BIASES IN COMPUTED RETURNS:
AN APPLICATION TO THE SIZE EFFECT

BY
Marshall E. Blume
and

Robert F. Stambaugh

Working Paper No. 11-83

THE RODNEY L. WHITE CENTER

FOR FINANCIAL RESEARCH

THE WHARTON SCHOOL
University of Penmsylvania

Philadelphia, PA 19104

The content of this paper is the sole responsibility of the authors.



BIASES IN COMPUTED RETURNS: AN
APPLICATION TQ THE SIZE EFFECT

by

Marshall E. Blume
and

Robert F. Stambaugh

The Wharton School
University of Pennsylvania
Philadelphia, PA 19104

May 1982
Last revised May 1983

Previous estimates of a “size effect” based on dally returns data are
blased. Sevaral properties of quoted closing prices impart an upward bias to
computed returns on individual stocks, Returns computed for buy-and-hold
portfolios largely avoid the blas induced by closing prices. Based on such
buy-and-hold returns, the full-year size effect 1is half as large as previously

reported, and all of the full-year effect is, on average, due to the month of
January.

We are grateful to Edwin Elton, Donald Keim, Jay Ritter, participants in
workshops at New York University and Yale University, and the referee for

comments and gsuggestions. The research assistance of Tzivia Kandel is
gratefully acknowledged.



i+ INTRODUCTION

Recent empirical work in finance reports that average rigsk-adjusted
returns on stocks of small firms exceed those of large firms, where gize is
measured as the market value of outstanding common equity.1 This "size
effect” is particularly pronounced in the studies that use daily returns data,
but we show that, due to a statistical bias, those studies significantly
overstate the magnitude of the size effect. Although we empirically analyze
the blas in the context of the size effect, the same bias could potentially
occur in any study using closing prices to compute returns, particularly daily
returns.

Using daily returus for stocks on both the New York and American Stock
Exchanges, Reinganum (1982a) finds that, during the 1964-1978 period, the
average return for firms in the lowest market-value declle exceeds the average
return for firms in the highest decile by more than 0.l percent per day--over

30 percent per year., He also finds that various methods of risk adjustment

contribute little towards explaining such impressive differences.? Keim
(1982) reports that almost half of the annual difference between returns on
small and large firms occurs in January.

This study reexamines the size effect using daily returns for NYSE and
AMEX stocks., We find that (1) the average size effect over the eantire year is
about 0.05 peréent per day—only half as large as reported—by Reinganum and
Keim—and (2) virtually all of this full-year average 1s attributable to
January. In other words, the size effect averages about 0.60 percent per day
in January and roughly zero in the remainder of the year., The sample contains
all firms listed on the New York and American Stock Exchanges, and the time
period covers 1963 through 1980. Thus, our study uses essentially the same

data as many prior studies.



The difference 1in results arises from the method used to compute . average
returns. Reinganum and Keim compute the arithmetic average of daily returns
on stocks of firms within each market-value decile, The portfolio strategy
implicit in this averaging is oune of daily rebalancing to equal weights.
Section 2 shows that returns on individual stocks computed with recorded
closing prices contain an upward bias, and this bias may be nontrivial for
daily returns on stocks of small firms. Since the computed return on a
rebalanced portfolio is merely an arithmetic average of the computed returns
of individual stocks, such a computed portfolio return is also upward
blased. However, due to a "diversification” effect, the computed return on a
buy—-and-hold portfolio contains virtually no bias.

Section 3 présents empirical results for both rebalanced portfolios and
buy—-and-hold portfolios. The differences between returns on the two
strategies are negligible for large~firm portfo%ios. In contrast, for the
portfolio of the lowest-market—-value firms, the rebalanced return exceeds the
buy—and-hold return by an average of 0.05 percent per day, which is
approximately half of the magnitude of the average size effect reported in
previous studies. The analysis in section 4 finds that the difference between
the rebalanced and buy-and-hold returns varies inversely with share price,
holding market value constant, and bears no significant relation to market
value, holding share price constant. This finding is consistent with the

analysis of the blas presented in section 2,

2. COMPUTING RETURNS WITH CLOSING PRICES

2.1 A Model of Closing Prices

Define the true price of a security as the price at which, aside from

transactions costs, a share of stock can be both bought and sold at a given



time by placing a market order. On the Exchange, the true price can be viewed
as the price at which (nearly) simultaneous public market buy and sell orders
would "cross” on the floor. Denote the true price of stock i at time t as
Py ().

The Center for Research in Security Prices (CRSP) provides dally returns
for stocks listed on the New York and American Stock Exchanges, and these

returns are computed with "closing” prices. The closing price is the price at

which the last transaction occurred prior to the close of crading.3 Let
;i(t) denote the reported closing price of stock i for the period ending at
time t.

There are various reasons why the closing price, ;i(t), can deviate from
the true price, P;{(t}. First, the last transaction may reflect a public
market order on only one side. For example, a market sell order might be
matched with a limit buy or@er or bought by the specfalist on his own
account, Denote the price recorded for such transactions a "bid” price, and
note that such a price is most likely less than the true price due to the
"spread"--a charge for immediacy of execution. Similarly, a market buy order
that is not crossed on the floor results in the recording of an "ask" price,
which is likely to be greater than the true price. We refer to this property

of closing prices as the bid-ask effect.

Closing prices can also deviate from true prices due to an infrequent

trading effect. Thus, the closing price may be that of a transaction earlier

in the period.

A model of both the bid-ask and infrequent trading effects 1is the

following:



P(t) = [1+38 ()] (x -8, ) . - (1)

i,t

= Pi(t - si’t) + &:i(t) , (la)

where E{Si(t}} = (, 5i(t) is independently distributed across t, and Si(t) is
independent of Pi(r) for all v, The multiplicative disturbance Gi(t)
represents the bid-ask effect. Also, the mathematical analysis below requires
the plausible assumption that closing prices are greater than zerc but léss
than twice the true price, that is, -1 < ﬁi(t) < l. At some points in the
discussion, it will be comvenient to use (la), which 1s restated with an

additive disturbance ei(t), defined as Gi(c)Pi(t - The period of

Si,t)'
nontrading prior to t is denoted by 81, and $q,¢ is assumed to be
independent and identically distributed over time as well as independent of
all Si(t)'s. In the absence of a bid-ask effect, Si(t) = (; In the absence of
infrequent trading, s = (,
. i,t

It is well-known that both the bid-ask and infrequent trading effects

produce negative first-order autocovariance in recorded price changes for

individual stocks.* It is shown here that both effects also impart an upward

bias to computed rates of return for individual stocks.? Single-period

returns are first analyzed in detail, primarily because most empirical studies
employ single-period returns——often averaged either cross-sectionally or over
time, Multiperiod compounded returns are then briefly anafyzed in terms of

the negative autocovariance arising from the bid~ask and Lnfrequent trading

effacts.

2.2 Single-Period Returns

The true return for security i for the single period ending at t is

defined, assuming no dividends for the period, as



Pi(t)

ri(t) H?i—(ﬁy" 1. ' . ’ (2)

The computed return is, using (1), defined as

. pi(n)
ri(t) 2 ——— -]
Pi(t-l)

i [1 +8,(e)]p (e - sy,¢) . o
[1+ s (e=1)]P (£ -1 - Sy eor)

Considering the case where there is only a bld-ask effect, with

si,t = Si,t—l = 0, and combining (2) and (3) ylelds
- 1+ 8,(t)
r () = TF5ED [1+r ()] -1, (4)

Taking expectations of both gides of (4) gives

1+ 6i(t)

1+ t-1

E{r, (t)} = E{
1 i

H1 + E{ri(t)}] -1, (5)
By Jensen's inequality, E{[1 + Gi(t)]/[l + Gi(t—l)]} > 1. Therefore,
E{ri(t)} > E{ri(t)}. The blas can be approximated by taking a Taylor series

expansion as follows:

B{[1+6,(e)]/[1 + 8, (e-D)]} = E{L + 6, (0)1E{1/[1 + 8, (e=1)]}

2
1-E{1 - 6, (t-1) + [Gi(t-l)] - eee }
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1+ a?{s (e-D} , (6)

where 02{ } denotes the variance. Combining (5) and (6) yilelds, after

dropping the cross-product term,



E{;i(t)} = &{r, ()} +o2{5 (c-1)} . | , (N

If the third and higher-ordered odd moments of Gi(t—l) are zero, then the
variance term in (7) provides a lower bound for the bias induced by the bid-
ask effect. |

To assess roughly the potential magnitude of the bid-ask bias, consider a
stock with a true price of $5 per share, but with a bid price of $4 7/8 and an
ask price of $5 1/8, and assume that the closing price is either a bid or an
ask with equal probability.6 Then 51 is plus or minus 0.025, and 02{51} =
0.63 x 10_3. As shown later, the average computed daily return for "small”
stocks-~those in the lowest decile of equity capitalization--is approximately
l.41 x 10_3. Thus, for the typically low-priced stocks of small firms, a
significant portion of the computed daily returns may reflect a bid-ask bias,

The magnitude of the bid-ask bias can also be assessed by comparing
returns on “"rebalanced” portfolios to returns on "buy-and-hold" portfolios.
Assume that a set of N securities is used to implement two alternative
portfolio strategies, where both strategies initially invest equal amounts in

each security at time O. The rebalanced portfolio maintains the equal weights

by rebalancing at the end of each period, whereas the buy-and-hold portfolio

performs no further transactions.
The return on the rebalanced portfolio for a given period is an
arithmetic average of the individual security returns. For the true
1 [a)
rebalanced return, rRB(t) 5 z ri(t). The computed return, rRB(t) =
.% ) ri(t), simply contains the average bid~ask bias in the individual

returns., That is, multiplying (4) by-% » summing over 1, and repeating

precisely the same steps leadlag to (7) yiglds

E{;.'RB(t)]' * E{ry (D)} + ozw{éii(t-l)} , (8)



where a bar indicates an average over i.
To simplify notation in analyzing the buy-and-hold portfolio, assume all
N stocks have the same price at time 0 and that no dividends are paid from

time O through time t. Then the true return for the buy-and-hold portfolio is

given by

i=]

N
E p (1)
NOR ; -1. - (9)

P (t-1)
1=] 1

The computed buy-and-hold return is, using the additive representation in (1a),

N . N N
g 1£1Pi(t) 1i1pi(t) ¥ 15181(t)
BH(t) - -l=— = -1. (10)
b Pi(t—l) z Pi(t-l) + I Ei(t-l)
i=] i=]1 1=]
Rewriting (10), using (9), yields
Ei t)
1+ rBH(t) +
e (t-1)
i
1 + ———
Pi t-1

Taking expectations of both sides of (11), again using a Taylor series

expansion, gives

E{;BH(t)} = [1+ E{rBH(t)}]E{

e, (t=1) e {t-1)
= [1+ Blrg(e)}]E{1 - 2 + [ 12-...1-1
Pi(t4T7 Pi(t—IT




€ (t=1
= Blrg (0} + o {2} . - S 12)

PiZt—ls

The bid-ask bias for the buy-and-hold return is reduced by a

diversification effect., WNote that UZ{Gi(t—l)}, the approximate individual-

. g, (t-1)
security blas shown in (7), can also be written as ¢ {?£TE:TT}' The buy-and-
i

hold bias, shown in (12), is of the same form, except that bars appear over
ei and Pi'7 The computed buy-and-hold portfolio retutrn behaves like that of a

security whose closing price deviates by?i from its true price P,.

i
Consider the expected difference in computed returns on the two
2 2,54¢8-1)
portfolios. Using (8) and (12), with ¢ {Gi(t-l)} =G {ﬁsz:TY}’
. . 2,51 2,51
E{rRB - rBH} » E{rRB - rBH} + {0 iFI} -0 %;j}] ) (13)
i

where time indexes are suppressed to ease notation. The expected computed
difference between rebalanced and buy-and-hold returns equals (1) the expected
difference in true returns plus (ii) the difference in the bid-ask biases.
Under rather weak conditions, E{rRB - rBH} is negative, and the quantity 1is
closer to zero the lower is the cross-sectional dispersion in true axpected
security returns.® The difference in bid-ask biases is essentially an average
variance minus a variance of an average, and the latter becomes small for
large portfolios. For a portfolio of 100 stocks, with the occurrences of bids
or asks independent across stocks, the average variance, or average Individual
stock bias, 1s about 100 times as large as the variance of the average, the
buy-and-told bias. 1In general, (13) indicates that the expected difference in
computed returns, ;RB - ;BH’ provides a lower bound for the average bid-ask
bias for an individual security, and the approximation is best for large

portfolios whose securities have identical expected true returns.



Whether or not the bid-ask effect is present, infrequent trading {imparts
a further upward bias to computed returns for individual securities. Assume
that the “true" price, Pi(t), follows an infinitely divisible lognormal
process, with @, = ln[E{Pi(t)/Pi(t—l)}].9 Taking expectations of (3), with

the s;'s no louger set to zero, glves

Lrog(r), - PylE—sy o)

Hr (9} = Bl F(E-T) B (E - 1

}-lo (14)
< Si,e-1’
The first expectation on the right of (14) represents the bid-ask bias

analyzed above. To evaluate the second expectation, first condition on 84,t

and 81,t=11 which ylelds

Pi(t -8 ) o a(

L.t 8 8 } =ee
- > -
Pi(t 1 si,t-l) i,t i,t-1

Si,e-1" si,t)

E{

= E{l + r,(t)}e 7077 ) . (15)

Next take the unconditional expectation of (15), and observe

afs -8 )
E{e i,t-1 i,t }

> 1 by Jensen's inequality. Thus, infrequent trading
increases, by a multiplicative factor, any bias already arising from the bid~
ask effect.

The infrequent trading bias can be approximated, using a Taylor

expansion, as

a(s ~ 8 ) 2

o 2

. 2.2
1 + a“o {Si,t} (14)

Note that the bias depends on the variance of the nontrading periods--not

their average length. Compared to the bid-ask bias, though, the infrequent
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trading bias is quite small. Consider the same $5 stock from the earlier bid-

3

ask example, assume a = 1.4 x 10 ° per day, and let Syt take values of either

0 or 1 with equal probability. That is, the stock trades either at the
beginning of the period or at the end of the period, but nowhere in between.

Even in this extreme case, azcz{s t} = 4,9 x 10-7, which is over 1000 times

i,
smaller than the value of o2{$ ()} (the bld-ask blas) estimated in the

example.

2.3 Compounded Returns

Researchers may occasionally wish to compound single period returns over
a number of periods. For individual securities, this compounding simply
produces a single-period return for a longer period. The absolute magnitudes
of the bid-ask and infrequent trading biases are independent of the length of
the return period. Thus, for individual stocks, increasing the return period
decreases the blases relative to the expected true return, assuming positive
axpected returns.

When single-period rebalanced returns are compounded, however,lthe bias
in each single period's return is compounded as well. For such compounded
returns, the effects of the closing-price-related blases are most easily
expressed in terms of autocovariances.!? fet ; B be the computed product of

R

rebalanced return relatives for two successive single periods. That 1is,

~ 1 N - 1 N ~
vep = 3 iilgi(:-n][ﬁ i«Zlmi(f:)] , (15)

where Ri(t) =1+ ri(t). For a buy-and-hold portfolio, the two-period product

of return relatives is

>

N A N
Z R (e-1)R_(t) . 16
o 1 (16)
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Let E{f{i(t—l)} = E{f{i(t)} = | Then

i.

A -~

E{VRB - VBH} = (i;)z - ui + cov{gi(t—l}, ii(t)}

- cov{fai(t-n, ii(t)} , (17)

where bars again indicate that the underlying quantity is averaged over 1.

By the Cauchy-Schwartz inequality, the sum of the first two terms om the

~

right in (17) is less than or equal to zero. If VRB exceeads Vgy O average,

which occurs in the empirical results presented later, then the sum of the
last two terms in (17) must be positive. Both effects described earlier are
consistent with such a result. The bid~ask and infrequeut trading effects

lead to negative values of cov{Ri(t—l), R,i(t)};11 infrequent (nonsynchronous)

trading leads to positive valuas of cov{Ri(t-l), Ri(t)}.

3. EMPIRICAL RESULTS

3.1 The Sample and Portfolio Returns

The assignment of firms to portfolios follows the approach used in
numerous studies and is identical to that of Reinganum (1982b).12 At the
beginning of each calendar year, firms are ranked by the total market value of
common stock at the end of the previous year and then partftioned into ten
portfollos of an equal number of securities each, give or take a security.

The sample for each year includes every firm for which the CRSP Daily Master
File contains price per share and number of shares outstanding for the end of
the previous year.13 This procedure yields a set of 10 portfolios for each of
the eighteen years from 1963 through 1980, and the number of firms in the

sample at the beginning of each year ranges from 1456 in 1963 to 2583 in 1976.
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For eéch year, we calculate two series of dally returns .on each of the
ten portfolios. Both return series assume that an equal amount is invested in
each security at the beginning of the year. The first series assumes that no
rebalancing occurs during the year--a buy-and-hold strategy.l4 The second
assumes that the investments in each security are rebalanced at the closing
prices each day to the initial equal proportions-—a rebalanced strategy. 1In
the buy-and-hold series, each dividend is assumed reinvested in the issue
paying the dividend, whereas in the rebalanced series each dividend is
reinvested equally over all 1ssues. 1l Any stock that 1s dropped or delisted
from the CRSP file during the year is assumed sold at the last available
price. In the buy~and-hold series, the proceeds are reinvested in the stocks
remaining in the portfolio in proportion to the then current portfolio
weights, whereas in the rebalanced series, the proceeds are reinvested equally
in the remaining stocks. There 13 no adjustment in either series for

transaction costs,

3.2 Single Period Returns

Previous studies, beginning with Reinganum (1981a), use rebalanced
portfolios and compute differences between the average daily returns on the
portfolio with the smallest firms and the portfolio with the largest firms,
These differences--the so-called size effect—average about 0.1 percent per
day. Due to the bid-ask bias, the average computed daily return overestimates
the expected true daily return. If the magnitude of the bias differs across
firm size, then the difference between returns for two portfolios is also
blased. Average returns for buy-and-hold strategies contain less bid-ask
bias, due to the diversification effect discussed abova,

The empirical results are consistent with the existence of a bid-ask

bias., In virtually every instance, the average daily rebalanced return
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exceeds the average daily buy-and-hold returm, but the numerical difference ié
much greater for the portfolios of smaller firms (table 1). For the large-
firm (tenth) portfolio, the average difference for the overall period is only
0.001 percent per day, whereas the average difference for the small-firm
(first) portfolio is 0.056 percent-over fifty times as great, The
differences between the two strategies decline monotonically with increases in
firm size. |

Using rebalanced portfolios, the average size effect for the overall
period is 0.105 percent per day, which is close to the similarly calculated
estimates in earlier studies. However, for buy-and-hold portfolios, the size
effect is only 0.051 percent—less than half of the rebalanced size effect.

The summary statistics for three six-year subperiods presented in table 1
suggest that the size effect 1s nonstationary across subperiods, a result
previously noted by Blume and Friend (1974) and by Brown, Kleidon, and Marsh
(1982). The nonstatiomarity is particularly evident in the buy-and-hold
results. TIn the first and third subperiods, average buy-and-hold portfolio
returns decline as one moves from smallest to largest, but that pattern is
reversed in the second subperiod. In fact, the largest firms' returns in the
second subperiod exceed those of the smallest firms by an average of 0.045
percent with a t statistic of 2.22, Although the size effect in the second
subperiod with the rebalanced portfolios is also much smalier, there is no
reversal as there is with the buy-and-hold strategy.

In an analysis of seasonality, Keim (1982) reports that approximately
half of the average size effect can be attributed to the month of January,
The average dally returns for rebalanced portfolios shown in table 2 are
consistent with Keim's analysis. In contrést, inferences about the size

effect based upon buy-and-~hold returns differ markedly from those of Keim. On
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average over the 1963-80 period, there is a strong January seasonal but no
pronounced size effect over the eleven months from February through

December. The average return on the smallest firms minus the average return
on the largest firms is -0,005 percent per day with a t statistic of =0.47.

In fact, of the tenm portfolios, the smallest-firm portfolio actually has the
lowest average daily return from February through December, Moreover, fpr
each of the twelve months, the average size effect for the rebalanced strategy
exceeds that for the buy-and-hold strategy by about 0.05 percent per day.

This relatively constant difference is to be expected if the bid-ask
phenomenon is stationary over time,

A closer examination of the month-by-month buy-and-hold returns from
February through December reveals some size effects that, depending on the
month, go in either direction. For example, average returns in February
decline monotonically moving from smallest to largest, and the February size
effect is 0.136 percent per day with a t statistic of 3.39. In contrast,
October and November each exhibit opposite size effects of about the same
magnitude: October has a size effect of -0.118 percent with a t statistic of
-2.84, and November's size effect is -0.100 percent with a t statistic of
-2.63. Average portfolio returns for each of those months increase almost
monotonically moving from smallest to largest firms. Whether these month-by-
month averages truly reflect a size-related phenomenon is ;nclear. Even the
largest numbers in absolute value for these eleven months are small in
comparison to those of January--February's value is about one-fifth of
January's.

On average over these eighteen years, there seems to be little evidence
of any consistent size effect in thé lasc éleven months of the year. Indeed,

the full-year average size effect of 0.05] percent is roughly 1/12 of the
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January value of 0.649 percent.16 Nonetheless, an examination of the data by
subperiods discloses some non-stationary size effects in the last eleven
months of the year. For the last eleven months, the size effect is 0.095
percent for 1963-68, -0.113 percent for 1969-74, and 0.0041 percent for 1975-
80 with respective t-values of 6.45, -6.13, and 0.20. ¥For comparison, the
January effect varies only slightly across these three subperiods relative to

its magnitude—from 0.429 percent for 1963-68 to 0.815 percent for 1975-80
with a minimum t-value of 6.40,

The portfolio returns discussed above are not adjusted for risk because
there 18 no longer a generally agreed upon method for risk adjustment and
previous studies, such as Reinganum (1981b, 1982a), find that various methods
of risk adjustment do little to change inferences about the size effect.
Nevertheless, some analysis of risk-adjusted returns is certainly warranted,

A common criterion for adjusting for risk is to define excess returns as
those that violate the implications of the Sharpe-Lintner version of the two-
parameter model. To implement this criterion, define Rge a8 the return on the
small-firm portfolio, R;t as the large-firm return, Ry, 4s the return on the
market portfolio, and Rp. as the riskless interest rate. Consider the

regression equation

(RSt - RLt) =a + B(RMt - RFt) +e s - (15)

where Et is an independent disturbance with zero expectation. The Sharpe-
Lintner model implies that o« = (0., A nonzero value of a i3 interpreted as the
excess return of small firms relative to large firms or, alternatively, the
rigk~adjusted size effect.

Roll (1981) suggests that infréquent érading 1s more often associlated

with small firms, and, if 80, ordinary least-squares estimates of betas for



16

these firms using daily data may be downward biased. The aggregated

coefficient method of Dimson (1979) can be used to adjust for this effect by

estimating the regression

5

- = z -
(Rge = Rye) = @ RS W R (16)

where Ry is the daily return on the $ & P 500 index and Ry is the daily feturn
on a one-month T-bill (held constant within a given calendar month)., The
estimates of a and their t statistics are reported as "Sharpe-Lintner excess
returns” in table 2. The magnitude of the size effect is reduced slightly,

but the changes are too small to alter any of the previous discussion.

3.3 Compounded Returns

Following the practicé of much prior research, the last section reports
estimates of dally expected returns, but also of interest are expected returns
over longer periods of time. As shown in table 3, the compounded returns for
the daily rebalanced portfolios exceed those of the buy-and~hold portfolios of
the same firms, and the difference is greatest for the portfolios of the
smaller firms.,}’ The average yearly holding period return decreases
monotonically with firm size for the rebalanced portfolios and, with one
exception, for the buy~and-hold portfolios. The average yearly size effect
for the rebalanced portfolios is 41.33 percent, and for the buy-and-hold
portfolio 21.76 percent with t-values of 3,46 and 2.07.

Table 3 also reports the average holding period returns for both January
and February through December. The average size effect using the buy~and-hold
portfolios 13 15,53 percent in January but only 3.91 percent in the last
eleven months, The t-values of these two numbers are 5.96 and 0.45

respectively, suggesting that the size effact is only significant on average
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in January--the same conclusion as reached with the analysis of the'daily
returns themselves. In contrast, the rebalanced compounded returns indicate a
significant size effect on average in both January and the remaining eleven

months,

4. A FURTHER INVESTIGATION OF THE BIAS

Demsetz (1968) and more recently Branch and Freed (1977) postulate and
find that the bid-ask spread of an individual stock as a percentage of its
price is negatively and strongly related to the price of the stock itself in
wodels that hold other possible explanatory variables constant. Since the
bias due to the bid-ask effect 1s related to the variance of the percentage
bid-ask spread, it seems natural to examine the relation between price and
this bilas. As a rough attempt to hold other variables constant, the
subsequent analysis of price will control for differences in market value.

For each year, the stocks in each market decile are partitioned inato
subgroups according to the closing price of the prior year. The price
clagsifications are $2 or less, $2 to less than $5, $5 to less than $10, and
$15 to less than $20. Stocks with closing prices of $20 or more are dropped
since the two studies cited above suggest that the strong relation of
percentage bid-ask spread to price 1s due primarily to lower priced stocks.

The expected difference between the calculated averag; dally rebalanced
and buy-and-hold return is a function of the number of securities in the
portfolio and increases as the number of securities increases, With 10 or
more securlties, an examination of (13) shows that the expected differences in
the calculated returns do not change rapidly with the number of securities.

For example, the expected difference in calculated returns for a portfolio of

100 securities, all with the same statistical properties, is only 10% greater
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than for a portfolio of 10 of these securities._ Thus, to avoid having to
consider explicitly the number of securities in each portfolio, the following
analysis uses only portfolios of 10 or more gsecurities,

The average daily differences between the rebalanced and buy-and-hold
returns, shown in table 4, exhibit a strong negative relation to price, when
market value 1s held constant, but little, 1if any, felation to market va;ue,
once price is held constant, TFor instance, for the second smallest market
value group, the average difference between the calculated daily percent
returns for the rebalanced and buy-and-hold portfolios is 0.136 for the 0 to
$2 range but only 0.0008 for the $15 to $20 price range. Similar negative
relations appear in every market value category for which data are available,.

To test the significance of the relations suggested by table 4, the
yearly differences between the average daily returns are regressed upon a
constant, four dummy variables for price classes, and nine dummy variables for
market value classes. In addition, to allow for possible contemporaneous
correlation in the residuals, the regression includes seventeen dummy
varlables for time periods. The adjusted R-squared is 0.84., The F-statistic
that tests whether the coefficients on the price dummy variables are jointly
zero 1is 394.84 with 4 and 397 degrees of freedom, which 1s significant at any
usual level. The corresponding F-statistic for the coefficients on the

dummies for market value is 0.3417 with 9 and 397 degrees of freedom, which is
not significant at any usual level, !8

In sum, the differences between rebalanced and buy-and-hold average daily
returns are significantly related to price and weakly, 1f at all, to market
value. The strong negative relation to price is consistent with the "bid-agk"

phenomenon, but it does not preclude other explanations.,
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5. CONCLUSIONS

Individual stock returns computed with closing prices are upward blased,
primarily due to a "bid-~ask" effect, The computed return on a rebalanced
portfolio is also upward blased, since such a return is simply an arithmetic
average of returns on individual stocks. The computed return on a buy-and-
hold portfolio largely avoids the bid-ask bias due to a "diversification”
effect. The size of the bias in daily returns on stocks of small firms is
sufficient to alter substantially conclusions about the size effect. Based on
buy-and-hold daily returns, the full-year size effect 1s half as large as
previously reported using rebalanced returns, and all of the size effect is
due to the month of January,

The implications of this study reach beyond consideration of the size
effect., Any study that forms equally-weighted portfolios should be alert to
the potential biases introduced by the use of quoted closing prices in
calculating returns. Evidence presented here indicates that these biases can
sometimes be substantial, These bilases can be greatly reduced by using

returns implicit in a buy-and-hold strategy.
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FOOTNOTES

 ganz (1981) finds a significant size effect using monthly returns for
New York Stock Exchange (NYSE) stocks during the 1936-75 period. Evidence of
a size effect also appears in earlier literature, Friend, Blume, and Crockett
(1970, pp. 52-59) find that, for the 1964-68 period, risk-adjusted returns on
equally-weighted portfollios of NYSE stocks significantly exceed returns on
value-weighted portfolios. Blume and Friend (1974) find that, for the 1928-68
period, risk adjusted returns on small stocks exceed those of large stocks,
with the exception of the 1948-58 subperiod when the reverse occurs. These
results are roughly consistent with those of Banz, '

23ee also Reinganum (1981a, 1981b).

31f there are no trades in a day, CRSP uses as the quoted closing price
the average of the bid and ask prices. To the extent that the bid and ask
prices are kept up to date, this practice of CRSP could help reduce the
differences between true and quoted prices.,

4Niederhoffer and Osborne (1966) explain how the bid—agk effect leads to
"reversals,” or negative autocorrelation in price changes. The infrequent or
"nonsynchronous™ trading effect, first discussed by Fisher (1966), 1s shown by
Scholes and Williams (1977) to 1mply negative autocorrelation in individual
security returns and positive autocorrelation in index (portfolio) returns.

S0ur work 1s not without precedent, however, Although he does not
conslder the bid-ask effect, Fisher (1966) discusses how deviations of closing
prices from “true" prices can bias computed returns,

6Although this example is intended primarily for illustration, it 1is at
least roughly consistent with empirical evidence. For the 1963-1980 period,
the average price per share for firms in the lowest market-value decile is
about $5. We randomly selected one day, December 13, 1973, and found an
average closing bid-ask spread of $0.19 for stocks on the NYSE with bid prices
between $4 and $6. (Spreads were obtained from Stock Quotations on the New
York Stock Exchange, a publication of Francis Emory Fitch.)

7If expected returns differ across stocks, then rBH(t) is not independent
of the vector of prices at (t~1), P'(t-1) = [Pl(t—l), v e e PN(t*I)]. In
that case, the expectations in (12) should first be taken conditional on

9 eiit—ls
P(t-1). Then taking unconditional expectations shows that ¢

eiit-l) P, (e-1)

replaced by E{o?| [P(t-1)]}, where the expectation is taken over the

} is

Pi t-1

distribution of P(t-1). Thig step 1s omitted because it would make the
exposition more cumbersome without materially affecting any of the
conclusions,

8The true buy-and-hold return can be written, rBH = X wiri, whera the
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weights (w;'s) depend on past prices. If true returns for a given security
are 1.i.d., then

E{rBH} =1 E{wi}E{ri} .
If expected returns differ across securities, then the highest expected
returns are multiplied by the highest expected weights, and E{rBH} > E{rRB}.
If expected returns are identical for all securities, then E{wi} = 1/N for
each 1, and E{rBH} = E{rRB}. See also Cheng and Deets (1971) for a discussion
of buy-and-hold versus rebalanced portfolios.

9The framework used here to analyze infrequent trading is the same as
that of Scholes and Williams (1977). They show that continuously compounded
returns are unbiased. That is, E{ln{l + ri(t)]} = E{1n[1 + ri(t)]}. it is
easily seen that this is also true in the presence of the bid-ask effect,
since E{ln[1 + 8,(8)/1 + 8 (¢ - D]} = 1 1f 1t is further assumed that the
5i(t)'3 are identically distributed over time.

10, paper by Roll (1983), which came to our attention after earlier
versions of this paper were written, also analyzes compounded returns in this
context. He obtains results similar to those reported here (table 3),

l1as shown by Cohen, Maier, Schwartz and Whitcomb (1979, p. 158) for the
bid-ask effect, cov{Ri(t-l), Ri(t)} = —Gz{Gi(t)}. That 1is, if Pi = P
with either occurrence equally likely, then cov{Ri(t-l), Ri(t)} &

2
—[ei/PiJ /4.

+ €

i :

121he precise method of firm selection varies across studies. A sample
of 566 firms is used by Reinganum (198la) and, subsequently, by Browm,
Kleidon, and Marsh (1982). Reinganum (1981b) and Keim (1982) use all NYSE and
AMEX firms, but they require that the security remains on the file for the
entire year. All these methods, however, yleld similar size effects.

135ome firms are excluded because data for number of shares outstanding

are missing even though price data are available. This situation occurs more
often for smaller firms.

14The analysis in section 2 assumes an equal investment at time 0 in each
security, based on true prices. To implement this assumption empirically, the
quoted price series for each stock is deflated by the initial quoted price
rather than the true price. In other words, the implicit numbers of shares
depend on initial quoted rather than true prices. The buy-and-hold return for
the first day of the year is thereby blased by the same magnitude as the
rebalanced return., (The first-day returns for both strategies are indeed
identical.) Thereafter, however, the buy-and-hold returns reduce the bias
through the diversification effect embodied in (12), because the implicit
number of shares purchased is independent of subsequent returns {both true and
computed). The bias in the first-day buy-and-hold return could be reduced in
the same manner as subsequent days by instead deflating each price series by
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the penultimate price of the prior year--a kind of instrumental variables
approach. Such a refinement would, however, have a negligible effect upon the
values reported in the tables,

15Following the procedures of numerous earlier studies, the dividends are
assumed reinvested on ex-dividend dates despite the fact that the dividends
would not be available until payment date. Since dividends are actually paid
to stockholders at a later date, this may introduce a bias, but the magnitude
should be small, Moreover, there is little reason to believe that this bias
differs as between the buy-and-hold and the rebalanced strategies,

16We investigated whether the seasonality is sensitive to the time of the
initial portfolio formation. The same year—end rankings were used to form
buy-and-hold portfolios with equal weights at the beginning of the subsequent
July, and the portfolios were then held through the following June. The full-
year and month~by-month returns were virtually identical to those in table 2.

175ee Blume and Friend (1974) for a comparison of five~year compounded
returns of monthly rebalanced to buy-and-hold portfolios of NYSE stocks. They
find substantial differences in the computed compounded returns between the
two strategies in the 1928-48 period, but little difference in the 1948-68

period. This suggests that the bid-ask effect may be important for monthly
returns of NYSE stock prior to 1948.

18The F-statistic for the coefficients on the dummies for time 13 7.89
with 17 and 397 degrees of freedom, which 1s significant at the one percent
level, confirming the possible presence of contemporaneous correlation.
However, the coefficients on the time dummy variables bear no obvious relation
to time; the correlation between time itself and the time dummy variable
coefficients is -0.028.

Also, the significance of the price dummy variables does not hinge upon
the inclusion of the time dummy variables, although the inclusion of the time
variables probably improves the specification of the regression. In the
regression excluding the time dummy variables, the calculated F~statistic for
the price variables is 347.01 with 4 and 414 degrees of freedom, and the
calculated F-statistic for the market value variables 1s 0.37 with 9 and 414
degrees of freedom.
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TABLE 3

AVERAGE COMPOUNDED RETURNS

1963-1980
Size January Feb.-Dec, Full Year
Decile (l-month) (1l1-months) (12 months)

Rebalanced: Average Compounded Returng?

Smallest 18.91% 25,32% 51.29%
2 12.78 17.33 33.44
3 10.84 15.14 28.75
4 9.29 14,07 25.63
5 7.91 11.41 20.99
6 6.76 11.85 20,11
7 5.62 11.10 17.93
8 4,24 93.96 15,22
9 3.44 9.40 13.65

Largest 1.86 7.72 9.96

Buy-and-Hold: Average Compounded Returns?

Smallest 17.40% 11.32% 31.427%
2 12,11 10.54 24.62
3 10.35 11.21 23.56
4 8.98 11.23 22.02
5 7.70 9.41 18.48
6 6.60 11.18 19.15
7 5.52 10.18 16,18
8 4.16 9.16 14.28
9 3.42 8.91 13,10

Largest - L.87 7.41 9.66

Rebalanced: Average Differeace in Compounded Returns/(t—statistics)b

S::ii:St 17.05% 17.60% 41.33%
L (5.81) (2.13) (3.46)

Buy-and-Hold : Aveqﬁgg Difference in Compounded Returns/(t-statistics)b

S::ii:St 15.53% 3.91% 21.76%

3The reported statistics are derived from the same series used in table
I. For each year, the daily returns for the indicated portfolios are linked
together to yield January, February through December, and one-year holding
period returns, The averages of these holding period returns over elghteen
years are reported. 1In view of the limited number of observations and the

potential non-normality of yearly holding period returns, standard deviations
are not presented.

bThe individual series are differenced. The averages of thesa

differences are givan along with the t-values calculated on the basis of these
differences,
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