section 3.
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3. General properties of equilibrium

The first property we note is that the equilibria of our model are all
constrained efficient. An equilibrium is said to be constrained efficient if
a planner, who is subject to the same transaction costs as individual agents
are, cannot make everyone better off. In this context the condition "sub ject
to the same transaction costs" is interpreted to mean that the planner can

only re-allocate securities and consumption at the first date. (The formal
definition of constrained efficiency that we use is given in the Appendix.)
Under this interpretation the constrained efficiency of equilibrium is
not surprising. Using the budget constraints to solve for second-period
consumption we can express the utility of any agent in terms of first-period
consumption and the portfolio of securities he holds at the end of the
period. Then the economy is seen to be isomorphic to an Arrow-Debreu economy
in which only first-period consumption and securities are traded. Pareto-
efficiency in this Arrow-Debreu economy is equivalent to constrained
efficiency in the original. So our result can be seen as a special case or
application of the First Fundamental Theorem of welfare economics.

Thus we have the following result.
THEOREM 1: Every equilibrium is constrained efficient.

This result is not surprising when seen in the right perspective,
Nonetheless it stands in sharp contrast to the claims of Hart (1980) and
Makowski (1980). Both authors argue in the context of a product
differentiation model formally similar to ours that "equilibrium" need not be
efficient. The reason for this difference of opinion can be traced to their
definition of equilibrium. It is important to understand the difference

between their concept and ours because there are substantive modelling issues
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involved. Both Hart (1980) and Makowski (1980) use a concept of equilibrium

introduced in Hart (1979). As outlined in Section 2, Hart's concept is as

follows. Prices are quoted for securities that are actually issued in
equilibrium, If a security is not issued there is no market for it. No price

is quoted and consumers simply assume that it cannot be bought. On the other
hand, firms must make conjectures about the price at which a security could be

sold if it were to be introduced, Otherwise they could not make an optimal
decision about which security to offer. These con jectures are assumed to be
rational, that is, the conjectured price equals the maximum price at which the
economy would absorb a small amount of the security. The rest of the
definition is standard. Let us call Hart's concept a '"conjectural
equilibrium" to distinguish it from our "Walrasian equilibrium.”

This sketch of conjectural equilibrium allows us to see the essential
cause of market failure in the Hart-Makowski model and why it is absent in
ours, There is a complementarity between products in their models that may
lead to a pecuniary externality. This externality can be easily explained by
an example. Suppose that nuts and bolts can only be produced by different
firms. Nuts and bolts only have value if consumed together. If nuts are not
produced the marginal value of a bolt is zero so bolts will not be produced
either. The same argument shows that nuts will not be produced if holts are
not produced. Thus both types of firms are maximizing profits at zero output
given the behavior of the other and their own (rational) conjectures. Yet
this conjectural equilibrium is not efficient since a coordinated increase in
the output of both produects could make everyone better off.

The same kind of phenomenon could clearly occur in our model, if we
analyzed it using the conjectural equilibrium concept. (Think of an economy

with two types of firms, each of which has positive output in one state



only.) The reason why it does not occur is that prices are quoted for every
security whether it is actually issued or not. To revert to the nuts and
bolts example, if the prices of nuts and bolts were both zero firms would be
maximizing profit at zero output, but consumers would not be maximizing
utility if they thought they could buy at the prevailing price and they still

demanded none. So markets will not clear at a zero output level, In the

Hart-Makowski model, on the other hand, the nuts and bolts markets are closed

to consumers. We do not need to worry about clearing these markets.

At some level it probably seems natural to assume that a market does not
exist if the corresponding good or security is not being produced. This kind
of reasoning is encouraged by a tendency to equate markets with a gathering of
people for the purchase and sale of commodities. But when we speak of a
market existing in a Walrasian model, this is not what we have in mind. The
existence of a market in this context is just another kind of equilibrium
condition. A market "exists" if and only if a market clearing price
prevalls. That is, buyers and sellers can agree on a common price at which
they all think they can trade any amount that is small relative to the economy
as a whole. It is not immediately obvious why the existence of a market in
this sense should depend on a non-zero amount of the corresponding commodity
being traded. For example, at Lloyd's of London it is possible to obtain a
price for insuring any risk even though no policy of that type is actively
traded. Similarly, investment banks will quote prices for tailor-made
securities,

There may be reasons why a market does not exist in this sense; but these
reasons are not apparent in the Hart-Makowski model. There are no transaction
costs. As soon as a firm decides to produce a positive amount of some

commodity a market, that is to say, a market-clearing price, springs
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costlessly into existence. Nor is it clear that there are other obstacles to
the free flow of information implied by a market-clearing price. After all,
producers conjecture correctly the prices at which they can sell a nonexistent
product even without the aid of a market. So it is not clear why, in
equilibrium, there should not be a market-clearing price for every

commedity., To say that some of these conditions will not be satisfied because
the corresponding markets do not "exist" is tautologous. The existence of a

market means that an equilibrium econdition is satisfied, nothing more.

The next result concerns existence of equilibrium,
THEQOREM 2: Under the maintained assumptions the equilibrium set is non-empty.

This theorem does not require comment except to note the role of the no-
short-sales assumption in guaranteeing the existence of equilibrium. This
assumption is needed to prevent the equalization of ma}ginal rates of
substitution everywhere. As we saw in the introduction, some divergence of
marginal valuations between different consumer types is necessary to give
firms an incentive to create costly securities.

The prohibition of short sales can also be used to avoid another well
known non-existence problem, discussed in Hart (1975). This may suggest some
similarity between the two problems but in fact they are rather different,
Hart's problem arises from changes in the dimension of the linear space
spanned by the securities. This problem cannot arise in a one-good economy.
The present problem arises because short sales are only possible when there is
a security to sell short. So there must be a discontinuity when the supply of
the security hits zero if short sales are admitted.

The next question to be addressed is the number of securities that is

needed in equilibrium. Without essential loss of generality it can be assumed
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that there is only one kind of firm. It will be clear that the argument
generalizes easily to the case of |J| > 1 types. Let e & E be any partiocular
split that is offered in equilibrium (i.e., supplied in a positive amount).
Corresponding to this split are two securities r1(e) and r2(e). If the split

is costly then no agent will want to hold both securities for he could hold

the undivided firm more cheaply. In any case, we can assume that each type of
consumer holds at most one of these securities. Then we can think of the set

of firms offering the split e as being divided up among pairs of types of
consumers. That is, for each firm offering the split e there is a pair of
types (11, 12) €« I x I such that the i, types buy all the k-securities rk(e)
and iT 2 12. _
Now suppose there is a pair of consumer types (11, i2) that invest in
securities created by a number of different splits. By relabeling if
necessary we can always assume that i, buys the k-th security for k = 1, 2.
Suppose this pair buys Ay units of a split €y and X, units of a split e;. If
r(E) is a convex set, where E denotes the set of non-trivial splits, there
will exist a split e3 € E such that (11 + Az)r(e3) = A1r(e1) + A2r(e2). By
buying (A1 + k2) units of firms splitting according to €3 agents of types i.I
and i, can attain the same consumption allocation. (Note the importance of
assuming that consumers of type i, hold all of the k-th security for any split
e.} By extending this argument in the obvious way it is easy to see that only
one split is needed for each pair of consumer types. In order for this
reduction in the number of splits to leave firms no worse of f, we must assume

that costs are "convex" on E in the following sense: (i, + x2)C(e3) <

1

ATC(e1) + A2C(e2) for any x1, > 0 and e @ e E such that

k2 o e3
(A1 + Ae)r(eB) = A1r(e]) + Azr(eg). The number of split securities needed for

an equilibrium allocation is no greater than the number of ordered pairs of
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consumer types. There are two split securities for every distinct pair so the

number of split securities equals the number of ordered pairs. We may also

need unsplit firms. Hence we have proved the following.

THEOREM 3: Suppose that r(Ej) is convex and CJ 1s convex on Ej for

every j « J. Then the total number of securities needed in equilibrium

(or for any other constrained efficient allocation) is not greater

than |J| - (|I] . |I -1] + 1),

This upper bound may be much too loose because many types of firms will not
operate in equilibrium. In that case the bound is more usefully expressed as
(JT] . |1 - 1] + 1) securities per active type of firm. |
We have chosen not to model firms' choice of production plan expliecitly,
preferring to simplify the analysis instead by treating each individual firm's
output vector as a datum and allowing the firm to choose only whether to
operate and its financial structure if it does operate. We can obtain an
interesting extension of Theorem 3, however, if we place the model in a
somewhat richer framework. Suppose that there is a continuum of firms all
Ssubject to a common technology. The technology is described by a compact,
convex set y of output vectors and a cost function C: E - R+, where E denotes
the set of feasible finanecial structures. Let E = {(p1, 02) € Rf x Rf
| o4 + 0, = Y ey} and let E denote the set of non-trivial splits, that is,
E={ecE|re) =0, k=1,2}. Wecan think of the model studied in this
paper as an approximation of this richer setup. For example, the set of
dutput vectors {YJ: J € J} may be chosen arbitrarily close to y in the
Hausdorff sense by introducing sufficiently many types of firm.

A production plan in this notation is a vector having the form (- Cle),

r1(e) + r2(e)] for e € E and a firm chooses a production plan by choosing the
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financial structure e. One difference between the two approaches.is that in
this new setup the total measure of firms is given, rather than the measure of
firms of a given type. If the measure of firms is large enough these
constraints do not matter because not all firms operate, In that case there
is effectively free entry and a zero profit condition holds.

With these assumptions and Theorem 3 behind us we can say something

stronger about the number of securities required in equilibrium. Without loss
of generality, consider a pair of consumer types 11 and i, who jointly own
firms with financial structures e, and e, in E. We can assume, again without
loss of generality, that consumers of type ik own all of the k-th security inr
each case. Let A1 denote the measure of firms with structure e, owned by
these consumers and let A2 denote the measure of firms with structure e5. By
convexity of y there exists a production plan (financial structure) €3 such
that

(g + xz)ri(e3) = k1ri(e1) + lzri(ee)

for 1 = 1, 2. Thus we can replace the firms with financial structures e, and
€, with an equal measure of firms with financial strueture €3 and leave
consumers equally well off. To make sure firms are equally well off we mu;t
make the appropriate concavity assumption for C on E. In this way we have
shown that for each pair (11, 12) of consumer types there need only be one
production plan (financial structure) with two securities. We may also need
firms with one security but only one production plan per consumer type. Then
the total number of securities in equilibrium (or in any constrained efficient
allocation) need not exceed |I| - |I - 1| + |I| = ]I|2. Of course, this
result depends on the existence of a single convex technology available to all

potential firms, If there existed mutually exclusive technologies, each
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available only to a particular set of firms, then the upper bound given above
would apply to each technology separately.

In any case we can now give Theorem 3 a more interesting interpretation.
When choice of production plan together with convex technologies are assumed,

the arguments that led to Theorem 3 imply a much tighter bound. The number of

pairs of consumer types determines the securities needed irrespective of the
number of types of active firms.

This version of Theorem 3 is much easier to compare to results obtained
in standard stock-market economies (see Hart (1977)). When each firm issues
only a single security (equity) the number of securities needed with a single
convex technology is |I|, the number of consumer types. Each consumer type
gets its own tailor made company (production plan) and that is clearly the

best one can do.

4, Examples with debt and equity

This section develops illustrations of the case where firms are
restricted to issue debt and equity. This situation can arise if the legal
system is such that debt and equity are the only types of security that can be
used. The defining characteristic of debt is that the par payment (i.e. the
promised payment) is the same in all states. In states where the output of
the firm is below the par payment the debtholders receive the entire output.
If the firm's output is above the par payment in all states the debt is safe,
otherwise it is risky.

The cost to a firm of issuing its first security is denoted ¢, and the
marginal cost of issuing the second security is C5 (i.e. the total cost of
issuing two securities is ey + c2). Example 1(a) is a specific illustration
where ¢y 1s assumed to be zero and e, is strietly positive. Example 1(b) is a

general version of this where ¢, and ¢, are both positive.
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Example 1(a)

There are two states s = 1, 2 which are equally likely so LI 0.5.

It is assumed
Y(1) = 1; Y(2) = 2.
There are two types of consumers i = a, n. For them

U =%« U(x)  with V' >0, V1 (g ;

When a specific functional form is used for V it is assumed
1 1
Vix) =21n (1 +x)

It is helpful to define the marginal utility of consumption of type i in

state s
u (x1) =p. (%) / n
is 1871 s

It follows that Hag > 1; ns

=1,
The term Hg is used to denote the marginal utility of consumption that is
relevant for determining market values.

Since ¢y = 0 all firms set up and issue at least one security. First,

consider the case where C, is sufficiently large that firms only issue one

security which must be equity:

r1= Y{s) for all s.

Its value is given by



_21-

where Mg = B > 1 for all s if endowments are such that only the risk averse
group holds the securityland Mg Mg = 1 for all s if they are such that the
risk neutral group holds the security, Consider the case where both groups
hold the security so that ng 1s given by the latter and v! = 1.5, Thé
Situation where the supply of the security is sufficiently small that only the

risk averse group holds it can be similarly analyzed.

It can straightforwardly be shown that the risk averse group's demand for

the firms' equity is:

0:1* = 0.629

(where 01* is used here and below to denote the demand of the risk averse
group when vl - 1.5). The risk neutral group holds the remaining 0.371 of the
security. The total value of a firm is v1 = 1.5. The marginal utilities of

consumption for the risk averse group are

Hap = 1.228; uaz = 0.886.

Suppose a firm issues debt so that the payoffs to its securities are:

Payoff
Claim Price
State 1 State 2
r! 1 1 1.057
re 0 1 0.500
Given all other firms are issuing equity which is priced with Mg = Mg T 1

for s = 1, 2 it follows that the risk averse group will value this debt the
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most since z"suas = 1.057 > Zwsuns = 1.000. Since they hold all of it, its
price is determined by their marginal utilities of consumption Mg This
firm's equity will be valued the most by the risk neutral group since Hpo =
1.000 > u_, = 0.886 so they will hold all of it and its price will be
determined by their marginal utilities of consumption. Thus the total value

of such a firm would be 1,557 - Cy.

It can be seen that the capital structure shown above is in fact the

optimal one for a firm issuing debt and equity in this situation. The cost of

issuing a second security is independent of its payoffs. Since the risk
averse group holds the debt, its value would only increase by ol
= 0.443 for each unit of output the par payment on the debt is increased above
1. Since this is less than the Tobpo = 0.5 per unit of output the risk
neutral group would be prepared to pay if the payoff were allocated to tﬁe
equity they hold. Thus such a change would lower the value of the firm,
Similarly a reduction in the par payment on the debt will also reduce the
value of the firm since the risk averse group values these marginal payoffs
more than the risk neutral group. A similar argument holds in all two-state
examples: it is always optimal for a firm to issue the maximum amount of
risk-free debt possible. It can easily be seen that this is a special feature
of the two-state case: with three or more states firms can find it optimal to
issue either risky or risk-free debt depending on the parameter values.

Thus for e, > 0.057 only equity will be issued by firms and for ey <
0.057 some proportion of the firms will issue both debt and equity so that
three types of security will exist in total: the one-security firms' equity
and the two-security firms' debt and equity. The risk neutral group of

investors holds the equity of both the one- and two-security firms, The risk

averse group holds the equity of the one-security firms and the debt of the
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two-security firms. The price of both types of equity is equal to its
expected return and the price of the debt is such that firms are indifferent
between issuing one or two securities, The debt is priced above its expected
return in order to compensate firms for the cost that they bear in issuing
it. For example, if ¢y = 0.05 then the price of debt is 1.05, the price of
the equity of a two-security firm is 0.5 and of a one-security firm is 1.5,

The proportion of firms that issues two seeurities is 0.111 and 0.889 issue

one. The risk averse group holds 0.556 of the one-security firms' equity. As
¢y + 0 more firms issue debt. When ¢y = 0 debt's price is equal to its
expected return and the risk averse group Just holds debt and the risk averse

group holds the remainder of the securities. There is full risk sharing in

the sense that marginal utilities of consumption at t = 1 are equated.

Example 1(b)

Consider next what happens when ¢y and C, are both positive. The example
is otherwise the same as before except that now the only restriction on V is
that V'(1) = 1 and V'(0) is finite.

Figure 1 illustrates the relationship between the costs and the number of
securities issued. Example 1(a) corresponds to the Co axis where ¢y = 0. For
ey, > 0.5(1 - V'(2a1*)) ( = 0.057 in 1(a)) there are only one-security firms
and so the total number of securities issued is one. For ¢y < 0.5(1 -
V'(2u1*)) some firms issue debt and equity and the remainder only equity so
that three securities are issued in total. The line marked "debt and equity"
represents the remainder of the boundary between the regions where one and
three securities are issued.

It is not worthwhile for any firms to set up and issue a security unless
¢y < 1.5 V'(0}. For values of €y above this level no investment is undertaken

and no securities are issued. A4s ¢; falls more firms are set up. Initially
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these are held entirely by the risk averse group since V'(0) > 1 and so Mo

and u o are greater than bps = 1 for all s = 1,2, Eventually there comes a
value of ¢q where group a's demand is 0.5. At this point uyo = 1. For ¢y = 0
it becomes worthwhile for some firms to issue debt and equity at this point
Since the risk averse group will be prepared to pay Hpo = 1 for the two-
security firms' equity. The debt and one-security firms' equity is held by
the risk averse group. As Cy rises the boundary also rises because Upo = Hgo
must be sufficiently large to allew two-security firms to recoup their

additional costs. Along the boundary v! falls and o increases. It is this
that causes Hpp = Hy» to rise.

When ¢y = 1.5 it is profitable for one-security firms to set up and be

held by the risk neutral group. At this point there is full investment in the
sense that all firms set up and issue at least one security. Since the risk
neutral group hold at least some of the one-security firms' equity, it is
priced at 1.5. There is no further scope for a fall in the price of the one-
security firms' equity and so the boundary is horizontal_as ¢y falls from 1.5
to 0.

The only region where two types of security are issued in total is along
the ¢4y axis where C, = 0 between 0 and 1.5. Here all firms set up and since
the marginal cost of issuing a second security is zero they issue enough debt
for the risk averse group to completely smooth their consumption across
states. Thus in this region there is full investment and full risk sharing.

Another feature of this example is worth noting. Even though there are
only two states there can nevertheless be three securities in existence
without there being complete markets in the sense that full risk sharing is

possible. Thus when thefe are costs of issuing securities the question of



whether or not the number of securities ig greater or less than the number of
states is of less significance than when these costs are ignored.

The standard Modigliani-Miller theory, adapted to include corporate taxes
and bankruptey costs, suggests that firms choose their capital structure to
trade off the tax advantage of debt against the costs of going bankrupt.
Jensen and Meckling (1976), among others, have argued that a weakness of the
theory is that it predicts that before the existence of the corporate income

tax, debt would not be used at all since bankruptey was costly. Of course,

debt was widely used before the introduction of the tax. They argue that this
demonstrates the importance of other factors, in particular asymmetriec
information, in determining firms' capital structures.

The above examples do not incorporate bankruptcy costs but it can readily
be seen that ineluding them does not change the nature of equilibrium
significantly and debt will be used because of its role in improving the
allocation of risk across consumers. Even though there is no tax advantage to
debt and information is symmetric, the fact that firms bear a cost of issuing
debt means it is priced so that in equilibrium they are indifferent between
the optimal level of leverage and being unlevered. Thus when viewed in the
context of a general equilibrium theory instead of the usual partial
equilibrium one, the observation that debt was used by firms before the
introduction of the corporate income tax does not necessarily imply that
asymmetric information is an important determinant of firms' capital
structures.

Myers (1984) has stressed that conventional theories of capital structure
are inconsistent with the observation that similar firms in the same industry
often have significantly different debt/equity ratios. However, it can be

seen that the illustrative examples above have this feature. 1In eauilibrium
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firms of the same type are indifferent between the optimal levered capital
structure and being unlevered. In more complex examples with more types of
consumers and firms it is possible for there to be many equally profitable

optimal levels of leverage for firms of the same type.

5. Examples with optimal securities

In this section it is assumed that firms are not restricted to issuing

debt and equity. Instead when they issue two securities they are free to

4110028 tha fim's OUtDUk 1n 4 parkicular state between the two securities in

any way they wish. It is shown that the optimal securities are not debt and

equity. Nevertheless, they do have a particularly simple form.

Example 1(a)

Consider first the initial example with C, such that both groups hold the
equity of one-security firms. As before, group a's demand is 0.629,
Hyy = 1.228 and Moo = 0.886. If a firm were to issue debt as its second
security it would obtain (0.5)(1.228) + (0.5)(0.886) = 1.057 for it and
(0.5)(1) = 0.5 for its equity. However, this is not the best it can do. It
can clearly increase its receipts by reducing the payment on its r! security
in state 2 and increasing the payment on the other security. The p! security
is held by the risk averse group who only value each unit of expected revenue
in state 2 at 0.886 whereas the r< security is held by the risk neutral group
who value each unit at 1.000. Similarly, the firm should not reduce the
payment on the r! security in state 1 since it is held by the risk averse
group who value each unit at 1.228 whereas the risk neutral group only value

each unit at 1.000. This means the optimal pair of securities for a firm to

issue have the following payoffs and prices.
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Payoff
Claim Price

State 1 State 2

r1 1 0 0.614

nl 0 2 1.000

The optimal securities thus have a particularly simplé form. All the

output in a particular state should be allocated to the security which is held
by the group that values it most. This feature of optimal securities is guite
general. It is due to the fact that firms' maximands are linear which arises
from the competitive nature of the model. It does not depend on there only
being two states and a risk averse and risk neutral group.

The total value of a firm which issues two securities when all other
firms issue one security is 1.614 - €. Hence firms will start issuing debt
and equity at the ceritical cost c2* = 0.114. This contrasts with the case
where firms issue debt and equity where the critical level ¢y = 0.057 is much
lower. Thus optimal securities ecan permit a strictly better allocation of

risk for a given (positive) issue cost than debt and equity.

Example 1(b)

Figure 1 illustrates what happens when ¢y and ¢, are both positive. The
line marked "optimal securities" is the boundary in this case. The
€xplanation of the form of the boundary is similar to before. The difference
is that with optimal securities it is possible to allocate output more
efficiently to those that value it most. With debt the problem is that firms

cannot give less in state 2 than in state 1. As a result the boundary is
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shifted out. The only two points where they are the same is at the
intersection with the ¢q axis at 1+ 0.5 V'(0.5). The reason for this is that
the critical factor here is when the amount of one-security firm equity held
by the risk averse group is such that Haty = ¥pp = 1. This is unaffected by
the form of the second seeurity. It is only when Cy» > 0 and it is necessary

that Hay = bpq + ¢s > 1 that this makes a difference,

Example 2

The only region in Figure 1 in which two securities in total are issued
is when ¢; = 0 and ¢y is between 0 and 1.5. However, it is possible to
construct examples where the total number of securities is two even when ey
and ¢, are strictly positive, In order to illustrate this consider another
example where both groups have the same (risk averse) utility function but
differ in their endowment in the two states at t = 1. Group 1 receives 1 unit
of output in state 1 and 0 in state 2. For group 2 the reverse is true. The

output of the one type of firm that exists is
Y(1) = Y(2) = 1.

Hence the example is symmetric and it is this, as opposed to risk neutrality
before, which simplifies it. There is one consumer of each type and one
firm, The utility functions of consumers are as in Example 1(b).

Figure 2 illustrates the relationship between issuing costs and the total
number of securities issued. When Just one security is issued then it must be
equity with a payoff of 1 in both states. Thus it will not be worth issuing
Just one security unless eq < 0.5 (V'{1) + V' (0)). The best a two-security
firm can do again involves splitting itself in such a way that all the outpug
in a particular state is allocated to the group of securityholders that values

it most. Thus the optimal securities have the following payoffs and prices:
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Payoff
Claim Price

State 1 State 2

It will be worth issuing at least two securities whenever Cy + ey CVI(0), It
follows no securities at all will be issued to the right of the boundary with
the kink at (0.5 (V'(1) + V'(0)), 0.5 (V'(0) - Vi),

For ¢, below the kink and to the left of this boundary firms will find it
worthwhile to issue two securities as shown in Figure 2. 1In this region there
is full risk sharing but not full investment: all the firms that set up
allocate their output between their securityholders efficiently but not all
firms that could set up do so. As cy falls more firms set up. When ¢y, = 0
the point where all firms invest is reached when ¢y = V'(1). To the left of
this all firms still just issue two securities and there is both full risk
sharing and full investment. For small values of ¢, those firms which issue
two securities must do at least as well as those that issue one. For
sufficiently small values of ¢, firms are indifferent between issuing one and
two securities. But for large values it is not worthwhile issuing just one:
firms can do strictly better by issuing two. The points at which all firms
issue two securities but are indifferent between this and just issuing one
gives the boundary between the regions where two and three securities are
issued in total.

All firms find it optimal to Just issue one security above and to the

left of the kink at (0.5(V'(1) + V'(0))}, 0.5(V'(Q) = V'{1))). The houndaru
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between this and the region where three securities are issued in total occurs
at the points where all firms issue one security but are indifferent between
this and issuing two. Thus when ¢ = 0 and all firms issue at least one
security which is held equally by the two groups it occurs at the point where
ey = 0.5(V'(0.5) - V'(1.5)). In the case shown in Figure 2 V''' > 0 and this

15 below 0.5(V'(0) - V'(1)): otherwise it would not be. When ¢y is
sufficiently small all firms set up and the boundary is horizontal, However,

when ¢y > 0.5(V'(0.5) + U'(1.5)) this is not the cage and e boundary slopes

up as c4 increases and the amount of equity held in the one-security region
falls,

Figure 3 shows how the efficiency of investment and risk sharing are
affected by issuing costs. It can be seen that_provided the marginal cost of
issuing the first security is sufficiently low there is full investment
efficiency and provided the marginal cost of issuing the second security is
sufficiently low there is full risk sharing efficiency. When both are high
there is a compromise between the two. The only case where there is full
investment and full risk Sharing so the allocation is fully efficient is when
¢> = 0 and ¢y is sufficiently small,

In summary, this section has developed simple examples to illustrate the
optimal design of securities. It has been shown that debt and equity are not
the optimal securities even in cases where one group is risk neutral and one
is risk averse. Instead it is optimal to split the firm in a particularly
simple way. The firm should be marketed to the pair of groups of
securityholders which leads to the highest valuation of the firm. The output
in each state should be allocated to the group which values it most highly
with the other getting zero in that state. Only in states where both groups

value consumption equally is it optimal to have hobth comiiri tohm] damc oot
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positive payoffs. Although this has only been demonstrated in the context of
very simple examples it can be seen that it applies in much more complex
environments with many states, types of firm and types of consumer,

Of course in reality firms do issue debt and equity. However, as pointed

out in the introduction the model is meant to be an abstraction which gives
Insight: the result demonstrates that the basic principle of security design

s that the firm should be split in such a way that in any state all the

payorls are allocated o the greun that values |t mst, He have not taken

into account all the relevant institutional details. By extending the model
to allow for richer institutional and tax environments, more directly
descriptive results should be obtainable. For example, we have not
incorporated the tax deductibility of interest or possibilities for
intermediation. What we might actually expect to obtain in a model
incorporating these factors is firms issuing debt to get its tax advantages

and intermediaries repackaging it to get any risk sharing advantages.

6. The role of short-sale constraints

With issuing costs, financial structure must matter in order to provide
an incentive to firms to issue securities. This potentially creates arbitrage
possibilities which must be ruled out by some sort of frietion if existence of
equiiibrium is to be assured. In every case above it is assumed that short
Sales are so costly that they are not undertaken. In practice the costs of
undertaking short selling are large and the actual amount that is done by non-
members of exchanges is small (see, €.g., Pollack (1986)). The purpose of
this section is to consider the case where there are costs but these are not

sufficient to rule out all short sales.

[ o N _ - o
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to construct a perfectly hedged portfolio and earn a profit equal to ¢,y for
each firm that is short sold. By taking a sufficiently large position it will
always be possible to more than cover ¢y. Hence some marginal cost of short

selling is necessary if an equilibrium is to exist with short sales. 4
constant marginal cost is not sufficient since this either rules out short
sales completely if it is greater than ¢, per firm or fails to prevent the

nonexistence problem if it is less than this, Hence the case of interest is

where there is a nonlinear cost of short selling.

There are two obvious possibilities: either the costs depend on the
number of shares short sold or the value of shares short sold. Given the
arbitrariness of assuming any number of shares in a firm it is perhaps easierr
to adopt the latter approach here. In particular it is assumed that the costs
of short selling, ¢, are an increasing convex function of the total value of
securities, Z, that is short sold. For the purposes of illustration it is

convenient to assume:

In the equilibrium of Example 1(a) above the short sale constraints bind
on both the risk neutral and the risk averse group. The risk neutral group
would of course like to short sell the r! security with payoffs (1, 0) since
its price is greater than its expected return. However, the risk averse group
would also like to short sell the re security with payoffs (0, 2). This is
because by combining this with a long position in the one-security firm's
equity they can effectively create the rl security at a price equal to its
expected return. Thus what happens when there are nonlinear costs and only
limited short selling is possible is that the n's expand the supply of the pl

security and the a's expand the supply of the re Security.
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Consider what happens at the eritical value co* = 0.114 where introducing
a two-security firm at prices v' = 1.000 and v2 = 0.614 becomes worthwhile.
As soon as some firm issues r' and r2 the two groups will short sell them

thereby expanding the supplies of both. The price of r! in particular must
then fall to equate demand and Supply. But at a lower price it is not

Wworthwhile any firm issuing two securities. Hence no equilibrium exists

similarly to the case with unlimited short sales. In order for an equilibrium

to exist, C, must be sufficiently small that at the price where demand equals
supply for r! it is nevertheless worthwhile for a firm to issue two
securities. For all values of ¢, below the critical level c2** = 0.076 where
this becomes feasible, an equilibrium exists. At this point the n's short |
sell an amount 0.115 of r! and the a's short sell an amount 0.038 of r<.
However, between c2* and c2** no equilibrium exists as shown in Figure 4 which
summarizes when an equilibrium exists and when it does not,

The possibility for short selling effectively introduces another way for
Securities to be issued. Since in the example the costs of shortselling are
quadratic it is always worthwhile for individuals to issue a limited amount of
securities because for small amounts they have a cost advantage over firms in
expanding the supply of the security. At least for low values of ¢, this
expanded low cost supply of the security leads to a better allocation of risk
than would occur without short selling. The problem is that for intermediate

values of C,, the competition between firms and individuals can lead to the

nonexistence of equilibrium.

7. Concluding remarks

This paper develops a framework for considering the question of optimal
security design. Since this is only of interest when markets are incomplete,

a model is used where the absence of full risk sharing possihilities ia Aue +a
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the existence of transaction costs for issuing securities., In constructing
any model of this type two questions must be addressed. The first concerns
the form of friction that must be introduced S0 that equilibrium can exist.
The second involves the way in which the markets for unissued securities are
represented. The approaches taken above of introducing costs of short sales

and assuming that both firms and consumers know the prices of unissued

securities are not the only alternatives for resolving these. Their main

advantage is that they provide a simple and tractable benchmark. Within this
framework many issues remain to he addressed. Among other things, an
important question which we hope to pursue in future research concerns the
optimal design of securities in multiperiod models. 1In addition to
implications for eapital structure, such analyses should also have
implications for dividend policy. The role of the assumptions concerning
short sales and unissued securities also points to the importance of research
aimed at providing a more detailed understanding of the microstructure of

markets,

[
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Appendix

1. Formal definition of the model

There are two dates t = 0, 1 and a finite set of states of nature s < S,

All agents have the same information structure: there is no information at the
first date and the true state is revealed at the second. At each date there
is a single consumption good. Since commodities are distinguished by the date

and state in which they are delivered the commodity space is R!S|+1. There is

) finité sab of Eypes of consumer i « I'and 3 finite set of types of

producer J « J. To justify the assumption of perfect competition, we assume

there is a continuum of agents of each type. For each i & I let m.

i > O denote

the measure of consumers of type i; for each j & J let mJ > 0 denote the

measure of producers of type j.

Producers
A type of producer is defined by a production plan, a security set and a

cost function. The production plan of type j € J is denoted by Y, : S + R

+ !

J

where Yj(s) denotes the output of the consumption good in state s at date 1
for every s « S. The security set of type j « J is denoted by Ej' Ej is
simply an index set. The properties of the different securities are described
by two dividend functions (r1, r2) defined on the global security

set E = UJGJ EJ' Any production plan can have at most two types of claims
issﬁed against it. For any e < E these two claims are indexed by k = 1, 2.
Thus rk(e) denotes the vector of dividends corresponding to the k-th claim of

type e. Securities are assumed to satisfy the following conditions.
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(A.1) (a) EJ s a compact metric space for every j & J.
{(b) For all j & J there exists e s EJ such that r1(e) = r2(e) = 0.

(¢) For all j & J there exists e  E. such that r1(e)

i
-
Coe
25}
=
a.

J
rz(e) = 0,

(d) For all j e J and all ¢ Ej’ r1(e) + rz(e) - YJ unless r1(e) 2

r’(e) = 0,
(4.2) rk : E » lel is a continuous funetion,

Since E is an index set, assumptions (A.1a) and (A.2) are technical
conveniences. (A.1b) represents the possibility of issuing no securities,
i.e. the producer decides not to set up a firm. (A.1c) says that it is
pessible to issﬁe a single security (equity). (A.1d) says that except in the
case where no securities are issued, the claims must exhaust the total product
of the firm.

The cost function of producers of type j € J is denoted by CJ : E‘J + R+.
CJ(e) 1s the cost in units of output at date 0, of issuing securities of type
e e Ej' Without essential loss of generality we may assume that these costs

include the cost of setting up the firm in the first place. It is natural to

assume that

(4.3) (a) CJ(e) =0ifeasa E.‘J and r1(e) = rg(e) = 0;

{(b) C, : E, » R+ is continuocus.

J

Every producer is assumed to maximize his profit, taking as given the market
value of the different kinds of firms he can set up. Let V(e) denote the
value of a firm of type e « E measured in units of consumption goods at date
0. Then a producer of type j e J chooses e « Ej to maximize V(e) - CJ(e).

Not all producers of the same Lype Will choose the same set of securities.
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The equilibrium choices of the j-th type are represented by a measure v,

defined on EJ. A measure like vy is called a distribution; for any measurable
set Hc Ej’ vJ(H) is the measure of producers of type J who choose securities

of type e « H., 4 distribution vy is admissible iff v (E.) = nJ, i.e., if all

37

producers of type j are accounted for. NJ denotes the set of admissible
distributions of producers of type j « J, Then for each J « J we can define

the optimal security correspondence wJ by putting

v, (V) = arg max [, (V-C
vel Ej J

J

] ) dv

for any value function V.

Consumers

Every consumer is characterized by a consumption set, a portfolio set, a
utility function and an endowment. A1l consumers have the same consumption
set 9 = R|f|+1 Wwith generic element x « Q. It is convenient to partition the

consumption set g = 90 x 01 and to partition consumption bundles

X = (xo, x1) < ﬂo X 91. (xO - R+ denotes consumption at date 0 and x1 e lel
denotes consumption at date 1.) The utility function of consumers of type
i « I is denoted by Ui : @ > R ; the endowment is denoted by w, « 2. It is
assumed initial endowments are such that x° > 0.

A portfolio is a signed, vector-valued measure o = (31, a2) defined on

E. For any measurable set H ¢ E and any k = 1, 2 uk(H) is the number of units

of the k-th claim of type e « E held in the portfelio. No short sales are
2

allowed so0 a has values in R+. All consumers have the same set of admissible

portfolios denoted by A.
A consumer of type i & I is characterized by the array (a, A, Ui’ wi).

We assume each type satisfies the following properties.
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(4.4) (a) Ui : 8 > R is strictly quasi-concave and strictly increasing for
every i ¢ I:
(b) U; is ¢! on the interior of @ and continuous at the boundary, for

every 1 « I,

Assumption 4 allows us to define a function P, ¢ int ¢ » R'SI for each i & I
by putting

1
an/ax

p.(x) = 0

! 3V, /ax
1
for every x « int Q. Since U; is strictly increasing pi(x) » 0 for every
% « int Q.
A security price function is a function v = (v1, v2) defined on E to
Ra. For any e « E and k - 1, 2, vk(e) is the price measured in units of
consumption at date 0, of the k-th claim of type e. We restrict attention to
continuous price functions. For any admissible portfolio a « A the value of
the portfolio is defined by o * v where
2
k .k
a*va= 7§ IE v odao .
k=1
Similarly, the total income at date 1 from a portfolio a « 4 is denoted by

a * r where r = (r1, r2) and

In this notation we can write the budget constraints for a consumer of type

i &I as follows:
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0 0
X =W, ~-a*y
i
x1 = w? +a *p
1

(The budget constraints are equations because U; is strictly increasing.)
Using these equations we can write the consumption bundle x as a funetion of o

and v. So we write x = §;(a, v) for every i « I, Then define the budget set

for type i « I to be

B (V) = {aad | gi(a, v) « 0}

for every price function v. The optimal pertfolio correspondence is defined
by putting
¢i(v) = arg max Ui(ai(a, v))

a @ Bi(V)

for any price function v,

Equilibrium

We define our concept of equilibrium in two stages. First we outline a
Walrasian type of concept; then we add an extra condition suggested by Hart
(1979). In Walrasian equilibrium all agents maximize utility taking prices as
given and all markets clear at the prevailing prices. An equilibrium must
specify a portfolio a; for each type of consumer i « I, a distribution vy for

each type of producer j « J and a continuous price function v : E » R2 We

2
73

define a Walrasian equilibrium to be an array <{a,). I’ (v

ilie <J’ v> satisfying

the following properties:

{E.1) a, « ¢i(v) for every i e I;
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(E.2) | v € lbj(v1 + v°) for every j & J;
(E.3) ma, = v,
iZI 11 jZJ J

(E.1) and (E.2) require utility maximisation on the part of consumers and
producers respectively; (E.3) requires market clearing,

In a large economy the securities issued by any producer are negligible
relative to the size of the economy as a whole. Without loss of generality we

“an assume what if a new security is isgued it will be widely held and each

consumer will hold a negligible amount of it. In that case a security is
valued according to the marginal rates of substitution of those who hold it

The rational conjecture condition can be written as follows:

(E.4) vk(e) = max {pi(gi(ai, v)) . rk(e)} for every e e E and j = 1, 2.

An equilibrium is defined to be a Walrasian equilibrium that satisfies (E.Y4).
Condition (E.4) does not affect the equilibrium allocation in any
substantive way. (E.4) is automatically satisfied in Walrasian equilibrium
for every security that is actually issued. If (E.4) is not satisfied in some
Walrasian equilibrium one can satisfy it simply by reducing the value of vk(e)

appropriately without making any other change in the Walrasian equilibrium.

Efficiencx

The appropriate concept of efficiency is constrained efficiency. We ask
whether a central planner can make everyone better off using only the markets
and technologies available to private individuals. (Under our assumptions
there is no difference between making everyone better off and making some
people better off and no one worse off.) The allocation at date 1 is

determined by trades in securities at date 0. Therefore an equilibrium =
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constrained efficient iff it is impossible to make everyone better off by
means of transfers of goods and securities at date 0. Formally, an
equilibrium <(°i)i=I’ (vJ)JsJ’ V> is constrained efficient iff there does not

exist an obtainable allocation <{°i)i=I’ (“J)J=J> and transfers (rh)hiIUJ

satisfying these conditions:
(a) a; € 4, vj G Nj, v eRforeveryiel, jeJandheluJ.

(b) ma, I

and Z m T, + X n,t, =0 ;
ier !

J=&d J ieI 1 j&d 3

() [ (vl +v®-¢

Ydv
EJ J

1 - .
j < IEJ(V + vV - CJ)dvJ + TJ for every j & J ;

(d) Ui[gi(ci,-v)] < Ui[zi(;i, v) + (1, 0)] for every i < I.

[The fact that we use the equilibrium price function v in the definition of
constrained efficiency is immaterial. It simply allows us to use the notation

introduced earlier.]

2. Proof of Theorems 1 and 2

THEOREM 1: Every equilibrium is constrained efficient.

Proof: Suppose not. Then in the previous notation

0, - o .
Ei(ui, v) + a, *v o+ Ty > Wy (i «1)
and

(*) J'EJ[v1 + Ve CJ + X ]dv > f Ve - cj]d\,J {(j «d)

Adding up we get

z ml{go(; , V) + ul * v o4 Tl} > 2 W, m
iel il

S0 attainability implies 5 T o dv. € 0. From the eauilihm im mmmdi b e o
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know that

1 2 " 1 2
IEJ[V +v° - Cj]dvj < IEJ[V + VvV - Cj]dv

so for some j « J, (*) is violated. |

J

THEOREM 2: Under the maintained assumptions the equilibrium set is non-empty.

mmmem=uammm%mﬁmHmaw%mmm“m

same properties as EJ and such that E? - EJ as q + =, where convergence of Eg

is with respect to the Hausdorff metric. We prove existence for the economy

with EJ replaced by E? for all § « J and then the theorem follows by taking
limits.

Let EY = UJ:JEE and let (AY9) denote the set of non-negative measures on
E9 with the property that

(nl + 1)

k
@ [{E}) s min {mi}

for any e = EJ’ k=1,2,Jed, ae a9, Thus any portfolio a observed in
equilibrium must certainly belong to A9. For each i « I let

B?(v) = Bi(v) n (49) and define ¢?(v) by

¢g(v) = arg max Ui[gi(a, v))
ac8; (v)

for any e « Eq, k = 1, 2 and any consumption bundle 5.

By a standard fixed point argument there exists (zq, vy e
REq x qu x V9 such that 29 t9vd) and v3 * 24 > v9 % 29 gp zqk(e) >0
then vqk(e) = k but in that case uk(e) = 0 for any a < ¢g(vq) and any i € I, a

contradiction. Conversely, 29%(e) < 0 implies vqk(e) = 0 in which case
y

uk(e) = (nJ + 1)/min {mi} for some j where e e EJ and a = ¢?(vq). {Unless
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rk(e) = 0; in that case put zqk(e) = 0 w.l.0.g.) Again we have a
contradiction. So z9 = 0.

It is straightforward to check that conditions (a)-(c) of the definition
of equilibrium are satisfied (i.e., none of the artificial constraints are
binding). To ensure condition (d) simply replace vq(e) by

min{v(e), max p, (&, (., v}
ial

where a; « ¢?(vq). (Note that strict quasi-eoncavity of U; implies that

gi(ai, v3) is unique.) It is easy to check that this does not disturb the

other equilibrium conditions for any v: g% . Rf. Let

va - {v1Eq - Rf|v1(e) + v2(e) < k}
where k is very large. Then
¢?: vl a9

is u.h.c., non-empty and convex-valued. Similarly, define wq by putting

J
N? equal to the set of non-negative real valued measures on Eg such that
v.(Ed) = n, for all v, « N9 and then
3y =y 19N
g k
vI(v) = arg max }o[ (v - c)dv
J q k=1 g% J
vGNj J

for any v « va., Then the usual arguments show

9. 3 , wed
mj. v M(EJ)

is u.h.e., non-empty and convex-valued. Define a correspondence

9. va., REQ N HEQ



by

by

vy - q q
gi(v) = m.¢:(v) - vL{v)
121 1 jéJ J

for every v « V9 where &}(v) = {{v, v)|v e wj(v)}. Then zJ inherits the

properties of (wg) and (¢g). Choose k in the definition of V9 so that in any

attainable allocation, pi(xi) . rk(e) < k.

For each EY we have an equilibrium {(ag), (v3), v3} for the corresponding

J

economy. The measures (mg), (v?) can be extended to all of E in an obvious
way; so can vd and condition (d) tells us that this extension is continuous.
Since (a?) and (v?) are bounded there exist weakly convergent subsequences
which we can take to be the original sequence. Along this sequence

ai(ag, vq) is unique for each i and q so we can choose a further subsequence
along which Ei(aq, vl converges. {Obviously {zi(aq, vq)} is bounded.) Along
this sequence v9 converges to a continuous function v: E » Rf. We claim that
the limit point {(ai), (uJ), v} is the required equilibrium. By continuity
conditions (c) and (d) are satisfied. Suppese, contrary to what we want to
prove that (a) is not satisfied. Then there exists, for some i e I,

;i - Bi(v) which is preferred to a;. This is impossible unless ;i *v >0 so
without loss of generality we can assume that w? - ;i * v >0 by continuity.
Since a * r 2 0 for any a « Aq, for q sufficiently large we can find

;q - Bg(vq) arbitrarily close to ;i in the weak sense. (This requires the
facts that E is compact and vl .y uniformly on E.) But for q large enough

and a9 close enough to %5 ad must be preferred to ag, a contradiction, This

proves (a) and the proof of (b) is similar. |
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