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1. Introduction

The effects of changes in different types of tax rates on the economy,
especially on the personal and corporate savings rates, business investment, the
required rate of return on capital assets and the composition of investor port-
folios, are matters of obvious interest to both economists and policy makers.
Unfortunately, frequently under uncertainty these effects are quite different
from those obtained under certainty assumptions and as a result are often
counter-intuitive. Thus a reduction in personal or corporate taxes with a symme-
tric tax treatment of gains and losses would increase the after-tax cash flow of
return from stock for individual investors, but at the same time the variance of
the return and therefore the required rate of return would also increase, so that
the effects of tax change may be ambiguous. In recent studies, Friend and
Hasbrouck (1982) and Blume and Friend (1984) used a continuous time model of
utility maximization to acertain the effects of a constant percentage reduction
in personal and corporate taxes respectively on investment in risky and riskless
assets.

These earlier papers found that under plausible assumptions about the para-
meters of the model they used, the immediate effects of lower corporate tax rates
would be a reduction in the firm's before-tax cost of capital and an increase in
the after-corporate-tax return required by investors. In *the long run, the
reduction of corporate taxes would lead to an increase in the proportion of
wealth devoted to investment in risky assets. The reduction in personal tax
rates, however, would be associated with lower stock prices and an increase in
the before-corporate-tax cost of capital. These papers do not allow for the
existence of non-marketable human wealth nor for different personal tax rates
applicable to income from risky and riskfree assets, though they do allow for

different tax rates for different wealth or income levels. It is interesting to



see tc what extent the above-mentioned findings would hold when these more
realistic complications are introduced, and this constitutes the purpose of this
paper. In Section 2, the optimization model of demand for risky assets is
derived with the existence of n  risky assets, one riskfree asset, and human
wealth. Sections 3 and 4 analyze the effects of changes in corporate and per-
sonal tax rates respectively, Section 5 discusses a model with different
personal tax rates on incomes from risky and riskfree assets. Section 6 employs
some realistic data to illustrate the results of the extended models and their

implications.

2. The Market Price of Risk With Allowance for Human Wealth

Assume that there are three sectors in the economy: government, firms and
investors. The investors are characterized by multiperiod utility functions
which exhibit constant proportional risk aversion, though not necessarily with
the same risk aversion for each investor. The investors can invest their wealth
in n risky marketable assets and one riskfree asset. The risky assets have
before-corporate-tax rates of return Lysecas? which are governed by a Wiener

process
(1) dr, = Er.dt +o.y/dt ; y ~N(0,1) , 3 =1,eee,n .
J j 373 3

The riskfree rate is Fee The investor k also has non-marketable human wealth

, 1
Hk with rate of return Tkh

(2) dr = Er dt +g_y /At ; vy
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The random disturbances are correlated in the following way:

(3) Cov (yi,yj) = pij ; Cov (yj'ykh) = pj,kh



The government taxes the investors at personal tax rate tpk and taxes firms at
corporate tax rate 1 all the corporate taxes are borne by the investors.
Both the corporate and personal taxes are symmetric, i.e. the government would
give credits for losses. The personal tax rate is assumed to be determined only
by an investor's wealth or income.

Under the above assumptions, the kth investor's wealth dynamics at time t

can be written as

dwk,t+dt

Wkt{m-tk)[n-hk)(rfdt + § ujk[[mj(1-tc)-rf]at+(1-tc)ajyj/EE

+ hk(Erkhdt + Gkhykhfaz)]} '

(4)

where Wkt ig the kth investor's wealth level at time £, wkt > 0. ujk is
the proportion of the kth investor's total marketable assets invested in the
jth asset. hy 1is the proportion of the kth investor's total human wealth in
his total wealth.

Let u(Wkt) be the kth investor's utility function. Assume u'(Wkt) > 0,

“"(Wkt) < 0, and the Arrow-Pratt measure of relative risk aversion

ull(w )

kt

(5) C = - W (_._..____._'
X kt ‘u (Wkt)

is independent of time +., The investor is to maximize his expected utility in

the next period by choosing an optimal portfolio {a1k""’ank}'2 i.e,
Max Eu(wk,t+dt) .
o,
ik
The first-order conditions are
Eu (wk,t-i-dt)[(Eri“-tc) - rf)dt + (1-tc)ciyifd_t] = 0

(6)

i=1;-oo,n .



Expanding u'’ .,t+dt) in Taylor series about Wkt' we obtain

u'(wk’t+dt) = uw(w,) + u“(wkt]wkt[(1—tc)(1—tk)(1—hk) ) ajkojyj/EE
(7) ‘ ]
+ (1-tk)hk0khykhfaz] + o(/E?) .

Here we have used the wealth dynamics equation (4). Substituting (7) into (6),
taking expectations and eliminating terms of order higher than dt, we obtain the

following eguation:

u'(Wkt)[Eri(1—tc) -r %53

. 2
f] + W u (Wkt)(1—tk)[(1-tc) (1-h, ) § a
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The above equation can be simplified by using equation (5), the definition of the

coefficient of relative risk aversion. The result is

2
Er (1-t ) - r, = Ck(1—tk)[(1-hk)(1—tc)

£ o + hk(1-tc)o.

L %5%°% 13 1,kh]
(8) J

i - 1,...,1’! .

There are n equations in (8) to determine the optimal portfolio for investor

k. Rearranging (8), we have

E . o ) Eri(1 - tc) - rf i hkci,kh
D Tdki§ 2 (1 -t )1 -h) *
J Ck(1—tc) (1—tk)(1—hk) c k

Using the matrix form, the above equations can be rewritten as

Ia = ! [E)(1 - ) - ex ]

2
Ck(1-tc) (1-tk)(1-hk)

P

- G
(t - tc)(1 - hk) kh

or



a, = 1 77! [E(x)(1-t ) - er/]

2
C (1-tc) (-t )(1-h) )

(8")
hk

-1
- - — Z G .
(1 tc)(1 hk) kh

h =
where ak (a1k

,...,ank)', E = {Uij},r is the vector of asset returns
(r1,...,rn)', e 1is the vector of unity, and Gkh is the covariance vector

(Gl,kh'°"'0n,kh)' Since h, and Gy, are unique for each investor, each holds
a portfolio of marketable assets that solve his perscnal and possibly unique
portfolio problem. In other words, because of the nonmarketability of human
wealth, the separation theorem no longer holds. But we are not going to pursue
the portfolio problem for individual investors in this paper. Instead, since we
are interested in the aggregate characteristics of investors' behavior and the

market place, we shall aggregate equation (8) in the following two steps.

First, we aggregate (8} over all assets for investor k:

% gimEri(1 - tc) -t T

(9)

2
C - [ O (-t ) § E Iim®5x%15 * 70 g %in3 ,kh)

where is the proportion of asset 1 in all marketable risky assets. It is

Iim

obvious that

Er = , EBr, -
m g g}.m 1

L is the rate of return of the market portfolio. We have another two relations

to simplify expression (9):

DL 95,%4x%4 o Cov (xr ,r )
i3
(10} 2 s

akBkcm
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: in%i,xh Cov (r ,r,)
(11)

2 r
Bkhcm
where g

is the proportion of the kth

investor's risky marketable assets in
. 2 . ,
his total marketable assets. O is the variance of the market portfolic return.
Yok is the kth investor's rate of

return from his investment in the marketable
risky assets.

Now (9) can be written as

E(r 1 - t - r
( m” C) £
(12)

2
Ck(1—tk)[(1—hk)(1—tc) o Coviry ,x , ) + B (1=t )Cov(r_

)]
(12} reflects the kth

investor's demand for marketable risky assets. The
Ssecond step is aggregating (12) all over investors, from which we can obtain a

macrc relationship of demand for risky assets.

If

Y is the proportion of the kth

investor's total assets in the total
assets of the economy, then we have

) —-15—--*[ ]
E(r )(1 - t ) - T =
k Ck(1 - tk) m c £

(13)

2
(1=t ) E (I-hk)akYkCov(rm,rmk) + (-t ) E thkCov(rm,rkh) .

In order to simplify (13), we assume3

(14} 1/C‘k = (1/C) + Eck '
where ¢

X is a disturbance with zeroc mean and is independent of
c

tk and
C

is the harmonic mean of all individuals' relative risk aversion.

Yk

Under this
assumption, the left-hand-side of (13) can be written as

oy B0 - ) - x]



where 1-tp is the weighted harmonic mean of 1-%,. On the right hand side of

eguation (13), we notice that4

(15) Y o1 - h, )a Y Cov(r ,r

) = (1 - has? .
k m

mk

@ is the ratioc of total risky marketable assets to the total marketable assets,
h is the proportion of total human wealth in the economy. The second term on

the right hand side of (13) is simply

2
y o= (1 - tc)hshmc '

m

(1 - tc)h Cov(rm,rh

where ry is the arithmetic weighted average rate of return on human wealth.
Using these relationships, {(13) can be simplified as
E{r J(1 -t} - ¢
m c £

(16) = [(1-m@ - t)Ha +m8 Jc .
o2(1 -t )1 - ) c hm
m c )

{16) is a macro-level equilibrium relationship between the market price of risk
and the demand for risky assets., This equation shows that although individual
investors hold different portfolios from each other as a result of the existence
of human wealth, the equilibrium market price of risk is independent of indivi-
duals®' unigue characteristics. (16} is the basic egquation to be used to analyze
the effects of reduction of taxes on investment decisions in the following sec-
tions. We can see clearly from (16) that the market price of risk would increase
if the correlation between the rate of return on human wealth and the rate of

return on the market portfolio increases.

3. The Effect of Corporate Tax Reduction
In order to study the tax effects, we shall make some further simplifying

assumptions about *the firm (corporate) sector. We assume that corporations are



fully equity financed and their liabilities constitute the only risky assets in
the economy. Firms in turn own productive machines which produce single consump-
tion goods. We also assume that the machines have no further productive capabi-
lity and are therefore valueless after a fixed amount of time, but up to that
point their productivity remains unchanged, Thus the scale of firms can be
adjusted over time either upward or downward., Let Vﬁ be the total market value
of existing marketable risky assets, Ve the total value of existing riskless
assets, and H the total wvalue of human wealth. In the above model, vV, 1is
interpreted as the total market value of corporate capital. Suppose in the
period considered the firms' physical capital is fixed, but some exogenous
changes such as tax reform can alter the valuation of the existing capital in the
short run. In the long run, the value of all productive machines will be their
replacement value, but the in the short run there is no guarantee that the market
value of these machines will be the same as their replacement value.

To see the impact of change in corporate taxes in the short run, we rewrite
(16) as

rfvm . 02(1 e c[“ - tc) + HBhR
1 - tc R P

(17) E(R) = V + V. + H
m f

where R is the total output of existing capital with mean and variance E(R)

and 0;. Clearly.

B(R)} = E(rm)Vm
2 2 2
= 0
oR mvﬁ
BhR is the beta coefficient of total output and the rate of return on human
wealth
: ) Cov(R,rh) ) ma
hr 2 v *
o m

R



In the short run, we can assume that exogenous changes will not alter the distri-
bution of R. To see the effect of a corporate tax rate change, we implicilty

differentiate Vo in expression (17) with respect to t_, keeping E(R),

2
U -
R and BhR constant. We then have
r V 02(1 t )C
fm _ R P
3V (1-t)2 Vm+vf+H
n_ c
{18) 3t 2 )
c e cos(1 - tp)[(1 -t )+ B, ]
1 -t (v + V_ + H)2
m f

Let am = Vm/(vm+vf+H), i.e. am is the proportion of the sum of firms' equities

in the total wealth of the economy. We have

Y

f 2
v T o " Cnm(1 - tp)(1 - tc)um v
m C m
(19) Y = - . .
E)t.c re 9 2 Hma 1 -t
TR T Tl - ) - el AT

{19) represents the effect of a corporate tax change on the valuation of existing
capital. If va/atC is positive, then the reduction in corporate taxes would
reduce the value of the existing capital, so that the investment would shift away
from risky assets, If va/Btc is negative, the impact would he reversed.

Two sets of sufficient conditions for va/atc to be neqgative are as fol-

lows:
Tg 2
I. (20a) > 07 C(1 - £ }¥1 -t )a
1 - tC m P c m
and
Hahm
(20b) § = Gm[1 + irjq":—z—ji < 1

m [

or
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f
II. (21a) < 02 Cl1 - £ )1 - £ )a
1T - tc m P c'm
and
Hma
(21b} 8 = G.m[1 +—V—-—-(-7|“_—t)] > 1 .
m c

(20a) says that the numerator on the right hand side of {19) is positive. (20b)
indicates that the denominator on the right hand side is also positive, The
other set of conditions can be explained in a similar way. In the absence of

human wealth, um =0,h = 0. ({19) becomes

2
- CUm(1 - tp)(? - tc)a

r
orl'
H
-
I
+

2 2
. - CUm(1 - tp)(1 - tc)u

This expression is identical with equation (6) in Blume and Friend (1984).
Recall that a = Vm/(Vh+Vf), 80 am = (1-h)a. Incorporating human wealth into
the model will not change the direction of the inequality (20a) or (21a).5 But
(20b) could be violated if the covariance between the rate of return of human
wealth and the rate of return of the market portfolio is positive and relatively
large. We will discuss this problem further using some plausible data in Section
6.
The investors' required rate of return after corporate taxes is

(1-tc)E(rm). In our model, we assume that E(R) is constant in the short run.
Hence the effect of tax rate change on the regquired rate of return can be shown

as follows:

1 - ¢ 4av
2 E(R) _ c m
(22) g [0-v ) 2 = E(x ) [- —5— % -
c m m C

(rert1-£)) - co (1=t ) (1t Do

= EB(r)
m

2
m
2 -

(r701-£)) - colti-t )1t )a < 8



The sign of a change in the required rate of return after corporate taxes when
that tax rate increases is the same as the sign of the product of

r

{6 - 1) and [':'-'-'—"-t'——
- (o4

- cci(1_tp)(1-tc)am « 8] .
If the first set of sufficient conditions (20a) and {20b)} is satisfied, then (22)
is negatlive, This means that a reduction in the corporate tax rate would
increase the after-tax required rate of return.

In the long run, the amount of physical capital can no longer be assumed
constant. The value of the capital should be egqual to its replacement cost. To
determine the efect of tax rate change in the leong run, we assume that E(rm),

2 .
cm, and ma (but obviously not o) are constant. From (16), we have

r
f 2
(23) E(rm) = 1—Tt—c + GmC(T—tP)[(‘I—h)(T-tC}G + hma] -

Implicitly differentiating {(23) with respect to t we obtain

cl

Qs

2
o (rere1-t ) - o ClT=t ) (1=t o

(24) " = - .
£ g2c(1 = £ (1 = £ }{1 - h)
m P c

r

Expression {24) shows that if (20a) is satisfied, then da/dtc will be negative.
This means that a reduction in the corporate tax rate would increase the propor-
tion of investment in marketable risky assets. It is interesting to notice that
in the long run, the existence of human wealth does not change the impact on the

investment decision caused by tax reduction, whereas it may in the short run.6

4. The Effect of Change in Personal Income Tax Rates
Using the same methodology as in the last section, we can discuss the impact
of changes in personal income tax rates. The immediate effect is the change in

the market value of existing capital:
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C(1 - + )02[1 +ﬁ_} v
oV ¢’ m Vil -+ m
(25) B_m — m i .
tp re HB

]

2 2
-0c‘c -+ - o
(1 )1 t o [1 T )

1 -t
c

Therefore, if inequalities {20a) and (20b) hold, (25) is positive. This means
that a higher personal income tax rate would be assoclated with a rise in stock
prices assuming the symmetry of tax effects, Setting H = 0 in (25), we get an
expression reflecting the =2ffect of the change in income tax rates when only non-

human wealth (and the associated income) is taken :nto consideration:

(1 - + Jolcy
(= m m

{26) avm/at 3 > '
(rf/(T—tc)] U RIS R R L
which is identical to equation (8) in Friend-Hasbrouck {1982).

The long-run effect can be expressed in the following eguation:

{1 = h){1 - + Yx + hB
fo! hm
(t - h)(1 —tp)(1 -tc)

7 dn /At
(27) AR

{27) is always positiwve if ma is positive or zero.

5. Model with Different Personal Income Tax Rates and Human Wealth

In order to make the model more realistic, we now introduce personal income
tax rates which differ as between risky marketable assets as a whole and all
other assets, reflecting the different tax rates and incidence of capital gains
and ordinary income. Assume for investor Xk the tax rate on the returns from
marketable risky assets is tsk and the tax r: < on the returns from riskfree
assets and human wealth is tfk' Both tax rates are assumed to be symmetric.
Under the same set of assumptions as in Section 2, the wealth dynamics can be

written as follows
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My e = el LD oy (B gae v oy /@) - w00 - )
i
(28) + (1 - % LIS te))
+ h, (Br,, at + okhykh/dt)u - tfk)} .

The investor maximizes his next period expected utility of wealth by choosing

optimal coefficients of his investment portfolio ujk' j =1,40.y,n. The first-

order conditios for the maximization are

Eri(1 - tc)(1 - ts ] - rf(1 - t_ )

k tk

(29)
= ¢ (-t ) 0-t H -h ) (-t Y- ) g @055 * hk(‘l-tfk)ci'kh]

i = 1,.--'n »

{29) can be aggregated over all risky marketable assets, which leads %o the fol-

lowing equation:

)

Erm(1—tc)(1-—tSk

) - rf(1—tfk
(30) = Ck(1—tc)(1-tsk)[(1—hk)(1—tc)(1—tsk)akCov(rm,rmk)

+ hk(1-;fk)c°v(rm,rkh)] .

The second step is to aggregate over all investors. Rewriting (30}, multiplying
both sides by Y which is the proportion of wealth of investor k to the total
wealth of the economy, and then making the summation over %k, we obtain an aggre-

gate equation which relates investors' demand for risky assets +to various

economic determinants:

Er E Yk z
- (1 - Ya, Covi(r ,r )
1 - tc X Ck(1 - tsk) k hk k m k
(31)
r {1 - +£_ )Y 1 -
£ fk' 'k 1 fk
_ : T+t ) m— v, h Covir ,r i) .
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The left-hand side of equation (31) can be easily simplified by using eguations
(t4) and (15). The result is

Er
mn

(32) -
c(1 - tc)(1 - ts)

(1 - h)ac2 ;
m

where (1-ts) is the harmonic mean of (T-tsk). All other notations in (32) are
the same as in Section 2. The simplification of +the right~hand side of (31)
causes some difficulties. We assume that the following expression can be taken

as the first approximation of the right-hand side of equation {31);:

rf(1-t) 1 -t

£ + £
c(1 - t )2(1 - )2 {1 - ts)(1 - tc)
c s

(33) )

h Cov(rm,rh
where £y is the arithmetic mean of tfk' The purpose of making this strong
assumption is to obtain a simple form of aggregate relationship for facilitating
*he following analysis. We will discuss this approximation problem in some
detail in Appendix 2.

Substituting (32) and (33) into (31) and collecting terms, we get the fol-
lowing macro relationship between the demand for risky assets and the market
price of risk and the different tax rates:

E - - - - -
r {1 tc)(1 ts) rf(1 tf) {1 tf)hma

m
(34) = a{1 - h) + -
C02(1—t)2(1-—t)2 {1 —ts)‘1_tc)
m C s

In the subseguent analysis, we will make the same assumptions as in Sections 3

and 4., In particular, we assume that in the shert run the probability distribu-

2

tion of the total market return R does not change. Since R = VI g = vﬁdi

and BhR = ma/Vh, we can rewrite (34) in terms of the parameters of the distri-

bution of R. This leads to equation (35):

(35) N erh(1 - tf) . ccz (1 - tc)(1 - ts) + {1 - tf)HBhR

(1 - tc)(1 - ts) R vm + Vf + H
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the market value of existing risky marketable assets will

When tax rates change,
T+ can be readily shown by

change while 1leaving ER, G§ and BhR constant.,
implicit differentiation that
r.(1 - t.)
f f 2
- g - -

3V RN TEE S it S S LR ™ v
(36) _m c s . m .

atc rf(1—tf) 5 H 5 1—tc

(Tt (1t - copl (-t 1-2 ) A (-8 o

are in symmetric positions. So, by inter-

Notice in (35) that tc and tS

changing t, and ty in equation (36), we get

r (1 - t))
£ f 2
v G-t -t - Pl IO - R, v
(37) mo_ c s . m
3t r . {(1-t_) 1-t *
s t £ 2 H 2 s
ATy - Fal (-0t + G- (-t o
c 5 m
Finally, the effect of the change in the personal income tax rate on the returns

from riskfree assets and human wealth can be written as

TV 2
3V (* - £ ){(1 -t} + CUmHmaam
(38) m - [o] s .
8t re(1-tg) 2 H 2
(-t (1-t) colre e ) + v (1-e )8, o

6. Numerical Illustrations
we use some realistic data to illustrate the results we

In this section,
The focus

obtained in the previous sections on the effects of tax rate changes.

is on the short-run effect, i.e. the change in the current market value of capi-

tal with respect to the changes in tax rates.

First, let us examine the model in Sections 3 and 4 which does not distin-
quish between the different personal tax rates on risky and riskfree incomes.
the (harmonic) average personal

Assume the average corporate tax rate tc = .45,
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income tax rate * = .25, and -ne standard deviation of market return Um = .15
-- all rough esti. ites but at least reasonable orders of magnitude, Let the
ratio of marketable risky assets to total marketable assets o = Vm/(vm+Vf) =

+85. All of these numbers seem to be reasonable approximations of reality. We

know that
vﬁ
a = . = -
m V + V. + H (1 h)
m f
and
oMo oa0-m
h ~ h h *

S0 given the riskfree rate, the coefficient of relative risgk aversion of inves-
tors, the ratio of human wealth to the total wealth in the eceonomy and the beta
coefficient of the return on human wealth on the market return, we can estimate
all the derivatives which reflect the effects of tax rate changes on the invest-
ment decisions. The calculation shows that if the investors' (harmonic) average
relative risk aversion C = 6 with human wealth (see Friend and Blume (1975) and
Friend and Hasbrouck (1981)), then for re > .M, 0« ma < .5, both conditions
{20a) and (20b) are satisfied.7 Hence, for a fairly wide range of plausible
data, 3vm/3tc is negative, while BVm/Btp is positive.
Defining the corporate tax rate elasticity of the value of capital as

BVh

t
[o;

e =
tc

E<‘.|er
Q2

and the personal income tax rate elasticity as

Q2

v
e =

tp

5<LUH
[+%)
5

t
P
Table 1 shows that the absolute wvalues of . and etp increase with ma.

For a given riskfree rate, this means that the higher the covariance between the
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returns on human wealth and on the market, the more sensitive the market value of
capital with respect to the tax rate changes. From Table 1, it seems that intro-
ducing human wealth into the model does not change the sign of the elasticities.
It is interesting to note that for a given set of parameters the sensitivity of
corporate tax rate change increases with the riskfree rate while the sensitivity
of personal tax rate change decreases with the riskfree rate.

In the model with different personal tax rates on incomes from risky and
rigkfree assets, we assume that the personal tax rate on the income from stocks
is b, = .20 and the personal tax rate on riskfree assets is t; = .30.8 By

equations (36)-(38), we can calculate the elasticities of the market value of

capital with respect to ¢t t and tg. The results are shown in Table 2. We

c! s
can see that €pe and e, have the same sign which is negative if r, 1is
greater than .0105. For the given set of parameters, Cyf is always positive.
Thus, under the parameters assumed, capital gain taxation or the lower taxation
associated with risky assets has a qualitatively different effect on the prices
of stocks (and other risky assets) than the taxation of income from riskfree
asset and from human wealth.

A notable feature of the above numerical illustration is that the changes in
corporate and personal income tax rates have opposite effects on the market value
of capital. The reason for that is basically the asymmetry of institutional tax
structure:; i.e., the corporate income tax is only imposed on income from risky
marketahle assets, while the personal income tax is imposed on both risky and
riskless income.

To get further insight into the different effects of corporate and personal

taxes, let us look at equation {(17) again

r. Vv (1 -t )} + HB
_ fm 2 ~ c hRj
(17) E(R) = 75—+ 00 (1 tp)[

c

3
Vm + Vf + H
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This is in fact a market equilibrium equation. E(R) is the expected total
return from the capital capacity of all firms, which is assumed not to be changed
in the short run, The right hand side is the required total return (before
taxes) from risky marketable assets. The required total return consists of two
parts: the certainty return Rc' which is the first item on the right hand side
of (17}, and the aggregate risk premium 7T, which is the second item in that
equation.

When t, increases, the required certainty return R, will increase and
the risk premium 7 will decrease. For the set of parameters we used, particu-
larly assuming re is reasonably large, the change in Rc is dominant. Since
E(R) 1is constant in the short run, the increase of required return caused by the
increase in the corporate tax rate forces the market value of capital to fall in
order to restore the market equilibrium.

When tp increases, however, the only direct impact is that T will
decrease. Under the assumption that the effect of change in certainty return is
dominant, the market value vh has to increase to restore the equilibrium.,

From equation (17), we can see clearly that the corporate income tax and
personal income tax have different impacts on the aggregate risk premium as well

as on the certainty return required by investors. It is worth pointing out that

although the magnitudes of both elasticities ey and e, are increasing in

c P
ma as shown in Table 1, the elasticity of the personal tax rate e, is more
P
sensitive to ma than is ey . This can be accounted for by the different
C

impacts of t. and tp on the contribution of human wealth to the aggregate

risk premium in equation (17).

7. Summary

In this paper, we have discussed the short-run effects of the different tax



- 19 -

rate changes on the market value of risk capital dnd the rate of return required
by investors, and the long-run effect on the ratio of risky to total marketable
assets, with the model allowing for the existence of human wealth. If tax
changes decrease the corporate tax rate or the tax rate on the returns from
stocks and correspondingly increase the personal tax rate on returns from risk-
free assets and human wealth, then for plausible values of the relevant para-
meters, this model implies that stock prices would go up in the short run, while
in the long run the proportion of wealth of rhe economy invested in risky assets
such as equities would also go up. But it should be pointed out that if in the
long run the proportion of wealth devoted to risky assets does Iincrease, it does
not necessarily quarantee the increase of the total amount of investment in risky
assets. The total amount of investment in risky assets depends not only on the
proportion of wealth invested in such assets but also on the total savings avail-
able for investment which is subject to change if tax changes are implemented.
However, there is substantial evidence that private savings are not very sensi-
tive +o changes in the after-tax rate of return (see Friend and Hasbrouck
(1983)).

Whether allowance is or is not made for human wealth in our model within a
reasonable range of real riskfree interest rates, an increase in corporate tax
rates is associated with a decrease in the market wvalue of risky assets (at least
in the short run), whereas an increase in personal tax rates which are not depen-
dent on the type of asset is associated with an increase in the market value of
risky assets (Table 1). The larger the riskfree rate, the greater the corporate
tax effect and the weaker the personal tax effect (again within a reasonable
range of interest rates). When human wealth is provided for in the model, the
larger the covariance between income from human and non-human wealth, the greater

the effect of tax changes, again negative for corporate tax increases and posi-
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tive for personal tax chanqes.9

Once more, when plausible income tax rates which are different for risky
marketable assets than for other assets are introduced, increased corporate tax
rates generally retain the same negative effect on the market value of risky
assets, while increased personal tax rates on income from riskfree assets and
human wealth continue to have a positive effect on market value, which is now
higher than under a uniform schedule of personal income taxes for risky market-
able and other assets (Table 2). Personal tax changes for income from risky
marketable assets have effects which are intermediate between those for corporate
taxes and for taxes on income from other personal assets. As noted earlier,
however, an increase in personal tax rates on risky marketable assets will
generally decrease the market value of such assets.

Obvicusly, these results depend on the assumptions made in the model
including the invariance of the before-tax real riskfree interest rate to per -
sonal as well as to corporate income taxes and the validity of the range of
values estimated or assumed for such parameters as the actual value of the risk-
free rate, the effective tax rates on the three major categories of assets, the
ratio of human wealth to total wealth including marketable assets, the covariance
of income from human wealth and from marketable assets, the initial ratio of
risky marketable assets to total marketable assets, and the measure of relative
risk aversion for the market as a whole. The short-run results also depend on
the assumption that the supply of physical plant and capacity output cannot be
changed in a short period of time, whereas the long-run analysis does permit such
changes but does not explicitly introduce the supply conditions. As a result,
the short-run results are more satisfactory than the long-run results.

In spite of these serious deficiencies, some of which we hope to remedy in

subsequent work, we believe the results are adequate to indicate some of the
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major factors on which the effect of taxation on the value of risky assets and on
the cost of risk capital depends, though with the problem of the determination of

the riskfree rate, the results may be more germane to the relative than to the

absolute value and cost of risk capital,
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APPENDIX 1

Assume that there are n risky marketable assets and one riskfree asset in
the economy. The rates of return of risky marketable assets can be described by

a vector
E = (r1 Fese g rn) .

The riskfree rate is re. Investors can invest in these n+1 marketable assets,
and they also hawve human wealth H with rate of return Thk e where k =
1/e2¢,N; N 1is the number of investors. For simplicity in the following discus-
sion, we omit the subscript k, The marketable and non-marketable risky asset

returns are governed by Wiener processes

dE = EEdt + EQE and drh = Erh + Ghdzh R
= . ' = ‘e ! .
where Er (Er1 ; ses g Ern) and o0dz (01dz1 ' ’ Gndzn)
Suppose
9dz * 9dz’ = ] dv and 0dz * o dz = Gat
where | = {Gij} is a nxn covariance matrix of returns on risky marketable

assets and G ) is the covariance vector of the returns on risky

Sh = neeee Oy
marketable assets and human wealth.
The representative investor's objective is to maximize the lifetime expected
utility
T
(a1) Max E [ u[c(t),t)at
0

subject to the wealth dynamic constraint
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aw = W(1-tp){(1—h)[rfdt +a'(Ex(1-t ) - er )at

(A2)

+ (1-t_)u'ddz + h(Er, +0,dz ]} - clviae

where C(t) is the investor's consumption rate in time ¢, a is the coefficient
vector of investor's portfolios, and e 1is a vector of unity. Notice in (A1)
that we have assumed a nonbequest condition,

By stochastic dynamic programming, we can obtain the following Hamilbton-

Jacobi-Bellman equation:
(A3) max [u(c(e),£) + (d7aw)E3(W(t),t)}] = o .

where J(W(t),t) = Max E_ fz u(C(t),t)dt. Applying Ito's lemma, we have

2
- 3T 0J 1 3°g 2
(A4} aJ = T dt + W dw + /2;;‘2- (dw) .

Hence

asae er{w(t),t) =

3T 3T

et A {{W(1-tp)(1-h)[rf + E'(Erﬁ-tc) - _erf)] + hEr } - c(v)}

2 323
w2

2 2 2, 2 2
(1—tp) [(1-tc) (1~h)"a ) a +h oy

1 - o '
+ VW + 200 )(1-R)hetG | .
Substituting (AS5) into (A3), we can get the first-order conditions:

(26) du/c - 3J/OW = O .

This is #the intertemporal envelope condition by which the investor decides the

optimal consumption. The optimal portfolio condition is
3T
W (1-tp)[(1-h)(E£(1-tc) - er.)
2 32J

2 2 2
+ W ;;2_(1-1:9) [(1—tc) (1-h)“} a + {1-h)(1—tp)h§h] =0 .
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The above expression can be rewritten as

E£(1—tc) - er hG

&rs Sh
(a7) - Jes—h
e 12,1 ST (1)
K(1—tp)(1 tc) {1-h) c
or
1 -1 h -1
(a8) o = DA E-TE IS Y Sy Rp—: E— L
T x(1- 9201t ) (1-n) ¢ -r G-ejl-m ® ok
c P
where
2
325y 33
ko= -w (=5 -
AT

J(W(t),t) can be viewed as the investor's indirect utility function, so K is
the Arrow-Pratt measure of relative risk aversion of the indirect utility func-
tion, In this paper, we assume that u(*) is an isoelastic marginal utility
function. Merton (1969) has shown that J(W(t),t) is also an isoelastic
marginal utility function with the same coefficient of relative risk aversion,
i.e. K = ¢, Thus, we have proved that (A8) is identical to equation (8') in

Section 2 of the text.
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APPENDIX 2

After taking into account equation (14), the right-hand side of (31} can be

written as

r 1-t 1=t
f 2 fk 1 fk
Y, + X Cov(r ,r,. )Y .
C(T-tc)z X (1_t3k)2 k 1-—tc X 1—tsk hk m hk' 'k

{A9)

Because Y, = W /W, Ek Y =1 and v, >0, {Yk} can be thought of as a set of

probabilities corresponding to variable W,. {A9) now can be rewritten as

1=t [ re \ hkCov(rm,rhk)

(A10) [ 5 — Jg(w yaw,
W ) c

-t 2
K sk C(1—tc) (1—ts

k

where we employ a continucus probability density function g(w) to describe
approximately the discrete distribution {Yk}. If we consider tg, tg and

Ty As continuous functions of L then by the mean value theorem of integra-

tion (A10) becomes

1—tf(w*) T hkCov(rm,rhk)
T (W%) 2 g(w yaw +
s WoC(-t ) -t ) W

(A11) g(wk)dw

1-t k] !
c

where  W* is somewhere in the interval (g,ﬁ). W, W are the lower and upper
bound of W, respectively. It is clear that the first integral in (A11) 1s just
Tg
cl1 - £)%(1 - )
c s

where 1-tg is the harmonic mean of (1-tg ). In calculating the second

integral, we go back to the discrete notations:
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(A12) /01—t ) }Z{ h Cov(r ,x, )Y,

1/(1-t ) 2 [ /M, ) Cov(r_,r )[W /W)
o) & (/% m” Thi ! My

1/((1-tc)w] cOv(rm, Ly Hr )
)

h Cov{r ,r

- m " h
- 1 -t *
c
Now we assume that
1 = £ _(Wx 1 -t
(a13) R A
1 - £ (W*) 1 - & !
s s

where tf is the arithmetic mean of tfk' If (A13) is justified, we directly
obtain expression (33) in Section 5. As mentioned earlier, this rather strong
assumption is made only for convenience of theoretical analyses., But from the
nature of the tax rates on the returns from risky marketable assets and from
riskfree assets, perhaps (A13) is not too bad a first approximation. The per-
sonal income from risky marketable assets (taken to be common stocks) can be
roughly divided into two equal parts: dividends, which are subject to the same
tax rate as the jincome from riskfree asset, and realized capital gains, which are
taxed at about one-half of the tax rate on the income from riskfree assets. So
the tax rate on the income from the risky marketable assets can be approximated

as

{A14) t = ut

sk fk *

If the capital gains are fully realized and half of the income from risky assets
come from capital gains which are taxed at half the rate on ordinary income, U =
«75. On the other hand, if no capital gains are realized, 1 = .5. Hence

+5 € ¥ < .75. PFrom a pragmatic point of view, when I is between .5 and .75 and

tyg varies is a plausible range (1—tfk)/(1-tsk) = (1—tfk)/(1- thk) as a func-~
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tion of ey is smooth and pretty flat., Therefore, the approximation egquation
(A13) is probably wvalid.

We could have a better approximation if we employed another more accurate
expression with an adjustment factor

1 - £ (W*) 1 - At
{A15) f £

T -t (Wq) 1 -t .
s s

Because of the flatness of (1—tfk)/(1-tsk), A seems to be a positive number

which is close to one. The equations (34)-{38) would remain unaltered if we

3 | R— A J ]
substitute tf tf for tf. Since tf** tf and

av v

L L]

= - .
Btf Btf

no significant changes would be brought about by introducing the adjustment

factor A.
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FOOTNOTES

Hy is assumed exogenous. We use Tyn 1Instead of expected cash flow simply

for convenience.

Here we follow the methodology used in Friend and Blume (1975)., This is a
direct and simple way to derive the results, The implication of this
approach is that the investor is only concerned with his wealth level in the
next period. A more sophisticated derivation is presented in Appendix 1.

By analyzing the cross-sectional data, Friend and Blume (1975) have shown
that the assumption of constant proportional risk aversion for households is,
as a first approximation, a fairly accurate description of the market place.
The coefficients of proportional risk aversion for households (abstracting
from human wealth) are well in excess of one and probably in excess of two.

Since Yk = wk/w and Wk(1-hk) represents the total marketable assets of

investor Xk, we have

Yk(1 - hk)ak = Rk/w ’
where Ry 1s the total risky marketable assets of investor k. Notice that

X ermk is the total return from the market portfolio of the economy, which
is egual *o Vrm, where V is the +total risky marketable assets of the

economy. Hence
E V(1 -hlar = £ (/MR T
= (1/W)Vrm

= (1 - h)&rm .

This justifies (15).

Recall that a = Vm/(vm+vf). So O C{1-hj)a, It should be noted that the

base estimate of C(1-h} remains the same in this model. See Friend and
Hasbrouck {1981).

See Footnote 5.
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Fama (1975) suggested that the real riskfree interest rate is in the neigh-
borhood of .01, though it clearly has been much higher in the United States

for a number of years. Fama and Schwert (1977) presented some evidence
showing that the relationship between the return on human capital and that on
variocous marketable assets is weak. On the other hand, Friend and Blume

(1975) provided evidence that the covariance between the returns on human
wealth and the market is significantly positive.

tS should be the value taken from the harmonic mean of (1-ts), while te

is the arithmetic mean., The fact that we use different averages reflects the
asymmetry of these two personal *axes.

The impact of human wealth on the market is reflected in the change in the

market price of risk, Without taxes, the market price of risk can be defined
as

Erm - rf
n = ———— = Ca(1 - h) + ChR ;
0,2 hm
m

Notice that if ma = 0, as one set of estimates implies [4], Cx{1-h) is the

same with or without human wealth, since an allowance for human wealth
requires a corresponding adjustment in the esimate of C. Therefore the
allowance of human wealth has an impact on the market price of risk only if
the covariance between human and non-human income is not zero, For example,
if a = 0.85, n is equal to 1.70 in the cases without human wealth or with
human wealth but ma = 0. n becomes 3.70 if h = 2/3 and ma = 0.50. It

is obvious that the larger the covariance between incomes from human and non-
human wealth, the greater the impact on the market price of risk.

When we consider corporate and personal income taxes, the market price of
risk can be written as

Br (1 =& ) - r Chpg
m o} f hm
n = 2 5 = Cf1 - h)a + 1—-"—'1:—- .
g7 {1 -+ )°(1 - ) c
m c b
We can see the situation is quite similar. Suppose tp = (0,25, tc = (.45,

and o = 0.85. Without human wealth or with human wealth but ma = 0, we
have n = 1.7, while n becomes 5.34 if h = 2/3 and ma = 0.50.
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