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ABSTRACT

Empirical tests are reported for Ross' arbitrage pricing theory using monthly
data for U.S. Treasury securities during the 1960-1979 period. We find that
mean returns on bond portfolios are linearly related to at least two factor
loadings. Multivariate test results, however, are not consistent with the
APT. Our sample data in the U.S. Treasury securities market are also not
consistent with either version of the CAPM. One-month-ahead forecasts of
exXcess returns using factor-generating models are compared with corresponding
naive predictions or predictions using the "market model" with various market

portfolios.



GOVERNMENT BOND RETURNS,
MEASUREMENT OF INTEREST RATE RISK,
AND THE ARBITRAGE PRICING THEORY

I. INTRODUCTION

Bond risk is typically determined by considering bonds and bond
portfolios much as one would stocks and stock portfolios and by assessing risk
with the capital asset pricing model (CAPM). As CAPM should apply to all
Kinds of traded securities, one would expect application of the CAPM to bond
markets to be straightforward.

Empirical application of CAPM to bonds, however, has for various reasons
not been as effective as the theory would lead us to expect. One problem,
pointed out by Roll [15]1, may lie in choice of market portfolioc, Another
important problem neglected in previous empirical work is peculiar to the very
nature of a bond. Boguist, Racette, and Schlarbaum [2] show that the beta of
a default-free bond is nonstationary because the beta of a default free bond
is proportional to its duration and is a function of the covariance of
interest rate movements with the market return. Duration itself is a function
of the term to maturity of a bond, all else being equal.

This paper examines the factor structure of U.S. Treasury security
returns and tests the Arbitrage Pricing Theory (APT) developed by Ross {17,
18] in the U.S. Treasury security market. We want to compare the empirical
performance of the APT with that of the CAPM in the U.S. Treasury security
market during the twenty year sample period 1960-1979. Section II briefly
discusses the Arbitrage Pricing Theory. In Section III we describe our data
and estimate the factor structure of Treasury security returns. Section IV
details our test procedures, and empirical results are presented. A final

section summarizes our Ffindings.



II. THE ARBITRAGE PRICING THEOQRY

The arbitrage pricing theory (APT) as developed by Ross [17, 18] assumes
that financial markets are perfectly competitive and frictionless and the
returns on risky assets are linearly related to a limited number of common
factors. More specifically, the return R, on any asset i may be written

~ ~ k ~ -~
(2.1) R, = B(R;) + .Z by &5+ e,

3=1

where E(ﬁg) is the expected return on asset i with i = 1,...,M, Ej is a mean
zero factor common to the returns of all risky assets p, bij is the
sensitivity of the return of asset i to the movements of the jth factor,
and Ei is a mean zero noise term assumed to be sufficiently independent that
the law of large numbers works. In more traditiocnal terminology the b's
represent systematic risk factors, and Ei is the unsystematic component of

th asset.

risk specific to the i

Given the return-generating process in 2.1, Ross [17] develops the APT by
setting up an "arbitrage" portfolio where the wealth invested in assets is
exactly balanced by the amount borrowed from short sales. Thus, for such a
portfolio there is zero investment and no systematic risk; that is, the b's
for all factors are zero. The only risk in such a portfolio is the noise
term, Ei' If the arbitrage portfolio is sufficiently large, however, such
unsystematic risks become negligible. As a result the return on such a
portfolio in equilibrium should be approximately zero.1

Ross formalizes such arguments to show that if the number of assets, m,
is sufficiently large, there exist k+1 weights, AO' A1, "o, Ak, such that an
equilibrium pricing relationship for all i is

(2.2) E(Ri) s lo + ;

Il o~ =
o
pw
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AO is the riskless rate if such an asset exists, or under certain conditions,
it is the return on a “"zero-factor" asset.?

The relation in 2.2 can also be rewritten in terms of expected excess
returns by forming portfolios with unit systematic risk on each factor and no
risk on other factors. Then each lj can be interpreted as the excess return
or risk premium on portfolios with only systematic j risk.

An allegedly important advantage of the APT over the CAPM for empirical
work is that the APT does not rely directly on a market portfolio. According
to Roll and Ross [16], for example, problems associated with misspecification
of the market portfolio in testing the CAPM (see Roll [15]) may be
circumvented in testing the APT. Another property of the APT is that it will
hold for subsets of assets conforming to its assumptions even if some groups
of assets do not. This is particularly appealing in our case since we focus

solely on the government securities market, a subset of the universe of risky

assets.3

IIT. DATA AND FACTOR STRUCTURE

3.1 Treasury Security Data

All of our data are from the CRSP U.S., Government Bond File. We use
return data on all securities in the CRSP file except securities with special
tax or call provisions for the twenty-year period 19260-1379,

For our tests of the APT it is necessary to construct bond portfolios in
which the maturity of the portfolio is approximately constant each month.
Constant maturity portfolios help to alleviate the nonstationarity of beta
encountered in previous tests of capital market theory using bond data.

We constructed two samples of constant maturity portfolios, each

consisting of all securities within a given maturity range. The return over



any maturity range is then measured as a simple average of all the individual
returns that fall within the range.

Sample 1 consists of twelve portfolios. Maturity ranges were selected
purposely to avoid any missing observations in the CRSP Bond File. Column 2
of Table 1 lists the ranges in days to maturity for the twelve portfolios.
Thirty-day increments are taken from 60 days up to a half vear, 90-day
increments up to about a year, and 360-day increments thereafter to about six
years. The final portfolio includes all securities with maturities of more
than six years. Finer increments are used for small maturities because the
government has more short-term than long-term debt outstanding and the yield
curve is considerably more volatile for short-term maturities while it is
usually flat for maturities five years and above. For the same reason the
six-year cutoff ensures that each maturity range has at least one security in
it.

The second sample is exactly the same ocut to 360 days, but beyond that
time maturity ranges fall in 180-day increments. Sample 2 consists of sixteen
portfolios at the expense of some missing observations for portfolios in the
long maturity ranges.4 While we were successful in constructing portfolioes
with very few or no missing observations, we paid an unavoidable price in
terms of limiting the number of portfolios that can be constructed from the
available data.

Summary statistics for the portfolios in Sample 1 are presented in Table
1. All returns are expressed as continuously compounded excess returns with
monthly holding periods. Columns 1 and 2 identify the portfolio by maturity
range. Columng 3 to & give the mean, variance, skewness, and kurtosis, in
that order. There are 240 monthly observations for each portfolio. Column 7

gives the value of the studentized range, an overall test of the normality of



the return distribution. In columns 8 to 12 of Table 1 sample
autocorrelations for monthly returns have been computed for lags of from one
to four months and also for twelve months.

Panel A is for Treasury portfolio returns. The monthly return variances
increase with maturity, but the mean returns do not increase correspondingly.
Portfolios 2, 3, 4, and 12 are skewed; the rest are not. All the portfolics
have more central area than a normal distribution. All but one of the
autocorrelations in columns 8 to 12 are insignificantly different from zero.

Panel B gives corresponding summary statistics for typical index
portfolios. SP500, NYSE, EW, and (NYSE+EW)/2 denote the Standard & Poor 500
Index, the CRSP New York Stock Exchange equally weighted index, an equally
weighted index of all Treasury securities on the CRSP Government Bond Tape,
and a simple average of NYSE and EW. Skewness and autocorrelation do not seem
to be a problem, but the index return distributions with the exception of the
SP500 are not normally distributed.

Table 2 contains estimated variances, covariances, and correlations
between the excess returns of the various portfolios in Panel A of Table 1.
Variances are on the diagonal, covariances are above the diagonal, and
correlation coefficients are below the diagonal. Treasury portfolios with
similar maturity ranges are highly correlated, especially adjacent portfolios,
which suggests that Treasury portfolios of about the same maturity range may
be substitutes. Table 2 also indicates that shorter maturity portfolios have
a relatively lower association with the longer-term portfolios.

A fundamental question that is logically prior to all the tests in this
paper is whether the mean excess returns on the bond portfolios in panel A of

Table 1 are not equal across the portfolios. If it turns out that the



relevant multivariate statistic cannot reject equality of means, then we know
there is nothing for asset pricing models to explain.

To test the equality of mean excess returns across all bond portfolios we
use Hotelling's 72 statistic. The null hypothesis is that the means in column
(3) {in panel A of Table 1} for bond portfolios 2 to 13 are equal.

Hotelling's ™ value for the 240 sample observations is 201,20 and the

corresponding F statistic with 12 and 228 deqrees of freedom is 15.99. Thus,
it 1s concluded that the average excess returns are different for the twelve
bond portfolios in Sample t. The same (unreported) conclusion is reached for

the seventeen bond portfolios in Sample 2.5

3.2 Factor Structure of Treasury Security Returns

The first stage of the tests of the APT requires the determination of the
number of factors and the estimation of factor loadings. We factor-analyze
excess returns separately for one factor through the number needed to accept
the null hypothesis that there are k-factors using Barlett's chi-square

testo6

Up to five factors are obtained for Sample 1 and up to seven for
Sample 2. We will refer to the five factors from Sample 1 as Factor Set 1 and
the seven factors from Sample 2 as Factor Set 2. The associated values of the
chi-square test statistics are shown in Table 3 for both samples. Five and
seven factors explain about 99% of the total variation in both samples. Since
the APT model does not specify the number of factors, we use the five- and
seven-factor models so that we may ascertain in our tests the appropriate
number of factors.

Table 3 contains estimates of the factor loadings using excess returns
for a five-factor model for Samples 1 and 2 in Panels A and B, respectively.

The estimates of the first factor loadings for both groups have the same sign

and increase in absolute magnitude as portfolio maturity increases. The



estimates for the remaining factors display scattered signs and magnitudes,

These factor loadings in Table 3 are estimates of the bij in 2.2 using excess

returns. Gibbons [7] reports similar findings for a slightly longer time

period.,

IV, TESTS OF THE ARBITRAGE PRICING THEQRY AND CAPM

4.1 Two-Stage Methodology

The APT medel in 2.1 and 2.2 is essentially a one period model. In order
to give empirical content to the model, we shall assume that the return
generating model in 2,2 holds for excess returns each time period t. Thus we

can rewrite 2.1 in matrix notation as

. r. =E_ + €
(4.1) r, . BKt +E

where tildes denote random variables, T is an M-element column vector of
observed excess returns, and E is also an M-element column vector containing
expected returns. B is an (Mxk) matrix containing factor loadings bij’

and Gt is a k-element column vector of unobserved common factors. Finally,

e

Et is a sequence of independent identically distributed (i.i.d.) random

vaectors such that
(4.2) E(et) =0 ' Cov(st) =D,

covariance matrix D being diagonal with finite elements. The APT reguires

that

. E_ = +
(4.3) N Aoth Blt P

where IM is an M-element column of ones. If the APT is true, we can

substitute 4.3 in 4.1 and obtain (ignoring the approximation):



. r = A BA + BS T .
{4.4) rt oth + ¢ N + ¢

Since neither B nor Et is directly observable, we specify Et to be i.i.d.
through time with zero mean, unit variances and zero contemporaneous

correlation. This implies that (E; - Et) is a sequence of random vectors with

T - = o - E ' = .
(4.5) E(r, - E) =0 and Cov[(r_ -E)|=BB +D=vV

The test methedology is based on a two-stage~factor analytic approach as
implied by the formulation of the APT in 4.4 and 4.5. In the first step the
number of factors, k, is determined, and the elements of the factor loadings

matrix, B, are estimated. 1In the second stage we estimate risk premia,

A using the estimated matrix B as independent variables. This is an

tf
adaptation of the Fama-MacBeth [5] methodology to a factor-analytic framework.

If we assume that T, the time dimension of ocur sample, is large enocugh,

~

we can estimate the covariance matrix, ¥, without sampling error. Using v, we

~

estimate factor loadings by B and specific variances by D. That is, the

~ A

following tests are conditional on V=V and B = B, 1In the first stage,

therefore, we estimate

A A

(4.6) V=EBB" +D.

In the second stage, for each time period t, we obtain a GLS estimate of

regression coefficients in 4.4:

~ ~

(4.7) 1; = (B*'V B*) 1

! B*'V_ ;t’ t=1,2,..-,T ’

A

where 1: = (A A, A is the estimate of the intercept term and Xt is the

ot
estimate of risk premia vector. B* is [zM:B], go that 1; contains an estimate

for Aot as its first element. If the underlying error process admits of a

central limit theorem,



(4.8) /T (A% - A%) ~ N0, (Bx™ 'B¥)7'] .

There are two testable implications of the APT using the two-step
procedure. First, mean returns are linearly (approximately) related to factor
loadings, that is, the risk premia are significant or "priced”. Second, the
intercept term is the risk free (or “"zeroc beta") return.

Dhrymes, Friend, and Gultekin [4] suggest a test of joint significance of
risk premia since factor loadings can be identified only up to left
multiplication by an orthogonal matrix. A test statistic for the joint
significance of risk premia hypothesis, provided that the number of factors,

k, is determined, is

(4.10) TX'® X ~ xi ,

T - T ~ ~
L A_and ® = 13 (A - DA - X', The test statistic is

t=1 t=1
asymptotically chi-square with k degrees of freedom. (See Dhrymes [3],

where A =

chapter 4, and Dhrymes, Friend and Gultekin [4]).

4.2 Two Stage Test Results

Significance tests of the risk premia for various factor models are
presented in Table 4. Sample 1 and Sample 2 results are presented in Panels A
and B, respectively. The first column gives the number of factors estimated,
column 2 gives the mean of the cross sectional regression estimates of the
intercept term, and columns 3 to 9 give the means of the estimates of risk
premia in a sequential order from the one-factor model up to the five- or
seven—factor model. That is, columns 2 to 9 represent the monthly risk premia
estimates in 4.7 averaged over all 240 months in the sample period. Column 10

is the t-value for testing the significance of the intercept term under the



null hypothesis that it equals zero. The chi-square values in column 11 are
calculated using 4.10 and allow us to test the joint significance of risk
premia.

A review of Table 4 reveals that the null hypothesis of no linear
relation cannot be rejected for a one-~factor model based on the small and
insignificant chi-square values of .054 and .153 for Samples 1 and 2 in column
11, The opposite conclusion is reached for two or more factors. That is,
once the number of factors is increased beyond one, the chi-square values
become significant at the 5% level and do not comply with the null
hypothesis. These findings for multiple factors are consistent with one of
the implications of the APT and suggest two or more "priced" factors in the
U.5. Treasury securities market.

A second testable implication of the APT evolves from the intercept terms
in column (2) of Table 4. The intercept terms should be zerc for a risk-free
version of APT or positive for a zerc beta APT model. For all factor models,
the intercept terms are significantly greater than zero at the 1% level of
significance. These positive intercept terms using excess returns are
consistent with a zero beta APT model but not a risk-free rate version.7

In Table 5 we present similar two~stage test statistics for the CAPM as a
comparison to the APT model.® To our knowledge, these are the first careful
tests of the CAPM in the Treasury securities market in which portfolio
maturities are fixed constant each time period in order to avoid
nonstationarity of bond betas. The results in Table 5 are reported for excess
returns in panel A and real returns in panel B. Tests based on real returns
are included to avoid any potential bias in estimating betas .’

One testable implication of the Sharpe-Lintner version of CAPM is that

the intercept term should be zero using excess returns or the average real 30-

10



day T-bill return using real returns. In Black's version of CAPM the expected
zero beta return is greater than the risk-free rate. Positive intercept terms
are consistent with Black's version. The intercept term t-values in Panel A
of Table 5 are all positive and significant at the 5% level under a null
hypothesis of zero. (See Column 5). In Panel B using real returns we
entertain the null hypothesis that the intercept term is the average (real)
risk-free rate. The relevant t-values given in column 7 are all significantly
positive. These intercept tests are not supportive of the Sharpe-Lintner
version of the CAPM but are consistent with Black's version.

Ancther testable implication of both the Sharpe-Lintner and Black
versions is that the risk premium {(in this case an estimate of the excess or
real return on the market portfolio) should be positive. Estimates of the
risk premia on the market portfolio in column 6 of Table 5 are all negative
but not significantly different from zero at the 5% level. The evidence is
the same for excess returns (panel A} and real returns (panel B) regardless of
which market portfolio proxy is used. This means that there is no
statistically observable positive relationship between Treasury portfolio
returns and beta risk which is inconsistent with both versions of the CAPM.

Some information about the factor structure under consideration can be
cbtained by correlating the factor loadings with the betas relative to each
market index. The resulting correlations turn out to be similar for excess
returns and real returns regardless of the market index used. To illustrate,
the estimated correlation coefficients for Sample 1 using excess returns are
.9908, -.9325, .0262, .5347, .7456 between factor loadings 1 to 5 and the EW

market portfolio beta estimates.'0

Thus the loadings of a one-factor model
are highly positively correlated with the market betas, This means that the

chi-square test in Table 4 that led us to conclude a single factor is not

LN



priced is consistent with the evidence in Table 5 about the pricing of the
market over the same sample pericd.

In summary, mean returns on bond portfolies are linearly related to at
least two factor loadings. The empirical evidence from the two-stage
methodology is not, however, consistent with either version of the CAPM in the

U.S5. Treasury securities market.

4.3 Multivariate Methodology11

Another test of the APT model versus the CAPM is performed using
"stacked" time series regressions. The relevant econometric analysis for the
iinear case is detailed in Theil [22]1. For testing the Sharpe-Lintner [20,

13] version of the CAPM the appropriate statistical model is

~

{4.11) r, = a.(”'t
i 1

~ N(‘]) .
+ = s M.
T + Birm Tli r 1 2, ;

Tildes denote randem variables. Ii is a T-element column vector of excess
returns, IT is a T-element column vector of ones, r is a T-element column
vector of returns on a proxy market portfolio, and n£1) is a T-element vector
of residuals assumed to follow a multivariate normal distribution.

An P-test can be used to test the relevant null hypothesis.12 The

uniformly most powerful unbiased F-test is

(4.12) H: ai(” =0, i=2, v, M

(i.e., the Sharpe-Lintner version of the CAPM is consistent with the

data)

K

1' i '-'to.r i=2; L) M

{i.e., the Sharpe-Lintner version of the CAPM is not consistent with

the data)

12



The tests of Black's [1] version of the CAPM are more complicated because
of the nonlinearity of the constraints and the zero beta rate is not
observable. Gibbons [6] and Stambaugh [21] introduced applications of
multivariate methods to nonlinear financial models. Jobson and Korki (11),
Shanken (19) and MacKinley (14) provide further improvements for the
multivariate tests. These authors introduce and compare tests that
potentially have better finite sample properties than the asymptotic tests of
Gibbons and Stambaugh.13

To test Black's [1] version of the CAPM we use the time series

regression14

~ +(2) _ o 02) ~ " ~(2) .o
(4.13) xr, AO IT = ai 1T + Bi(rﬁ lotT) + n, ’ 1 =2, cea;, M.
Aéz) is the estimate of the zero-beta rate obtained from the two~step

procedure for CAPM outlined in section 4.1. The dimensions and notation of
the other variables are the same as in (4.11). The null hypothesis to be

tested with an PF-test is

o

(4014) HO. i = O, i= 2, “s 0y M

(i.e., the Black version of CAPM is consistent with the data)

(2) .
Ho: Cci #0, 1i=2, «u., M

(i.e., the Black version of CAPM is not consistent with the data).

The APT can also be tested by generalizing this multivariate procedure.
The time series regression for the excess return APT model in equation (4.4)

can be rewritten in vector notation as

(4.15) oo Lo LB -y 5 L, M
1 o} T 1 T o) T 1

13



where ri, IT are defined as before. B is on (M x k) matrix of systematic
risks (factor loadings) bij and A is a (T x k) matrix of risk premia. ﬁi3) is
assumed te be multivariate normal. 1é3) the estimate of the zero-beta rate
obtained from the two-step procedure for APT outlined jin section 4.1.

The application of the multivariate tests to the APT model is not as
straightforward as it is to the CAPM. 1In the tests of the CAPM, rm, the
exXcess return on the market portfolio proxy, is an observable variable,
while A, the matrix of risk premia in the APT model, is not and needs to be

estimated.15

In addition, the APT model does not a priori specify the number
k of common factors. Ignoring the estimation error of A and lé3), an F-test

can be used to test the relevant null hypothesis

(4.16) H : ai(3) =0, 1i=2, see, M

(i.e., the APT is consistent with the data)

Hoooald)

17N #F0, 1=2, «oe, M

(i.e., the APT is not consistent with the data).

Equations (4.11), (4.13), and (4.15) are estimated as a "stacked" system
of M regression equations by generalized least squares (GLS). We test in
(4.12), (4.14), and (4.16) whether the intercept terms of the time series
regregsions are equal to zero for all i. An F-test is performed to compare
the statistical fit of the unrestricted model with that of the restricted

model in each of the three cases.

4.4 Multivariate Test Results

F-values for the multivariate intercept tests are tabulated in Table 6.

The F-values are computed using excess returns in columns (2) and (3) and with

14



real returns in the last two columns. Panels A&, B, and C test the null
hypotheses stated in (4.12), (4.14), and (4.16), respectively.16
The APT tests in panel C require further explanation. The seemingly

unrelated regression method inverts the covariance matrix of the time series

(3)

residuals ni

in (4.15). This is not possible without reducing the number of
Treasury portfclios by the number of factors because the risk premia estimates
are a linear-weighted combination of the Treasury portfolios resulting in a
singular residual covariance matrix. Therefore, we use estimates of the risk
premia from Sample 1 as independent variables for Sample 2 and vice versa.17

As easily seen in Table 6 all F-values are significant at any
conventional level, implying the rejection of all three nuil hypotheses.18
This means the multivariate tests are not consistent with cne to seven factor
APT models or both versions of the CAPM as descriptive models of the U.S.

Treasury securities market. 2

4.5 One-Month-Ahead Predictions of Excess Returns

The two-stage tests suggest that there are at least two "priced" factors
that generate Treasury security returns. The intercept tests using
maltivariate models, however, do not allow us to accept the APT model.

Unfortunately, complex estimation procedures like those entailed by the
APT model are not straightforward and thus make it diffieult to draw
definitive conclusions regarding the APT, This is particularly true in our
case because of the limitations of the data in the U.S. Treasury securities
market. Recall from Section II that the derivation of the APT regquires a
relatively large number of assets so that the law of large numbers works.
Given the small number of portfolios that we were able to construct our APT
test results are at best incenclusive. (This is not the case, however, for

the tests of the CAPM as an alternative model using various market indices.)

15



Nevertheless, an interesting yet basic question still remains to be

answered. How well does a k-factor generating model predict excess returns?
We will compare the "goodness of fit" of factor model forecasts with forecasts
using standard market indices and a naive forecast. We have chosen the
measure "goodness of fit" by the correlation coefficient between predicted and
actual rates of return within the sample period.

All forecasting models use monthly returns over a five-year period
beginning in January, 1960, After five years, when a forecast is made {for
example, in January, 1965), the first month (January 1960) is dropped from the
series and another (January, 1965) is added to get a forecast for the next
month {(February, 1965). The procedure is repeated until forecasts are
obtained for January, 1965 through December, 1979, a total of 180 months.

The naive forecast is a simple average of the 60 monthly excess returns
prior to each forecast month. More complicated autoregressive-integrated-
moving average processes (ARIMA) for excess returns are not indicated from an
examination of the autocorrelation function out to lag 24. (The
autocorrelations for lags one to four months and also twelve months are
presented in columns 8 to 12 in Panel A of Table 1.)

One-month-ahead forecasts based on the market indexes SP500, NYSE, EW,

and (NYSE+EW)/2 are obtained by fitting the regression

(4.17) T, = a + 8.¢r  +

it i i S mt it, i=2’ ey M, t=1’ sy 60 .

A

~
In particular, ai, Bi estimates are obtained over successive five-year
periods. The Bi times the actual excess return of the market index next month
~
plus a is used as a one-month-ahead forecast of the excess return for

portfolio i. The procedure is repeated for every five-year period prior to

January, 1965, through December, 1979, yielding 180 forecasts.

16



Factor model forecasts are more complicated. We Ffactor analyze excess
returns each five-year period for one factor up to the maximum number k
extractable with the maximum likelihood procedure. This gives an estimate of
the loadings gij' The gij are used to estimate the time series of Factor
scores %jt' This procedure can be represented as a multiple regression

equation

(4.18) T, =a* +

-
1]

2, eee, M, t =1, ..., 60 .
Thus, a regression between ;it and %jt gives an estimate of ;;. Assuming the
gij are the same next month, one-month-ahead factor scores can be calculated
with next month's actual excess returns. The ;; plus the sum of the product
of the estimated Bij's and the one-month-ahead factor scores is used as a
forecast of next month's excess return. The procedure is repeated for each
five-year period prior to January, 1965, through December, 1979, yielding 180
forecasts.,

A measure of the degree of association between two variables is the
coefficient of correlation. For each of the forecasting models we calculated
a correlation coefficient between the actual excess return and the predicted
excess return. Table 7 presents the estimated correlation coefficients for
Sample 1. Similar (unreported) results were obtained for Sample 2. Column 1
identifies the Treasury portfolio. Columns 2 to 6 contain correlation
coefficients for the naive, SP500, NYSE, EW, and (NYSE + EW}/2 models,
respectively. The last three columns are for one- to three-factor generating
models. Averages and standard deviations of the correlation coefficient in
each column are given in the last two rows.

Several observations are in order. First, the EW index model has an

average correlation that is relatively larger than the other market index

17



models. Second, the mean correlation of the factor models is higher than that
of the EW index model with standard deviations about half as large.20 A
comparison of the correlations by portfolio rewveals that factor models have
higher correlations for short maturity portfolios whereas the EW index model
has higher correlations for longer maturity portfolios. Third, 1~-, 2-, and 3~
factor models have about the same mean correlation so it is not obvious that

forecasts using 2- or 3-factors explain returns better than forecasts based on

only 1-factor.
V. GSUMMARY AND CONCLUSIONS

This paper documents that mean U.S. Treasury bond portfolio returns
segmented by maturity are not equal during the period 1960-1979. This finding
implies that there is something for asset pricing models to explain.
Therefore, we applied the APT and the CAPM to the sample data. We find that
at least two factors are linearly related to mean bond portfolioc returns. We
did not, however, uncover a linear relation between mean bond returns and
various market portfolio proxies. Furthermore, multivariate test results are
not supportive of the APT or the Sharpe-~Lintner and Black versions of the
CAPM.

The tests here should be viewed simply as the first empirical attempt to
properly measure interest-rate risk for bonds using factor generating
models. Our results in terms of the existence of priced risk premia are more
favorable to multifactor models that to single-factor models or the CAPM,
Also, one-month ahead forecasts using factor generating models are somewhat
better than corresponding naive predictions or predictions using a typical
index portfolio. Multifactor models, however, do not seem to give a complete

explanation of the risk-return relation in the U.S. Treasury security market.
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FOOTNOTES

'See Huberman (9] for more precise definitions of arbitrage and
conditions under which the APT relationship holds. Huberman shows that
arbitrage portfolios need not be "sufficiently" diversified for Ross's
original intuition to hold.

2See Ross [17] or Roll and Ross [16] or Ingersoll [10] for the

derivations.

3Dhrymes, Friend, and Gultekin [4] have shown that the definition of the
"universe” or "subset" of assets is as important to tests of the APT model as
the misspecification of the market portfolio is to tests of the CAPM.

4rhere are only 6 missing observations out of 240 in Sample 2. There are
none in sample 1.

5We also tested but could not accept the null hypotheses that mean total

returns or mean real returns (total returns less the CPI inflation rate) are
equal.

6Barlett's chi-square test is quite sensitive to departures of the data
from normality. If the data are not normal, the actual level of significance
may differ substantially from the sgpecified one.

7The APT does not require that the "zero beta" rate equal the observed
return on 30-day T-Bills. We further pursued the intercept tests using raw
and real bond returns. When we use raw returns, the intercept terms are
significantly smaller than the observed nominal 30-day T-Bill rate.
Similarly, when we use real returns, the intercept term is significantly
smaller than the observed real 30-day T-Bill rate.

8Fama and MacBeth [5] use a grouping procedure based on ranked betas to
minimize measurement error problems in the cross-sectional regressions. It is
not possible to exactly duplicate the Fama and MacBeth grouping procedure with
Treasury bond data. Instead, we grouped Treasury securities into two samples
of portfolios based on maturity (see Section 3.1). The bond portfolios will
contain different numbers of bonds through time. It turns out that the rank
correlation between maturity rankings and either variance or beta rankings of
the bond portfolios in Samples 1 and 2 is one, regardless of the various
market portfolio proxies used to estimate beta.

9Statistical properties of raw and excess returns are very different.
This raises the guestion of whether the beta estimates using excess returns in
place of raw {(or real) returns are appropriate risk measures. Our results are
not sensitive to the choice of returns to estimate beta. It might be of
further interest to note that the rank correlation among betas estimated using
raw, real and excess returns are exactly one for both Sample 1 and 2.

1O‘I‘he corresponding correlations using real returns are .9909, -.9314,
0252, .5305, .7410.
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11We thank Michael J. Brennan and a referee for suggesting this

methodoloygy.

12To conserve space the computational form of the F-tests to follow are
not detailed in the body of the paper. The interested reader can find these
specifications in MacKinlay [14].

13As Shanken [19] points out, the likelihood ratic test of Gibbons
rejects the null hypothesis too often when the number of assets approaches the
number of observations. The Lagrange multiplier test of Stambaugh will never
reject the null hypothesis as the number of assets increases.

14This is what MacKinlay [14] refers to as the Black model F-test (1).
MacKinlay finds that the effect of "fat-tailed" distributions is to accept the
null hypothesis too often with this F-test.

150ne important advantage of the multivariate tests over the Fama-MacBeth
type of two-stage test is the avoidance of the measurement problems
encountered in the estimation of betas and the increase in the precision of
parameter estimates for the risk premia. 1In the case of the APT the use of
estimates of risk premia would invariably introduce measurement errcors. We
are therefore trading off one measurement problem for another. Since very
little is known about the measurement errors introduced during the estimation
of factor loadings, we should point out that it is not clear whether such
tradeoff provides any advantage over the two stage tests in section 4.2.

16Recall from panel A in Table 1 that the Treasury portfolio excess

return distributions are leptokurtic. The simulation results of MacKinlay
[14] support the robustness of the tests of CAPM in panels A and B of Table 6
for leptokurtic distributions.

17We repeated the tests using the risk premia estimated within the same

sample group. 1In this case we reduce the number of portfolios {dependent
variables) as we increase the number of factors in order to ensure that the
covariance matrix of residuals is nonsingular. We obtained similar results.
1B‘I'he F-test of the Sharpe-Lintner model is the uniformly most powerful
unbiased test. MacKinlay [14] finds, however, that the F-test of the Black
model tends to accept the null hypothesis too often. This bias is in the
opposite direction of our results which reject the null hypothesis.
19We correlated the estimated factor scores A with the various index

returns using excess returns and real returns. At a 1% level of significance
only factor one scores are correlated with the returns of the market
portfolios (i.e. SP500, NYSE, EW, (NYSE+EW)/2).

20A one-tailed t-test can be used to test whether the mean correlations
of the factor models are greater than .839915., The appropriate t-values of
2.16, 2.23, 2.45 for 1~-, 2-, and 3-factor models are all significant at the 1%
level, This suggests that the correlation of the factor models is typically
higher than that of the EW index model.
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Table 3

CHI-SQUARE TEST OF THE HYPOTHESIS THAT k-FACTORS GENERATE TREASURY PORTFOLIC
EXCESS RETURNS AND ESTIMATED FACTOR LOADINGS FOR THE 5-FACTOR MODEL

Estimated Factor Loadings B = [bij] Y Chi-sguare Tests &/

Treasur - " " " " Number of 2 - a/
portfolio ¥ Pi1 Pi2 Pi3 14 Pis Factors (k) Xy  [ropability =
Panel A: Sample 1

2 3.688 2.034 2.132 1.451 -.20% 1 1356.95 - 3001

3 6.654 3.908 4.076 1+368 - 139 2 440,83 «0G01

4q 10,121 5.420 4.757 «527 =. 215 3 182.82 «0001

5 13.358 5.930 5.141 =214 «566 4 96.89 00061

[ 19.645 5.980 2.991 -2.701 ~1.581 3 10.65 .8303

7 30.356 7.552 3.189 -5.943 571

8 48.239 4.573 =-4.505 532 -.101

El 72.254 =11.024 =-.216 2.700 -2.195

i0 87.502 -27.944 8.404 ~+431 -1.606

1 99, 139 =35.201 6.105 1.984 7.002

12 118,239 =25.804 6.756 -2.845 31.179

13 141.338 -43.894 855 12.042 68.922
Panel B: Sample 2

2 3.833 -2.336 1.4607 ~ 701 «519 1 2262.14 0001

3 7.074 -4.534 2.071 ~«365 437 2 718.47 0001

4 10.724 -5.772 1.502 -.229 -.084 3 350.25 « 0001

5 14.024 -6.002 1.136 «554 =.005 4 207.73 L0001

5 19.875 -4.581 -2.478 -.332 =-1.924 5 B88.66 .0001

7 30.741 -4.898 =5.101 2.413 1.787 5 55.27 0438

8 40.967 ~« 110 -6.789 -1.372 2.163 7 29.09 4605

9 55.972 7.085 -4.848 -4.587 5.513

10 66.208 14.651 -1.912 -7.599 3.750

11 71.975 19.579 2.214 -12.846 -1.650

12 81.221 25.286 7.062 ~3.784 ~8.761

13 86,088 34.549 12.449 1.9385 -9.461

14 91.558 40.742 14.661 2.818 -8.302

15 96,963 40.032 13.117 7.397 -.470

16 114.634 33.086 9,339 27.421 11.822

17 132.449 53.758 18,700 41.148 34.384

See Table 1 for maturity ranges for the portfolios. bij's are multiplied by 104.

The factor loadings are estimated using the maximum likelihood procedure by solving the equations
~n ~ ~a1 AT PN PR U PR -1"

{a) diag($) = diag(BB' + D) and (») [0 2(s-DID” 2 |0” 2B =5 “2aE'Dp 'B). S is the sample

covariance matrix of excess returns. B is the estimate of factor loadings and D is the estimated
diagonal matrix of residual error variance of excess returns.

The test statistic is x: = [T -1~ (1/6)(2m + 5) = (2/3)kiln( |BB' + B| / |S| | with degrees of freedom
v = bb[(m-k)z - m - ki, where T is the number of observations, m is the number of securities, and k is a
prespecified number of factors.

The p-value asscociated with the statistic, i.e., the probability that the test statistic (under the null

hypothesis} will assume a value at least as large as the statistic obtained in this particular test.
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Table 5

TWO STAGE TESTS OF THE CAPM
1/1960 - 12/1979

Market Portfolio —ay Etdsztlc _ b/ _ b/ by
Proxies = A= A -r t(A ) = t{A,) = t(A =x_) =
=} 1 o f [ 1 o £
(1) {(2) (3 (4) {5} (6) (7}
Panel A: Excess Returns
Sample 1
SP500 200050971 -.00749493 5.20 -.78
NYSE .00051126 =.000265¢66 5.08 ~-a77
EW .00052953 -.01179253 4.97 -.78
(NYSE+EW) /2 .00052568 ~.00453573 5.00 -.77
Sample 2
5P500 00051752 ~.00763635 5.13 -.85
NYSE 00052821 -.00029276 4.99 -.86
EW 00054089 ~.01204096 4.99 -.54
(NYSE+EW) /2 .00053927 -.00478130 5.00 =-.85
Panel B: Real Returns
Sample 1
SE500 .00080879 -.007676380 .00068525 2420 -.78 2.61
NYSE .00083519 -.01196246 00071165 2.13 -.77 2431
EW . 00080059 -.000430%0 00067705 2.18 -.77 2.58
{NYSE+EW) /2 .00082724 -.00473069 .00070370 2.14 -7 2.43
Sample 2
SP500 «00080879 -.00076713 00068525 2.20 -.78 2.61
NYSE .00083551 -.01169754 +00071154 2.19 -.79 2.50
EW +00080398 -.00043254 00068044 2.20 -.78 2462
(NYSE+EW) /2 .00082880 -.00046634 .00070556 2,19 -.79 2,51

a/ 3 T : ; . ; . ;
a/ lo and R1 are the arithmetic means of the monthly creoss sectional regression estimates using the OLS

-1~ ~ . : .
mode 1 AE = (B*B*) B*rt where r, denotes excess returns in panel A and real returns in panel B. B is

a (Mx2} matrix with the first column containing ones and the second column containing beta estimates for the

portfolios. A is the intercept term; A is the estimate of the risk premium on the market portfolioc.

ot 1t

[ 1 N

Yo mTe s g IO mrg)-
by t=1
— t-ratios for the regression coefficients are calculated using T = 240 observations as follows:

T . T -
- - 1 1 ~ 27
YT (X X == I A = [= I - 2 i = .
T (A, /s;,). where P L M and 5 . [T o (Ait i) 12, for 1 = 9 ana 1



Table 6

MULTIVARIATE TESTS OF THE CAPM AND APT:
P-VALUES FOR INTERCEPT TESTS
1/1960-12/1979

Model Tested Using Excess Returns Using Real Returns
Sample 1 Sample 2 Sample 1 Sample 2
(1) (2) (3) (4) (5)
Panel A: Sharpe-Lintner CAPM HO: aiq) = 0
5P500 13.353 8.138 13.353 8.138
NYSE 13.579 8.290 13.579 8.290
EW 16.545 12.017 16.545 12.017
(NYSE+EW) /2 13.006 8.317 13.006 8.317

(2

Panel B: Black CAPM HO: 5 0
SP500 18.900 15.732 10.253 8.128
NYSE 20,237 17.155 10.613 B.426
EW 22.449 17.454 11.041 8.387
{NYSE+EW)/2 20.027 17.106 10.654 8.465
Panel C: APT H : a$3) g
o i
1 11.082 8.135 11.050 7.934
2 8.703 6.680 7.520 6.883
3 8.087 5.698 8.351 6.566
4 8.026 5.546 8.059 6.431
5 7.373 5.423 9.102 5.538
6 7.394 6.415
7 7.841 6.312

Excess returns are total returns less the monthly risk-free rate. Real
returns are total returns less the monthly CPI inflation rate. All F-values
are significant at any conventional level and hence none of the null
hypotheses can be accepted. Note that results are the same for excess returns
and real returns in tests of Sharpe-Lintner CAPM because subtracting similar
rates on both sides of 4.11 does not change the computed F-value.
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