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Te Introduction

The APT model as exposited by Ross [15], {16] and extended by Huberman
[B] has provided the basis of an extensive literature, as for example, Brown
and Weinstein [1], Chen (3], Bughes {9], Ingersoll [10}, Jobson [11],
Reinganum [12], Roll and Ross (RR) [14] and Shanken [18), to mention but a
few. It has also been treated in a more general context by Chamberlain and
Rothschild [12].

Our purpose here is not to comment on this collection of papers=-many of
which are unpublished--but to reexamine the evidence presented by RR and point
out major pitfalls involved in the empirical methodology employed by them and
others who have followed their lead.

RR claim that, on theoretical and more important on empirical grounds,
arbitrage pricing theory (APT}) is an attractive alternative to the capital
asset pricing model (CAPM). The APT, it is argqued, requires less stringent
and presumably more plausible assumptions, 1s more readily testable since it
does not require the measurement of the market portfolio, and may be better
able to explain the anomalies found in the application of the CAPM to asset
returns.

The acceptability of the APT, like that of the CAPM or any other theory,
ultimately depends on its ability to explain the relevant empirical evidence.
Our subsequent discussion will show that many of the problems associated with
the CAPM are also present in the APT context and that its ability to explain
the relevant empirical evidence is not markedly superior. Moreover, it raises
questions not only about the RR and related empirical investigations of the
APT but also about the testability of that theory in the present state of the
art. A major part of the problem results from the necessity to break down the

"universe" being analyzed through the APT model; this is forced upon the



investigator by the fact that computer software does not permit factor
analysis involving covariance or correlation matrices of high order (in the
case of RR 1260).
Our paper has three major thrusts:
1. It is generally impermissible to carry out tests on whether a given "risk
factor is priced"; this is a result that is inherent in the structure of

standard factor analytic models, unless one is prepared a priori to

specify that in the "true" structure certain factor loadings are known.

2. Factor analyzing small groups of (30} securities is not eguivalent to

factor analyzing a group of securities sufficiently large for the APT

model to hold.
3. As one increases the size of the security groups to which the APT/factor
analytic procedures are applied, the number of "factors" determined

increases.

2. The APT Model: Implications and the Nature of Empirical Tests

In order to establish notation and make this paper as self-contained as
possible, we give a brief exposition of the APT model and discuss some aspects
of 1ts empirical implications.

The model begins by postulating the return generating function

r = + £f B + 1
£ e £ T e (N

where T is an m~element row vector containing the observed rates of return
L]
at time t for the m-securities under consideration; Et- is similarly an m-

element row vector containing the expected (mean) returns at time t. Finally,

= +
vt. ft-B ut_ (2)



represents the error process at time t. It is an essential feature of the APT

model that the error process has two components: the idiosyncratic component .

u ’ t=1, 2,-..

and the common component

It 1s assumed that

{ué.: t = 1, 2, . . -}

is a sequence of independent identically distributed (i.i.d.) random vectors

with

E(ué.) =0, COV(ué.;f;') =0 and Cov(ué.) =8, (3)

the covariance matrix Q being diagonal and such that
0(0.),,(0“, i=1,2,--.m. {4)

Regarding the common component, we note that the form in which it is stated

creates an identification problem, since neither f nor B are directly

te

observable. We (partly) eliminate this problem by specifying that
{f;:.: t = 1' 2; . . -}

is a sequence of k~element i.i.d. random vectors with|

H
.

E(f;.) =0, Cov(fé') = (5)

It is a consequence of the assertions above that

(e, mE ' =1, 2, 0.}

is a sequence of i.i.d. random vectors with

E[(rt_ -E_ )] =0, cOv[(rt_ - Et.)'] =B'B+Q =Y, (6)



We further note that

. £ 4
Cov(rti, rtj) b-io-j i j

(7)

It

b'.b . +uw, i=3
«1 1 1i

and that indeed the columns of B (b-i' which are kx1) contain information on
the covariation of securities.

Finally, since only ¥ can be estimated directly from the data, (6) shows
that there is a further identification problem not eliminated by the assertion
in (5) and the discussion of footnote 1. For if B is a matrix satisfying (6)
and (1) and even if ft- obeys (5), then for any orthogonal matrix Q, QB also
satisfies (6} and (1). Hence, B can be identified only up to left maltipli-
cation by an orthogenal matrix, unless we are prepared to put a priori
restrictions on the elements of B.

Now, just what restrictions on empirical evidence are implied by the APT
model? First, we should note that the proof of the crucial implication of APT
requires the invocation of a strong law of large numbers {(SLLN); hence, the
universe of securities to which one seeks to apply the model must contain a
sufficiently large number of them so that the invocation of the SLIN may be
reagonably justified.

Secondly, the fundamental conclusion of APT requires that there exist a

{k + 1)-element row vector, ct ; Such that
E = C B*, t = 1, 2, e o o, T (8)
where
el
B* = (-], (9)

e being an m-element c¢olumn of ones.



Thus, the no arbitrage condition characterizing equilibrium rates of

return requires that if Xy, is such that

)
YeeXee

is an entity to which the SLLN applies and if X, belongs to the column null

space of B*, then Et- must lie in the row space of B*.2 If the number of

securities (m) is sufficiently large, then for any desired degree of

approximation we can rewrite (1) as

rt. = Ct°B* + ft'B + ut., t = 1; 2: 4 e o; T W (10)

The restriction on empirical evidence imposed by (10} is rather stringent; in
particular, it requires that no other {relevant) economic/financial variablaes
have any bearing on the determination of expected rates of return, once the
impact (on the expected rates of return) of the covariation among securities

is taken into accgount.

3. Significance Testg for the "Priced®" Risk Factors

The empirical testsz of APT carried out by RR and others are based on a
two step factor analytic approach. Factor analytic methods are, in effect,
suggested by the formulation in (1) and the composition of the covariance
matrix in (6). 1In the first step one determines the number of factors (k) and
estimates the elements of B and in the second stage, using the latter as the
"independent variables," one estimates the vector Cp,r whose elements have the

interpretation that ¢ is the risk premium attached to the ith

€1 factor,

i=1, 2, +. .., k, while Co L8 the risk-free rate, or possibly the return on

a zero-beta asset.

The question often arises as to whether all (common) risk factors are



priced or only a subset thereof. 1In this section, we wish to address the
methodological issues bound up with these concerns.

Thus, suppose T is sufficiently large so that these covariance or
correlation matrices, ¥, can be estimated with reasonable accuracy and by
factor analysis we estimate B, say by E, and §i, say by a. Thus, we have

implicitly estimated

<]
il
we
Wi
+
o

{11)

which completes the first stage; in the second stage, for each t, we may

estimate

S= BB TR e, b=, 2, L (12)

If the underlying error process is normal and if T is sufficiently large, it

is easy to show that (approximately)

1

(G, = e, ~wlo, ey tmn)7] (13)

e

Thus, we may view the {Eé.: t=1,2 ... T}, approximately, as drawings

from a multivariate normal distribution with mean3

C_::.i t = 1; 2' s o o, T

and c¢ovariance matrix

(s*y " 'pry Tt

Recalling, however, that B is identified by Ffactor analytic procedures only to
the extent of left multiplication by an orthogonal matrix, we are led to doubt
the manner in which tests on individual elements of ct. are typically carried

out. General tests, see for example RR, involve the introduction of other



explanatory variables and a test of the hypothesis that the corresponding
coefficients are zero.
In the remainder of this section, we shall examine the question whether,

in the context of the specification

= * +
r ct.B + dt_P v {14)

- Lo

where P i1s a wmatrix of "extraneous" variables and B* is only identified to

within left multiplication by

Q* = (15)

and Q is orthogonal, it is possible to have unambiguous tests of significance

on d c and ¢ ., i =1, 2, + . ., ke To avoid extraneocus issues, we shall

te’! Tto ti

suppose that T is sufficiently large so that the estimates of B obtained by a

factor analytic approach have negligible sampling variation and we can deal

with them as if they were their probability limits. Let B, be the "true”

parameter matrix as initially specified in (1). Then the output of the factor
analytic procedure and therefore the set of explanatory variables in (14) is a

matrix, say, E, which is related to the true matrix H0 through

_ 1 0 0 a!l
H=|0 o) 0 Ho : H0 = B0 {16)
0 0 I p

Note that H, is unambiguously specified although B, is unknowable; what is

knowable is only the transformation

B = QB
QO

where Q is an arbitrary orthogonal matrix. flence, the only unambiguous

conclusions that may be derived from such an analysis must be conclusions



"modulo” Q, i.e., conclusions that do not in any way depend on Q.

We have

Proposition 1: Consider the general model in (14) and suppose T is

sufficiently large so that sampling variation may be ignored. Define

—_— -17 r —1 -1 ) —_— _.‘ = — T e — =
ht- = (HOT do) HOW rt. . ht- = (ct-'dt-) ' ht- = th. r H = QHo
~ — = == =1 _ 1 0 ¢
h = (W W) W i, @=|0 9o o (17)
0 0 b

where @ 1is an orthogonal matrix of order k;, I is the identity matrix of
order s (s being the number of extraneous explanatory variables -~ the rows of

P), and H, as in Equation (16); then
= L=
b, =Qhl, (18)

Proof: Obvious by noting that
6'5"'1'
i.e., 6 is also an orthogonal matrix (of order s + k + 1).

It is evident that the "rigsk free" or "zero-beta" rate is uniquely

estimated since in the obvious notation

c = .
to cto

Moreover, the vector dt- is also uniquely estimated since



dt- = dt- .
On the other hand
c c c '= ¢ c co-N '
(Cpyr Cpgr v o or Sydt = Qleuc  reenic )
which states that, in general,
c .t ¢ L=1, 2, v v o), X «

Cei i’
Hence, the interpretation of the regression estimates E;i as the "risk

premium" for the ith

common risk factor is a serious overreaching of the
empirical evidence.

In RR as well as Hughes [2] among others, many tests are carried out as
to how many factors are being "priced™; in RR tests are also carried out on
the "significance" of individual extraneous variables as a "test"™ of the APT

model. To what extent are the results of such testsg unambiguous? This is, in

part, answered by

Proposition 2: Under the conditions of Proposition 1 the covariance

~

matrix of the estimator E;_ has the following properties:

~

1. the variance of E£O is exactly the variance of ¢

depend on the matrix Q;

to” i.e., it does not

2. the covariance matrix corresponding to Et- is exactly the covariance

matrix of Et-’ i.e., it does not depend on the matrix Q;

3. the covariance matrix corresponding to the "risk premia® assigned to

the common risk factors does depend on the matrix Q.

~

Proof: The covariance matrix of E;. is evidently given by

T Vg =1 - Vil PR b
(HY 'H") Q(HOY HO) Q
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Thus the variance of E;o is simply the (1, 1) element of (Ho‘i’_1

independent of Q. Specifically, it is

=1 10 Q=101 0,-1 1-1
[e ¥ ‘e e'y H2 [H2T H2 ] HZ? e]
where
o] Bo
H2= p N

For the second statement of the proposition we note that the corresponding

covariance matrix is

1 1 1

[p¢™'pr - py lpxe (mry " aar) Ty Tp
Q Q (o] 8]

*
which evidently does not depend on Q; BO is the true parameter matrix, B_,

H')*1 which is
o

augmented by a column of ones as in (9). For the last part of the statement

we note that the relevant covariance matrix is

1 1 1 1 -1

- — - ..1 -
= | t A * * * 1 L}
¢,, = o[B Y Bl - BY P*U(R* p*') pry B!] 9
ar
o T
°22 = Q9,0
where
* e'
LA P

and ¢22 has the obvicus meaning. This makes the dependence clear and

completes the proof of the Proposition.

The results above should make it evident that tests on individual

coefficients, cti' or subsets of risk premia coefficients are not

(19)

unambiguous. To demonstrate this let us assume normality of the error terms
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so that the test statistics become unambiguously determined in their

distribution. Such linear tests involve consideration of quantities like

_Ol
A*
ct.
where
E*O—_-(;o E‘O .« _C-o)
te £1" T2’ f Ttk

*O

A is a suitable matrix with known elements and Et? = c;?Q', Y

being the
"true" risk premia vector. The usual test statistic then would obey, for the

_ol
test of Ac;. =0,

~

— _1
* 1 1
ct.A (A¢22A )

kT = ekOIA! O Jipry~! N*|~2
Act. ctQ A (AQ¢22Q A') AQct. Xy

where

° Q@ ad A 1is rxk (r X k) of rank r.

Since in general

Q'A'(AQ&ZZQ‘A')-1AQ # A'[A¢;2A'J-1A .

a test of the hypothesis

o
* —
Act. o
is not equivalent to a test of
T
* =
Act. Q

In the special case, however, when A iz the identity matrix of order k
(i.e., when we simultaneously test all risk premia), we find that the test

statistic reduces to



c;[r,bgz)" EE: ~ Y (20)

which is appropriate for testing the hypothesis

'
*
Ct.

Ii
o]
-

Thus, in_ this context the crucial testable hypothesis is how many factors

there are and whether none of them is priced, rather than whether some of them

are priced and others are not.

4. A Critical Appraisal of the RR and Similar Empirical Tests

The APT model as explained earlier requires the set of securities to
which the (rates of) return generating function in (1) applies to be large

enough so that a SLLN applies. It has the important implication that

B = C B*
e Te

There is no presumption of time stationarity with regpect to the wvector ct.
which describes the dependence of the mean {expected) rate of return vector on
the rows of B*.

It is a practical necessity, and wag explicitly assumed earlier, that the
distributions of ft- and u, be time stationary, i.e., it was explicitly
assumed that their distribution {or at least their second moments) did not
vary with t. At least, this must be so over a sufficiently long period to
permit the estimation of the relevant covariance matrix.?

A second important implication of the APT model as exposited above is

that, within any degree of (probabilistic) approximation desired, the vector

of returns of the m securities in question may be written as

r = ¢, B*+ £f B +
te te bt

Lo t = 1, 2, s s o, T (21)

te’
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which means that if we are to subject the model to empirical testing, we ought

to treat all m securities symmetrically.

It has been a practice initiated in the paper by RR, and by now quite
widely adopted by other researchers, to divide the universe of securities into
a number of groups (42 in the case of RR) and treat them as "cross sections"
from a population in the manner one treats a sample of households in the con-
text of a consumer expenditures survey. The analogy is, of course, quite
appealing, which is the reason for its wide acceptance. It is, however, very
misleading. What enables us to use the cross-sectional information of a
consumer expenditures survey to infer something about the parameters that
characterize that particular universe is that each individual in the crosgs-
section has some fairly well-defined attributes which can be measured
unambiguously and independently of how many lndividuals there are in the
cross~section coupled with a presumption of parametric homogeneity among the
entities of the relevant universe.

A reflection on the nature of the model as exhibited in (21) will
disclose that if we partitioned the universe into 42 groups as RR do, then for
the ith group we should have

S S I €V TR (1)

te ge Dqay TR By YR o =02, 00 @2 (22)

1)

{
whe
re rt.

consists of the first 30 elements of r |, ré%) of the second thirty

to
elements and so on. Similarly, B(1) consists of the first 30 columns of B,

2t

B(a) of the second 30 columns and so on. The same is true of B?1) Tk
(2)

*

B(Z) ’ ut_ s ete.

r

The question arises whether each group can be dealt with in isolation
with any degree of assurance regarding the reliability of the ensuing

results. In their paper, RR and those who have followed their lead such as,
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for example Hughes [9], make only the caveat that while only a relatively
small number of factors may be identified in each group, one must bear in mind
that perhaps it may be different factors that correspond to different

groups. The remainder of their discussion appears to ignore this point and
proceeds as if the same small number of factors is identified for each group;
RR are particularly pleased that the number of significant factors extracted
in each of their 42 groups (of alphabetically arranged 30 securities) ranges
between three and five.

Unfortunately, the situation is far more grave than the literature has
thus far allowed for. Treating each group of 30 securities as a cross-section
and looking to the results from such an exercise for confirmatory evidence
about the number of factors is not appropriate. Most importantly it should be
stressed that, in general, what is the equivalent of the explanatory variables

(attributes) for the 30 securities cannot be measured reliably independently

of the issue of how many securities we treat simultaneously. This is so since
those “explanatory variables" are given by the (sub) matrix B*i and this
cannot be measured reliably in a 30-securities context--for reasons we shall
explain below. Contrast this to the consumer expenditures survey context in
which each individual household's income, size, composition and other relevant
sociloeconomic attributes can be accurately ascertained independently of how
many households there are in the sample (cross-section).

The fundamental reason for this state of affairs is, essentially, that
there is no necessary and simple connection between "factors" found in a 30~
security context and "factors" to be determined in the context in which APT
models may be held to apply. As pointed out in another context by one of the
authors (Dhrymes [5]}), the "factors" postulated in such models are not ab

initio tangible concrete entities. Rather, the structure simply represents
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the researchers' rendition of the well-established pattern of covariation
among securities' returns. If, after prolonged empirical investigations the
number of "factors" found is stabilized and an economic/financial
interpretation is attached to them, we may, at that stage, think of such risk
factors as reflecting fundamental economic forces at work in the securities
markets. Thus, the nature of the factors is to be inferred from the observed
behavior of security returns -- not the other way around. Consequently, since
the "theory" indicates that this pervasive pattern of covariation affects
certain groups of securities obeying certain requirements, their existence and
identification can only be determined in that context.

A simple example from the psychometrics literature may help to put this
matter in more intuitive terms. Factor analysis has been often applied to the
results of different intelligence tests in order to determine the "common
factors™ underlying the components of human intelligence. The number of
securities in the context of the APT is like the number of tests one adminis-
ters; the number of trading days is like the number of individuals to whom one
administers the tests. If there are too few of them {individuals), the confi-
dence one has in the results is not very strong; if there are very many, then

one's confidence in the result of the analysis increases. The number of tests

has nothing to do with sampling variation; it has something to do with one's

universe of discourse. If a specific number of tests elicit a performance
governed by the operation of k factors, then one has to analyze all of these
test results {on all individuals) simultaneously. Recall that factors are not
observed or observable directly; they are inferred only by the performance of
individuals on all the tests administered. If only some tests are analyzed
{such as using only the tests measuring verbal skills while excluding math and

other relevant tests), then part of the information on how these factors



16

affect the results is missing and hence the results of the analysis may be
misleading. Using an abbreviated environment would necessarily distort the

evidence, much in the manner of the fable of the blind man feeling a large

elephant.

By way of a logical explanation as to why B* cannot be measured

(1)

reliably in the context employed by RR and others, such as Brown and Weinstein
[1] for example, consider the model in (10) and suppose rt' is stated in terms
of standard deviates, i.e., we subtract from each rti its mean and divide by
its standard deviation, thus conforming to the standard procedures in factor
analysis computer software. Making allowance for this construction, the
interpretation of ¥ in (6) is now that of a correlation matrix so that its
diagonal elements are unity.

Partitioning ¥ in accordance with the RR scheme above we have

Y = [Wij], i, 3 =1, 2, « « .+, 42 (23)

h

so that Wii is the correlation matrix for the it group of 30 securities and

Wij' i # j, the "cross correlation™ matrix between securities in the ith and

jth groups. I1f we subject all 1260 securities to factor analysis simultan-

eously, we shall obtain estimates of B and 2, say B and 5, obeying

diag(s) = diag(B'B + &)

(24}

P

[Q

1 oom Yo ma Vo e Vot m 1o
&(s-mn‘@p 2% = F 233 5

where S is the sample corxrelation matrix. On the other hand, factor analyzing

each of the 42 groups we obtain

A A ~

, - as .
dlag(Sii) dlag(BiBi + ﬂi)
{25)

A ~ 1/ LY 1/ ~ ~_ 1/ ~ -~ 6_1'\
- 2 2Rt = 21 '
88, 2ja, 2B =@ Bi(B,Q, 'B!)

5
[a; 2 ¢s S i

i it
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for 1 = 1, 2, « « «, 42.
In (24) and (25) we impose, respectively, the conditions that (33 '3')
and (319113{)' i=1,2, ..., 42 be diagonal. The procedure in (25) is

essentially the RR procedure, and it may be rationalized by assuming that

there exist orthogonal matrices, Q;, such that

~r

B{ = Q'i_Bi'_ ’ i. = 1; 2, * & ey 42 (26)

and that while the Bi' Qi of (25) do not satisfy (24}, there is still a well
defined relationship between them as given by (26). If that is, indeed, the
case, then certain aspects of the RR methodology will not be inappropriate,

even if the procedure would not be the most efficient possible. Intuitively,

this is not very likely to be true since we seem to be arguing that the

characteristic vectors corresponding to the k largest characteristic roots of

a matrix and its principal submatricesg are related in the manner of (26). We

also seem to be arguing that ignoring the off diagonal blocks constitutes a

misspecification that entails no cost.

Since the impression that (26) is correct is rather widespread, it is
appropriate for us to address this issue.5 A particularly simple way of doing
this is by noting that if (26) is correct, then the length (inner product) of

the columns of E{ and B{ must be identical. This identity is not a matter of

statistical significance and departures from it (beyond round-off errors) can-

not be attributed to sampling error. Rather, the equality of the length

(inner product) of the two sets of vectors is a simple consequence of the
mathematical relationship noted in Equation (26); thus, any discrepancy
between the lengths (inner product) of these two sets of vectors can only mean

that the relationship exhibited in (26) is false. Consequently, there is no

such simple relationship linking the "factor loadings"™ obtained from a set of,
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say, 8 groups each containing 30 securities and the factor locadings obtained
when we "factor analyze" these 240 securities as a simple group. 1In order
that we may explore these issues, we extract "five factors" from a group of
240 securities and "five factors™ from each of its 8 constituent groups of 30
securities each. We present in Table 1 the length of the columns

~

of Ei and Bi (five in each case). The flrst column refers to the case where

~

the B{ have been obtained by the factor analysis of the 8 groups of 30
securities each; the second column refers to the case where the Ei are the
5x30 submatrices of the matrix B obtained by factor analyzing the entire group
of 240 securities. Although this is not a particularly stringent test, the
results show quite unambiguously that no such relation as {26) exists in the
current context. It is quite important to realize that factor analyzing 30

security groups is not equivalent in any way to factor analyzing a 240 or a

1260 security group if we impose the condition of extracting the same number

of factors in the two contexts. Thus, the RR procedure is not equivalent to

testing the universe of securities for which the APT is postulated to hold.
The number of securities used in testing the APT should be sufficiently large

so that the SLLN can be invoked ag shown by Ross [15] and Huberman [8].

5. A Partial Test for the Loss of Information Entailed by the RR Procedures

As indicated in the preceding section, the RR methodology does not use
the information contained in the off-diagonal blocks of the matrix (23) (i.e.
the covariance matrix of the entire set of securities). This methodology can
then be justified only as a special case when the information in the off-
diagonal blocks of (23) can be ignored. One may therefore interpret the RR
methodology as operating on the implicit assumption that the off diagonal

blocks of the matrix in (23) obey
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‘Pij = 0, i#j’ i; j= 1; 2, LN 42 (27)

and extracting five factors from each group {or 210 in all) rather than five
from the entire group.

While we cannot actually test the null hypothesis {16) that wij = 0 for
the entire set of securities, we can carry out a "test” for a set of 240

securities. The (log) likelihood function {LF) under H, as in (27) is given

by
30nT T o -1
= o ————— - — 1 +
L, 5 in(2m) - < 121 [1n|BiBi Q1 + ery s ] (28)
where
Y, =B!B, +0 s, =+ E {1 () i=1, 2 (29)
S B R ii T L Tee Tre ot BT S e m

t=1

(and as required in most computer software the return on the jth security,
rtj' is stated as a standardized deviate), where n is the number of groups of
gecurities (8 in our case).

Maximizing under H,, and extracting five "factors" per group yields the

RR results. In the particular case under consideration we find

30nT T 2 ~ o -
max L, = ~ == [In(2n) + 1] - 2 L In BB, + 2 (30)
H =1
o)
Under the alternative, the LF is
L.o=-22 g emy -1 sB+a| - L eyl
2 2 2
where now
T
1
8 == E r! r
T =1 te £

Maximizing under the alternative and still extracting five "factors" yields

the RR results as would be obtained for the entire set of 240 securities. In
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particular, we find

30nT T ~

= —_ = + - "B + Q)

2 > [ln(2ﬂ) 1] 5 In |B (31)
Now had we extracted only five "factors" from all 240 securities in the

likelihood function of (28), as a nested set of hypotheses would require, we

would find a maximized value for the LF in (28), say L*, obeying

L* €< max L
1" 1

H
o
Thus, if we treat
Tn ~on ~ ~ o~ e
In A =max L, -max L, = - =[ ) In |B!B, +Q,] - 1n |B'B + QI]
1 2 2L, i7i i
HO H1 i=1

as the likelihood ratio test statistic, we would obtain a value for A which is

larger than the correct one. Hence

n
~ ~~

~2ini=17} 1n |Ei§i + ﬁi - 1n [B'B + 0| ] (32)
i=1

would yield a value which is smaller than the correct one. Hence, if we
reject on the basis of (32), we would certainly reject on the basis of the

correct LR test statistic. WNow, in the present case

n =8, T = 219 !

8 “aoa

! 1n |B!B, + Q.| = -15.49002

. 1 1 b3

i=1

In |B'B + d| = -24.16200
Hence
-2 1n A = 20,049 (33)

and we remind the reader that, for the correct test, the statistic would be

distributed as chi-square with 1050 degrees of freedom, and the number
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appearing on the right side of (33) would be larger. We could, of course,
continue with the formalities and actually carry out the test; but the point
is abundantly made by the preceding, viz. that there is an enormous loss of
information by dealing, seriatim, with groups of 30 securities and
consequently that the RR procedure cannot be rationalized in terms of ignoring
information of little value. Indeed, if we were to accept the proposition

that
‘P . = 0 iij ’

then since the assignment of securities to groups is arbhitrary we would
conclude that there are no common risk factors thus denying the raison

d'etre of the APT model.

6. How Many Factors Are There?

Notwithstanding the criticism of the basic RR approach developed in the
earlier section, we deem it important to reexamine the results obtained by
them with a view to reassessing the evidence presented thus far on behalf of
the empirical validity of the APT model. This is done for two reasons.
First, it is an important scientific axiom that potentially important new
empirical results be subjected to the test of replication; this is
particularly important in the case of the work by RR since while their
findings are very provocative, their data exhibit a rather vexing missing
observations problem. Second, a reexamination of part of the evidence
presented by them would certainly permit us to examine, in an empirical
context, some of the issues we had raised earlier, and either confirm or raise
doubt about certain purported empirical regularities obtained in the basic

work by RR.



22

The question we shall examine in this section is how many factors can be
said to characterize the return generating process for securities traded on
the New York and American stock exchanges. This question was raised by RR who
assert (Table II, p. 108B) that in about 88% of their groups (about 37 ocut of
42} "the probability that no more than five factors are needed to explain
returns™ is higher than .5, and (Table III, p. 1092} that when Cro is not
taken as known, in 95% of the groups three or fewer factors have associated
"risk premium significant at the 95% level."

As we have pointed out in section 3 one cannot test unambiguously the
"significance” of individual risk premia although one can test unambiguously

the null hypothesisg

ol
te

0
where

= o] »*
o = (Cgor L)

ie€a, c;. is the vector of risk premia. Thus, the important issue in this
research 1s how many factors there are rather than how many “"priced" factors
there are. RR and others who followed their lead, such as Chen [3! among
others, settle on five factors. Apparently, previocus researchers, in the
process of establishing "the number of factors" by the conventional likelihood
ratio test (asymptotically a chi-squared test), have not appreciated the
connection between how many factors are found and the number of securities one
constders.6 Table 2 presents chi-square tests on one to five factors for each
of the 42 groups in the RR analytical framework. Our results differ
appreciably from those obtained by RR (Table II, p. 1088). Thus, if we
interpret the "probability that no more than five factors are needed to
explain returns" as the p~value associated with the statistic involved in

testing for a 5-factor decomposition, the comparison is as follows:
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p-va.lue +9 «8 7 6 5 o4 3 2 o 1 0
RR 38,1 16.7 71 2.4 12.0 2.4 4.8 4.8 9.6 2.4
Ours 0 12.0 9.5 4.8 16.7 11.9 11.9 9.5 71 1646

In the above the entry below each p-value, say .5, is to be interpreted as the
percent of groups with p-values in the interval {.5,.6). Thus, for example,
our results for p-value equal to zero show that seven groups (16.6%) have a p~
value which indicates that a five factor decomposition iz inadequate at the
10% level of significance, while RR find only 1 such group (2.4%). The
difference in the findings may be attributed either to the very large number
of missing observations for some securities in the RR sample or to the greater
precision of our computer software (SAS) or both.’ The differences in sample
coverage between our set and that of RR amount only to 24 firms (see the
description of our data).

To examine the issue of "how many factors there are" we consider the case
of an expanding "universe" of securities and we give these results in Table 3.
Thus, if one considers groups of, say, 15 securities, then only one or two
factors may be "found;" if one considers 30 securities, then two or three may
be "found." This becomes plausible if one understands the operational signi-
ficance of the test, instead of concentrating solely on the purely abstract
and synthetic concept of factors. What the test does (see, for example,
Morrison (13), p. 269ff) is to test the hypothesis that after the extraction
of k roots of the appropriate matrix the remaining roots are equal--and
presumably small., Thus, looking at the 15x15 reduced correlation matrix
entailed in the use of 15 security groups, it would not be surprising to find
only one to two "distinct" characteristic roots; as we enlarge the scope of
the investigation by dealing with, say, 30 security, 45 security, 90 security

or 240 security groups, we should not be surprised if we encounter more
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distinct characteristic roots. This is well illustrated in Table 3 which
gives the chi~squared statistics and p-values assoclated with a given number
of factors for (overlapping) groups of 15, 30, 45, 60, and 90 security
groups. We also give the p-value associated with five factors in the case of
a group consisting of 240 securities.

We remind the reader that the p-value8

is the probability that a (chi-
squared) statistic at least as large as the one obtained would be realized if
the null hypothesis is true, i.e. if there are at most X factors and the
remaining m-k characteristic roots are the same. Choosing a level of signifi-
cance at .05, we see from Table 3 that for the group of 15 securities we have
at most a two-factor model; for the group of 30 securities (containing the
initial 15) we have a three-factor model; for the group of 45 securities we
have a four-factor model; for the group of 60 securities a six-factor model
and for a group of 90 securities a nine-factor model. While these results
have been obtained with a certain set of 240 securities, we have no reason to
believe that, aside from singularity problems, the same phenomenon will not
manifest itself with another group of 240 securities, The interesting
question is at what level will the number of factors stabilize so that adding
more securities to the universe will not change the number of factors
conventional testing procedures will produce. We reserve this line of inquiry
for another paper.

We do, however, report in Table 4 the estimates of the factor loadings
from a group of 240 securities and those obtained if we factor analyzed its
eight constituent groups of 30 securities each. Due to space limitations we
only present this comparison for the first 60 securities., Interestingly, for
any given security, estimates of the first factor loading do not change

erratically as the "universe"” expands. Estimates of the factor loadings for
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the remainder of the factors, however, change dramatically as the "universe"
expands.

The import of this aspect of our work, then, is that the empirical
finding in RR that the return generating process may be adequately charac-
terized by a five factor scheme is not supported. It is then still an open
question as to how many factors give an adequate characterization, but it is

almost certain that there are more than five,

7. How Well Does the APT Model Explain Daily Returns?

In dealing with complex estimation procedures like those entailed by the
APT model, it is not straightforward to determine just what is the explanatory
power of the model or alternatively what is a measure of the "goodness of
fit." We have chosen to measure "goodness of fit" by the (mean) square of the
correlation coefficient between "predicted" and actual rates of return within
the sample period for each group. For more details on why this is a useful
measure see Dhrymes [6], chapter 2. We shall first give an account of the
procedure and then discuss our findings.

We designate, in the RR methodological context, the estimator of the
vector of coefficients, Cy, 7 {(involving the "riskfree" rate and risk premia)

by

N(i)' _ N* -1~*| -1 ~*~_1 (i-)' is= 1; 2; “s 0y 42
o T BT BT BT ’ 1, 2, eaey T (34)

i i iite

ot
1]

within each "cross section," or group of 30 securities. Thus, we have a
collection of T estimates for such coefficients for each group. Owing to the
fact that generalized least sguares procedures are employed in the estimators
of (34), the usual R2 1ls not very useful or meaningful.

Thus, we use the estimates in (34) to "predict™ rates of return, by
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(L)Y e ST,
., = Bi (BiyiiBi )

=1 (1) r(i)' 1= 1, 2, «os, 42

By = A

1 ii e i ke t=1 2, ¢s+¢, T (35)

Then we compute (over T observations) the square of the correlation
coefficients between the actual and predicted values within each group, i.e.,

we compute

R?. = [Corr(r(i) ~(i)]]2

14 £y ° rtj =1, 2, «se, 30
The statistics given in Table 5 refer to
30
2
rR*? = (1/30) ] &2, (36)
i =1 i3

Consequently, what we have in Table 5 are statistics that give a measure of
the mean explanatory power or goodness of fit for the 30 securities in the ith
groups, We have done this in the case where we have used only one factor and
where we have used five factors.

Several obgervations are in order. First, clearly at least one of the
remaining four factors contributes importantly to the explanation of returns
in the context of the APT model. Thus, the typical Rzz for the five factor
case is about twice the corresponding REZ in the cne factor case. Second, the
typical correlation is of the order of .3 in the case of five factors and

about .15 in the case of one factor.

8. Additional Tests of the APT Model

We have carried out two additional tests of the APT which we cannot
present in detail here in view of space limitations, but which we shall
summarize in view of the importance RR place on them. These two tests consist
of (1) an investigation of the relationship between the constant term or
intercept in the RR cross—section regressions and the theoretically expected

risk-free rate or zero-beta return,9 and (2) an analysis of the pricing of
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residual variance vs. covariance measures of risk. We should note, however,
that the procedures followed in the two tests, like those used by RR, are
subject to the basic limitations in the application of factor analysis

discussed earlier in this paper.

Our intercept analysis for the 42 groups of 30 securities each does not
reject the hypothesis that the intercepts are, on average, the same in all
groups, which is consigstent with the APT model, but does indicate that the
intercepts are insignificantly different from zero and/or significantly dif-
ferent from the risk-free rate for most groups, which is inconsistent with the
model. 19 When standard deviation and skewness are introduced into the cross-
section asset-return regressions, while generally ylelding insignificant
coefficients, they turn out to be significant at least as frequentely as the

factors suggested by RR, which again is inconsistent with the APT model. 1!

9. Conclusions

In this paper we sought to re-evaluate the empirical evidence bearing on
the relevance of the APT model; although our findings are applicable to
several other studies -~ many still unpublished -- we have centered our

discussion on the important paper by RR which constitutes the locus classicus

of this literature.

Certain important conclusions emerge from our analysis. First, the basic
methodology of analyzing small groups of securities in order to gather confir~
matory or contrary evidence relative to the APT model is seriocusly flawed.
Given the theoretical foundations put forth by Ross [15], we must in our
empirical analysis treat all securities symmetrically; if that is not possible
because of computer software limitations, then other ways consistent with the

bagic requirements of the model have to be found. Analyzing small groups of
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securities produces results whose meaning is unclear and which cannot possibly
be what the investigator wishes to accomplish.

Second, because of the indeterminacies of factor analysis, it is not
possible to test directly whether a given "factor" is priced, i.e., it is not
meaningful to carry out "t-tests" (or other similar tests) of significance on
individual risk premia coefficients. We can, however, carry out unanbiguously
"F-tests™ or asymptotic chi-square tests on the significance of the vector of
risk premia. Thus, the important research issue here is how many factors
there are and whether (collectively) they are priced.

Third, the basic conclusion of RR that there are three to five factors
does not appear to be robust; our results show that how many factors one
"discovers" depends on the size of the group of securities one deals with.

For example, when dealing with a 15~security group one "discovers" two
factors; when dealing with a group of 30 securities, one "discovers" three
factors, with a group of 45 securities, four factors, with a group of 60
securities six factors, and with a group of 90 securities nine factors. While
this exercise has not been repeated with many groups and thus we cannot put
forth the proposition that we tend to "discover™ factors equal to 10% of the
number of securities in the group analyzed, still it raises grave doubts about
the major empirical import of previous research, viz. that three to five fac-
tors give an adequate characterization of (common} market risk. This finding
alsc suggests a possible fruitful line for future research.

Finally, we ought to point out that our findings have relevance more to
the empirical methodology currently in use for testing the APT, rather than to

the validity of arbitrage pricing theory models per se.
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Footnotes

1Note that if Cov(fé.) =%, & > 0 otherwige arbitrary, then ft-B is

indistinguishable from fz_Bo where, for arbitrary nonsingular ¢,

o 0 -1
ft.~ £ tg' B =C B .

2See Huberman {8] for a precise definition of arbitrage and a concise yet
elegant exposition of the APT model.

3As we point out later, at a more appropriate juncture, it is somewhat
incongruous that we insist on time stationarity for the distribution of £ (the
risk "factors") while here we do not insist on the "stationarity," i.e. the
constancy, of the risk premia Ceyt 1=1,2,+4+,k.

4One significant limitation that is found in all papers attempting to
estimate or test the APT model is that in the estimation of the relevant
covariance matrix it is assumed that the mean return process is time
invariant. This is so since the (sample) covariance matrix computed by any
factor analytic software package will, barring instructions to the contrary,
compute the mean of the security returns as if the return generating process
had a time stationary mean -- in this context, a constant mean. Actually,
there is a further logical problem; in the context of the APT model, the
justification for the risk premia vector 1is the presence of the risk factors
through the term ft_B,in the return generating function. Sinece the "factors"
are assumed to have a time stationary distribution, indeed to be independent
identically distributed with mean zero and covariance matrix I, and since
B 1is also assumed to be a matrix of fixed constants, it is difficult to
understand, conceptually, why the risk premia vector should not also be time
stationary. Thus, the only component of (10) for which the model carries no
such implications is the constant term, Ceot which may be interpreted as the
risk~free rate.

5In an earlier version of this paper, we had given a counterexample
illustrating these issues; in the interest of brevity we have eliminated it
from the current vesion. The counterexample, however, is available from the
authors on request,

6Factor analytic methods have been frequently used in the finance
literature. 1In fact, the dependency between number of Factors and number of
securities was noted by Meyers [12] without an explanation. See Elton and
Gruber [7], Chapter 6, for a good summary of the applications of factor
analysis in finance and for an extensive literature survey.

7We also used the same software package (EFAP) used by RR. These results
are similar to those obtained by the SAS package. In their recent paper, Cho,
Elton and Gruber [4] found results similar to ours.
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870 be precise, let £ be the test statistic, which is chi-squared with r

degrees of freedom. If the level of significance is 10%, then the acceptance
region is defined by

Probability (& < t.10) = .9

where £, is the boundary of the acceptance region defined by the specified

10
level of significance. Hence

Probability (& > t.10) = .1
both statements under H,. The p-value that is associated with a_given
statistic s is then

Probability (£ » s| Ho) = p-value

Hence, in order to "accept" a hypothesis at, say, the 10% level of
significance, the test statistic obtained must have an associated p-value of
at least .1. Of course, if the associated p-value is greater than .1, it may
be the case that the hypothesis accepted contains "redundant" factors. For
example, in Table 4 and for the case of 15 securities, the p-value associated
with one factor is .0023, hence the one factor model should be rejected at the
5% significance level; the p-value for the two factor model is .4140, which
means that this should be accepted; the p~value for the three factor model is
+7676, which is also to be "accepted." On the other hand, this really
containg one "redundant" factor.

9Under certain conditions, Ingersoll [10] argues that the intercept in
the APT could be a "zero beta" asset even though a risk-free asset exists.
However, this would seem to imply that the market does price risk other than
common or factor risk and that arbitrage pricing theory, unlike the CAPM,
cannot explain the basic risk premium between risky and risk~free assets.

10Thi.s finding is inconsistent even with the zero-beta version of the

model since the required rate of return on such an asset is presumably in
excess of zero.

1

paper.

1These additional results are available in a longer version of this
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DESCRIPTION OF THE DATA

Source: Center for Research in Security Prices

Selection Criteria:

Graduate School of Business
University of Chicago
Daily Stock Returns Files

a By alphabetical order of 42 groups with the size of

30 individual securities listed on the New York and
American Stock Exchanges.

Maximum Sample Size

Per Security: 2619 daily returns

Minimum Sample Size

Per 3ecurity: 2509 daily returns

Number of Selected

Securities: 1260

Time Period July 3, 1962 to December 31, 1972

a

Richard Roll was kind enough to give us a complete list of the cowpanies in
the RR study. We were not able to find 13 securities in the RR data in the
1982 CRSP Daily Return files due to name changes. We also replaced 11
securities which had more than 110 missing observations. In the RR sample,
there are several securities with more than 800, and one with more than
1400, missing observations.

The smallest sample size per group is 2424 days out of a possible 2619

days. There were 8 groups with sample size less than 2550 days, and conly
two ygroups with less than 2500 days. Note that estimation of the correla-
tion matrix requires simultaneous observations within each group. There-

fore, minimum sample size for a group can be less than the minimum size
per security.



Table 1

DIAGONAL ELEMENTS OF BB} and Eifa‘i' ;. i=1,4,5,8,9,10,11,41

SHOWING LENGTH OF VECTOR OF FACTOR LOADINGS EXTRACTED FOR EACH OF
THE 8 GROUPS AND LENGTH OF CORRESPONDING SUBVECTORS OBTAINED FROM

THE LARGE {240 SECURITIES) GROUP

Subgroups
(30's)
Group 1
Factor

1 3.1067
2 «35945
3 + 23551
4 + 22128
5 « 19161
Group 4
1 3.02258
2 » 24484
3 « 25544
4 »22275
5 » 18105
Group 5
1 3.54568
2 + 339056
3 » 285417
4 +216376
5 » 202698
Group 8
1 3.24736
2 «343372
3 + 268385
4 « 192920
5 « 196137

Large Group
Subvectors

2.83768
+ 096835
. 1982118
+221701
«052237

2.71746
+ 171007
« 159556
- 155994
« 122979

3.16758
+ 484800
271622
« 171041
. 093324

2.93784
-051216
« 249631
+ 146789
. 136052

Subgroups
(30's)

Group 9

Factor

1 3.23763

2 -435946
3 .286408
4 « 258647
5 « 240895

Group 10

2.94329
- 306789
+ 305512
«233484
. 180469

Wb WA -

Group 11

2.54230
» 353051
« 259849
- 243409
« 212725

Ul WD =

Group 41

3.33370
+330169
250717
+233161
»201804

s W b =

Large Group
Subvectors

2.97218
- 064010
- 349995
167212
«228194

2,68487
« 054957
. 249841
« 177722
« 139429

2.49865
+ 111158
» 254911
. 150558
« 184807

2.93098
+ 460566
«261120
« 115732
075048

In view of Equation (26), corresponding entries in the two columns should be

identical, allowing for round-off error.

A departure from this identity is

not a matter of statistical significance, and its occurrence implies that

Equation (26) is false,

classification scheme.

The eight groups are numbered following the RR



Table 2

CHI-SQUARE TEST OF THE HYPOTHESIS THAT k-FACTORS
GENERATE DAILY SECURITY RETURNS FOR SELECTED GROUBS

GROUP k=1 k=2 k=3 k=4 k=5
1 572.35 435.41 372.63 318.38 269.37
{(.0001) {.0185) («1742) {«5209) (+8554)

5 873.95 659.04 452.08 362.26 309.89
{(.0001} {.0001) (.0001) {.0560) (+2643)

11 ©11.09 472.36 399.48 333.67 280.32
{.0001) (.0005) (.0295) {.3016) {.7214)

16 570.17 455.25 364.93 312.95 273.87
{(.0001) (.0031) (+2556) {«.6157) {+8062)

21 692.12 596.79 502.53 444.129 382.87
{.0001) {.0001) (.0001) (.0001) (.0004)

26 547.99 441.82 377.27 315.79 277.64
(.0001) {(.0107) (.1304) {(.5716) (.7586)

31 553.53 466.29 394.49 327.30 288,28
{(.0001) (.0010) (.0433) (.3923) {.5592)

36 606.24 493,53 426.06 369.29 314.41
{.0001) {.0001) (.0027) {.0326 (.2091)

42 565.53 457.46 404.03 344.85 300.89
(.0001) {.0025) {.0205) {(+1723) («3942)

Number of Times the Null Hypothesis is Accepted at 5% Significance Level
for the EBntire 42 Groups

0 1 11 29 36

Number of, degrees of freedom for the chi-square test for each group is
Lb{(30-k) - 30 - k]« Number of securities in each group is 30. Number of
observations for each security is 2618. No security has more than 110 missing
observations. Values in parentheses indicate the p-value associated with the
statistic, i.e., the probability that the test statistic (under the null
hypothesis) will assume a value at least as large as the statistic obtained in
this particular test. Groups are numbered following the RR classification
scheme and only results for every 5 group are presented here in the interest
of brevity.



Table 3

CHI-SQUARE TEST OF THE HYPOTHESIS THAT kx~FACTORS GENERATE DAILY
SECURITY RETURNS USING VARYING GROUP SIZES

Number of Securities in a Group

Number of
Factors 15 30 45 60 90 240
(k)
1 132.6 572.4 1246.4 2318.7 5548.9
(.0023) (.0001) (.0001) (.0001) (.0001)
2 78.0 435.4 1065. 1 2057.9 4986.59
(.4140) (.0189) (.0001) (.0001) (.0001)
3 54,5 372.6 958, 41 1845.6 4501.7
(.7676) (.1742) (.0094) (.0001) (.0001)
4 37.7 318.4 858.5 1697. 4 4190.5
(.9165) (.5309) (.1461) (.0023) (.0001)
5 28,53 269.4 776.5 1603.3 3962.83 30756,2°

(.9132) (.6554) (.4785) (.0133) (.0001) (.0001)
5 230.3 711.2 1502, 1 3776.7
(.9617) (.7290) (.0762) (.0003)
7 199.3 658.9 1409. 4 3606.3
(.9869) (.8403) (.2301) (.0061)
a 165.6 610.6 1320.7 3460.0
(.9985) (.9067) (.4735) (.0369)
9 139.7 553, 3 1247.4 3321.7
(.9999) (.9660) (.6377) (.1299)
10 117.4 570.4 1159.88 3188.9
(.9999) (.9882) (.8691) (+3091)

Figures in the first line are the chi-squared values. Figures in the
paren#itomputed as bé[(n—k) - n = k], where n is the number of securities in
the group and k isg the number of Ffactors. Only five factors are estimated
for the group of 240 securities,

21t is not possible to extract more than 5 factors.

bOnly five factors are estimated due to accelerating computer costs.



88C10°0 Z1£00°0 CCETIT"0 196L0°0- 69¢60°0~ L8500°0- TyeoI1’0- 88500°0 2807£°0 S6E6Z°0 0t
96ELT70- 9525070~ £92%0°0 1% 0°0 Z1L%0°0 TIEEL™O L1£60°0 990€£0° 0~ (A% 2 TAN] 902¢2°0 6z
8¥ZL1t0- 0Z2.50°0~ SEL9070 £87%0°0 L0T20°0 Z11€00 €6HED"D LET00" 0~ LY91%°0 {SE6E "0 8¢
£2201°0 616950°0 1£091°0 20560°0 609900 $89t0°0 SYE0T1T0 #0€20° 0~ 678%2°0 6Y1ZZ°0 XA
82Z0170- ELLIO"O 99650°0- BL6TT"0- 9005070 TEYL0°0- 298y1°0- 1£850° 0~ 82215°0 61£05°0 92
TTEY0 0- kA4 LBL6T"0— 8I%L0°0 (AATANI LBETO° 0~ 1£0£0°0 S8z10°0 1129270 19952°0 Y4
0££50°0- 2689070 91%vL0%0 €020 0 £TYI1*0- 88Z%0°0 £5820°0- T#%22° 0~ 0%902°0 8190270 e
162500 12£20°0 991220~ LT990" 0- L£SSELT 0~ 6561170 $96L0'0 89870°0 SORET*0 8L02170 £Z
906%0°0~ 9£9¢€0°0 0£9y0°0 1418670~ 9Z620°0~ 1842070 19580°0~ 6L110°0- 1615€°0 86%Y¥E"0 [44
899%0"0~ S¢o%0°0 £86£0° 0~ €9v10°0- 208407 0- 6994070 TER00°0 60610°0- 568%%°0 {9%8%°0 1¢
S0Zvo 0 82I¥0°0 68%50°0 0Iye1°0- Y¥9LZ1°0- E%810°0 gYI1ET 0~ %.800°0- 1/66£°0 €8z8L"0 174
5660070~ SHSE0°0- £9€.0°0 $80%0G°0 605£07 0~ 98900 949400 98010°0 9986170 £0802°0 61
9ze01°0 ¢0¥%0°0 £STI1°0 £0%01°0 LBIET0 L%82070~ ogoio*o m~<-n.o 6188Z°0 ¥0892°0 B1
B1120°0- 9€e10%0 89L10°0 9406170 £6TE00 1€450°0 988L1°0 Thi90°0 15€9Z°0 $891Z°0 £
0EL€10%0 0LESO* 0~ 895Z20°0 2040170 GI120°0- ¥5$600°0 88910 91485070 YiELEt0 90LT2°0 91
06690°0 £6550°0 ESYIT 0~ 60%80°0- 116%0°0 0685170~ ¥60t0° 0~ 061s0°0 1L24%°0 ZTL9%°0 st
8%861°0 6%010°0 18800°0- AR YA MY 121E070 ¥2L10°0 £0860°0 1£990°0 oreseto 006%€ "0 &1
S9601°0- LL%00° 0~ 01£90°0- BI1Z.0°0- SIB60 O 69821°0 $9620°0 85910°0 09£8Z°0 86082°0 13}
09250°0- 89%¢L0°0 §6600°0 S68L07°0 S0800°0 99£10°0 180110 1460070 LOESBT 0 89891°0 (4!
66L€0°0- 090070 86.50°0 ¥Zve0'0 1£610°0- 18%£0°0 S9EST D L96E0°0 #T9%1°0 66801°0 11
Yevi0°t0 SLE90G°0 16£€0°0D 160507 0- Yees0t o~ ¥68/07°0 80LS0°0- EE6ID"0- LAY 988LT°0 o1
85L%0°0 98¢£€0°0 61000° 0~ EC9%1°0 %0500° 0 LEyt0°0 q08%1°0 £0L50%0 18991°0 680%1°0 6
9291070 + 10%00°0- €0280°0 £58680°0- 94810°0 69850°0 SOYE0°0- 6%5£0°0 $610¢e°0 $<162°0 8
SYyS0°0- 8£02070 0E690°0 I8L00° ¢ SST01°0- £9166°0 ¥1Z90°0 - €2800°0~ 6L261°0 940L1°0 L
SYEBO°0 0ZERO°0 08600°0 1£9£0°0 out10T 0~ 91070 TEL61°0 LEQLO0 6STIE"D 6%1SZ2°0 9
9vLI1"0 %1660°0 C61E0°0- 926E0°0 ¥8200° 0~ £L5E0°0 05Z9¢°0 %0BIC*0 09e6Z°0 8t692°0 1
€90£0°0 80¢¥0°0- ¥1910° 0~ 6I%10°0~ 9LIvI‘o 90v12°0- 8¥ES170- 8¥60°0 LY86%°0 9598%°0 ¥
L£200°0 £98€0°0 2£900°0 LSS0 0= $6L4G°0 20660 0- 6%5E0°0- ¥%860°0 LLSSY°0 ¥9.5%°0 £
¥9L%0°0~ ¥1£20°0- 8659070~ LZ6¥I'0 Z1s11°0 L1¢10°0- 994%%1°0 459100 8B062°0 19492°0 z
8902070 L8880°0 9LL60°0- 69101° 0~ Te%51°0- 6£€80"0 6%811°0- 1$116%0 YeL8E°0 (L2400 I
{q) (®) () (e} (D (®) (q) (®) (%) (®) ALTHNDAS
S ¥01OVd % ¥OLOVA £ HOLOVY Z ¥olovd T 3010v4

ONIQVOT ¥01DVd 40 SHIVWILSH BHI NO HZTS dN0¥S 40 103343 % 2Iqel .



i .
38113 IYl 103 sBuTpeo] 1039®j Byl Jo saIEWIISe Iyl AJug  *9319 ‘dnoad
8Y3 WOI3 S3JPWIISD BY]J 21¥ BMOI (f ISAT} **3°F ‘8I1ITAn0es Of jo sdnoaf woay siojoey Ruj

*213Y UMOYE IIP SI[ITANIIS AIXTS

PUCDSE BY] wWOlJ BIJBWIIER PYJ |IE SMOI Of puodas idnoid 3siig
puedesiiod ayi jo saIEMEIs? 2yl sulejuOD (q)

UENIo)  *SIFIFANINE (p7 JO dnol1B v woiaj ‘g ‘-cc ‘7z ‘I = 3 107083 yiy oy3 10J SFuFPEO] 1030983 JO FIJVMTISR Ay SUTLIUOD (®¥) uunjo)
69910°0 SBBEOTO %7891°0 £0£L070 0r1££0°0 SZBETO {5(80°0 Y9SE0°0 99€82°0 85%TZ°0 09
1SE0T°0 £6900°0 S4E0°0 GE%8070 £9CZ0°0 92650°0 S9820°0- L2520°0 BI19%Z°0 9552270 6%
1949170~ 806%0°0 LLVLD O~ 08900°0- ¢T610°0 $E140°0 Z9120°0~ £8.20°0 9055% "0 Eveoy o 19
T8LYT°0- z0120° 0~ 9L620°0 500070 Z8610° 0~ | ¥ FA UM (o 1evs0°0~ 819%0°0 Y910L°0 9EYZE O L8
096¢070- £{2900°0 SB9TI1°0- 9iv%0° 0~ 09€10°0- 68900°0- Tyys0t0- 16616°0 6/£6L°0 RLE0YT0 95
LLTTT°0 SZT10° 0~ LLETO* O~ 89€£0°0 SLTE0M0 £0E50°0 078L0°0- 186Z0°0- B8L¥1°0 YETHT°0 119
049£0°0 Z01¢0°0~ 79.L0°0~ y08L0°0 2061070~ 6LLL1°0- 2661270~ 116£0°0 CISIS O GETIS'O %S
Z8590°Q 9L£20°0- SH650°0 166900 [ANA S £8880° 0~ £9L02° 0~ 06E50°0 YBETS"O 9£605°0 £s
6L510°0 $6500°0 L98L0°0- %6401°0 95660°0 059070 £16€0°0- 6LZEL0"0 SE9%Z 0 96L0Z°0 (49
Z6%60°0— 9¢%21°0 I68E0°0 £5800°0- 6SEST 0 96590°0- 801200~ ESSI0T0 69%1Z°0 Z1ce1*0 139
96560°0~ 9£991°0- 0%LL0%0 ¥8%90°0 8E981°0- Y80L0°0 8C51L1°0 9£900° 0 9¢L6E"D 8916£°0 05
9L140%0 999.L0°0— 06060°0- ¢9180°0- a%820°0 95 %80° 0~ 09€50°0 mmoom.o £96C2°0 [4:L T4 A1) 6%
L0BEOTO- SELEO°O £8€20°0 L¥8%0°0 798710 LETED*Q 1EY20°0 " 06420°0 1896170 16891°0 8y
£EL45070- 0geeeoto 0LSs0°0 001800 0560170 286000~ 69/90°0~ ELLTOO ERvELT O 218LZ°0 Ly
SO120°0- 1€800°0- $6Z1070 22660°0 6111070 SI8L0"0 (A4 210 1] 6/9t0°0- 61t21°0 9LSE1°0 9y
0££90°0 5062070~ 128£0°0 ELYTI 0 SE1L070- €99i1°0 11560°0 9£9¢0°0 Z610E°0 £8282°0 Y
9£080° 0~ ¢eZinto- ZLEs0 0 S1E%0°0 T01L0°0- 06£20°0 L%0%0°0 L88SG*0 I%0%%*0 T946E°0 kA4
£59%0°0 98¢1I°0- 0LT0z" 0 9LZET"0 ¥1110°0- XA TAM £580070 ZYIv0°0 606%Z°0 T0%%C°0 £y
LVLITR0 EYTv0°0 L%%90°0- Log920*a £91£0°0 %1190°0 99£00°0~ S0S10°0- 1624870 SOE%E"0 Y
L1%E€T1°0- 86900°0 0ZEELO"0 £520T°0 2IGY0°0 816{0°0 1E9%0° 0~ 99100°0- 1v%€2°0 E61T1Z°0 1y
6£500°0- - 08SL0°0 050E0°0 862070 £6960°0 98260°0 £0511°0Q, 0151070 L6292°0 90Z£2 0 oy
6£000°0 £€960° 0~ 0Z500°0 09¢{0*0- 1091270~ ¢LL00%0 ¥L6€0°0 - 01£20°0 99Z%€"0 98SZE°D 6t
6%8L0°0 £L500°0~ £5010°0 670£0" 0~ BE3IG O 9Z680°0 £E8510°0- §20£06°0 146270 ¥8L0L°0 8t
LOBR9C°0 SELY0 0~ 091e0°0 ysL0°0 ¥8LBO 0= ¢8500°0- ¥TiBQ"0 1269¢°0- 70.0%°0 192140 LE
6£050°0 699100 100200~ {£660°0 9££60%0 B6EL00°0 08620°0 L9T1€£0°0 616£2°0 %6292°0 9t
£L8%0°0 9%6L0°0 LITET O S16%070 1£991°0 11e%0%0 8C160°0 116%0°0 Y92LZ0 15LE2°0 S¢
865200 £9860°0- ¢E860°0~ eSLL0 0~ 166£0°0 265010 BLB¥1“0 %0E€0°0- L89T1C"0 Z1682°0 ve
£86%0°0 09621°0- Tv981°0- 8E£990°0U- 0585070~ 0901 0 YE9BTITC 969000 B9962°0 8L¥92°0 £t
€99L0°0- ¢L210°0 08LE1°0- BYLSUD 8959170 ¢50L0%0 0EL£0%0 T1LE20°0 165270 £08£2°0 it
8Z150°0 ¥2S00°0 €ee1ot o~ £S120°0- 1260070 6129070 ZEE10°0 060L0°0 8611Z'0 s$0Z1Z°0 1€

(1) (=) (2) (e) (q) (®) (a) (e) (4) (¥) AIT8NDHS

S WOIOVa ¥ HOLOVd £ d0L0vd 7 ¥0lLOvd I 801Dv4d
{panujjuod) % ajqe]



Table 5: 3SUMMARY STATISTICS FOR THE SQUARED CORRELATION COEFFICIENT BETWEEN
REALIZED DAILY RETURNS AND THE FORECASTS BY ONE~ AND FIVE~FACTOR

MODELS
1-Factor Model 5=-Factor Model
Group No. Mean 5td. Dev. Mean Std. Dev.

1 <1626 + 0933 « 3069 . 1381
2 « 1802 « 0859 «3184 +»1833
3 . 1588 « 0809 « 2843 2614
4 <1617 0952 «3013 «1290
5 <1789 . 1048 +3135 « 1650
6 « 1538 . 0681 «2933 « 2164
7 « 1524 . 0794 « 2960 . 1813
8 «1734 0695 : 3105 «1259
9 1711 0925 «3130 . 1581
10 «1619 . 0957 2994 +1483
11 + 1482 .0811 «2919 « 1329
12 . 1649 .0816 +3034 «1740
13 +«1518 . 0988 « 2883 . 1810
14 « 1637 0791 «3033 » 1493
15 « 1695 - 1236 +3035 « 1753
16 . 1768 0913 + 3126 1621
17 « 1903 « 1076 «2368 « 1453
13 « 1675 1023 « 2991 « 1983
19 « 1540 .0905 + 2928 + 1515
20 « 1529 «0774 .2936 «2423
21 « 1685 .0814 «3052 . 1702
22 « 1712 .0828 +3081 «1373
23 + 1533 . 0852 2914 « 1754
24 « 1693 0911 «3018 « 1842
25 1672 0793 «3056 <1677
26 <1612 «0690 +3026 <1007
27 « 1524 .1897 « 2957 . 1458
28 « 1639 . 0829 «2959 « 1894
29 + 1508 « 1005 «2899 - 1695
30 - 1547 «0791 « 2959 ‘ « 1462
31 « 1560 « 0824 + 2943 + 1678
32 « 1496 0749 «2971 «1571
33 <1617 . 0841 « 2970 « 1856
34 « 1459 . 0859 » 2882 «1728
35 « 1655 .0872 «3042 « 1480
36 «» 1580 0866 «2880 «2190
37 « 1588 «0973 + 2957 - 1731
38 « 1460 .0684 2842 «2041
39 « 1467 .0822 «3019 « 1832
40 . 1828 . 1088 +3212 « 1830
a1 «1720 + 1050 - «3091 «1634
42 « 1486 + (825 2879 <1962

Forecasts of daily returns are estimated by ;L = E*'(g*@-1g*')-1§*g-1r' .

te
See equation (35) for definition of variables, Mean is the average of squared
correlations between the forecast, ;t-' and the realized daily return, rt
for 30 securities in each group. Std. Dev. is the standard deviation of the
squared correlation for the 30 securities in each group.

r



