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The modern literature on taxation and risk taking begins with the work of
Domar and Musgrave (1944). A number of subsequent papers have continued these
investigations. With the notable exceptions of Stiglitz (1972) and Kanbur
(1981), these studies have been exercises in partial equilibrium analysis. An
earlier Stiglitz paper (1970), for example, studies the effect of taxation on
the portfolio selection decisions of expected utility-maximizing investors.

The present paper is intended as an initial step toward a general equili-
brium analysis of the effect of taxation on risky capital formation., The two
relatively simple general equilibrium models used for this purpose incorporate
unlimited entry by expected utility-maximizing entrepreneurs. The first model
is a special case of the Kihlstrom-Laffont {1979) model in which entrepreneurs
bear all risks. In the second model, entrepreneurs are able to transfer risks
to non-entrepreneurs by selling output shares in a stock market. This model is
described in detail in Kihlstrom-Laffont (1980).

We consider proportional income taxation as well as proportional taxation
of the income from capital. We are not explicitly concerned with how the tax
proceeds are spent. In particular, they are not assumed to be redistributed.

The paper is presented in four sections. In the first, we describe two
partial equilibrium results, one of which is equivalent to a result in Stiglitz
(1970). Our restatement of Stiglitz's result facilitates its application in a
general equilibrium framework. The second section describes the Kihlstrom-
Laffont (1979) model and uses the partial equilibrium analysis of Section 1 to
study the effect of capital and income taxation on risky capital formatiom.
This analysis is very closely related to the work of Kanbur (1981). The results
are ambiguous, but the sources of the ambiguity are described. Section 3 ap-

plies the same analysis to the study of income taxation and capital



taxation in the Kihlstrom-Laffont (1980) model. The ambiguities arising in the
model with risk sharing are eliminated in this model because of the possibili-
ties for risk sharing.

For the most part, the paper considers the case in which losses are subject
to the same tax rate as income. Thus losses are, in effect, subsidized. This
case is referred to as the case in which loss offsets are provided. The case
in which loss offsets are not provided is discussed briefly at the end of Sec-
tion 3.

The fourth section considers some extensions of the Kihlstrom-Laffont (1980)
model, In these extensions, Stiglitz's (1970) results are directly applicable

to the general equilibrium analysis.



1. A PARTTAL EQUILIBRIUM RESULT

We will consider a model in which individuals receive non-capital as well
as capital income. It is first assumed that capital income is subject to pro-
portional taxation, but that non-capital income is untaxed. Non-capital income
is denoted by A and is non-random. Before tax capital income is denoted by
I and may or may not be random depending on the choices made by the investor.
If the capital tax rate is t, then after tax capital income is I(1-t) and
income from all sources is W = A+I(1-t). It should be emphasized that these
expressions for after tax capital income and total income are assumed to hold
even if I 1is negative, i.e. even if investors suffer losses. Thus losses are
assumed to be subsidized by the existence of "loss offset" provisions.

All of the investors considered are assumed to maximize the expected value
of a von Neumann-Morgenstern utility function wu, whose sole argument is total
income. We will be concerned with the influence of taxation on risk taking
in two very simple general equilibrium models. Before moving on to~the
analysis of these models, we state a partial equilibrium result that is
closely related to a result obtained by Stiglitz (1970). Stiglitz shows that
under two widely-accepted hypotheses about attitudes toward risk, increases in
the marginal tax rate cause investors to raise their demand for risky assets.
Stiglitz's hypotheses are that as wealth increases, investors become less risk
averse in the absolute Arrow-Pratt sense but more risk averse in the relative

Arrow-Pratt sense. Formally, he assumes that

- ull(w)
Ra(wsu) - = ul(w)

is a non-increasing function of wealth and that

Rr(w,u) = wRa(W,u)



is a nondecreasing function of wealth. The theoretical and empirical support
for these hypotheses are discussed by Stiglitz and by the papers he refers to.
We will show that Stiglitz's result can be viewed as a consequence of a
more fundamental proposition which asserts that, under the Stiglitz hypotheses,
increases in the marginal tax rate cause investors to be less risk averse. For

the purpose of stating this result formally, we define
¥(I,t) = u(A + I(1 - t)) s

which is the investor's utility function of before-tax capital income I. Our
result asserts that if u 1s such that R;(w,u) < 0 and Ré(w,u) > 0, then,

for each I, the Arrow-Pratt absolute risk aversion measure

a _ Y (I,t)
R°(I,t,¥) = B GI)

is a non-increasing function of t.

PROPOSITION 1: If Ra(w,u) is a non-increasing (decreasing) function of W

while Rr(w,u) is a nondecreasing (increasing) function of W, then 1 > t1

2t

> 0 implies
(1.1) RN (I,t,,¥) > () R(I,t),¥)

for all I at which A+I(l~tl) > 0.

PROOF: Note first that

a _ u"(A + I{1 - t))
RULe,Y) = -0 -8 Favi - o)

Since 1 > t, 2 t., -Ji--+ I| >0 and R _(W,u) is non-increasing, we obtain
1= "2 l—t2 a

u'(A + I(1 - t.))
— [_..A_...,. + I-’(l_tl) 1

(l_tz) U1(A + I(l - tl))

A ) u..([(l 5 £,) * I](l } tl))
< [(l‘tz) N I](l B ”"([(1 i\"t,)) + IJ(l - tl))

")




Furthermore, since Rr(W,u) is nondecreasing, tl_i t2 implies

_ [~45H_~ + I](l-t ) u"([fi%zgy i I](l—tl))
(-t 1 “(['(1_562—) ¥ I](l—tl))
A

([(1 T ) I](l—tz))
([(lAt ) I](l—tz))

The theorem follows immediately from these inequalities when

< - [—(ll}Tz) + I](l—tz)

[ara-e) + 1] > 0. I

While we have already noted that Stiglitz's result is an immediate corol-
lary of Proposition 1, it should also be pointed out that when combined with
Pratt's Theorem 7, Stiglitz's result implies Proposition 1. Thus Proposition
1 can be viewed as an equivalent restatement of Stiglitz's result. By restating
the result in this form, we are able to apply it directly to answer a rather
general class of questions about the effect of taxation on risk taking. One
such question is, of course, the one posed by Stiglitz; viz., how does taxation
affect the portfolio decisions made by an investor faced with a choice between
a safe and a risky asset? We are also able to ask, for example, how taxation
influences the equilibrium level of risk taking in the economy as a whole. In
general, Proposition 1 implies that if all individual utility functions exhibit
decreasing absolute and increasing relative risk aversion, then an increase in
the capitdl tax rate has the same effect on the economic equilibrium as a
decrease in the level of risk aversion of all investors. In the sections that
follow, we apply Proposition 1 to an analysis of the effects of capital income

tazxation in two specific simple general equilibrium models.



It is also possible to use the approach just described to investigate the
effect on risk taking of income taxation. For that purpose, we let 1 repre-

sent total before-tax income and define
d(I,t) = u((l - £)I) .
The following proposition is easily established using well-known arguments.

PROPOSITION 2: If Rr(w,u) is an increasing (nondecreasing) function of W,

then the Arrow-Pratt absolute risk aversion measure

(1,

a
R°(I,t,®) ¢S]

is a decreasing (non-increasing) function of t.

In its strong form, Proposition 2 implies that, when relative risk aver-
sion is increasing, an increase in the income tax rate has the same effect on

equilibrium as a decrease in risk aversion.



2. THE FREE ENTRY MODEL WITH NO STOCK MARKET

In this section, we study the effect of taxation in the model of Kihlstrom-
Laffont (1979). The formal analysis will explicitly deal with the case of
capital taxation. We will, however, indicate how the analysis changes if all
income is taxed. Briefly, the model has the following features. There is a
large number of individuals. In general, individuals differ in their atti-
tudes toward risk, but we will consider only the case in which all individuals
are the same. Each individual has a choice between supplying his capital for
debt which pays a fixed (non-random) return or using his capital to become an
entrepreneur. Lf an individual chooses to be an entrepreneur, he receives the
random profits of the firm he creates. The only market is the market for debt
capital. Equilibrium occurs when supplies equal demands in this market.

Formally, the set of individuals is identified with the interval [0,1].
There are two commodities: a production good that is interpreted as capital
(in the Kihlstrom-Laffount paper this good is interpreted as labor} and a con-
sumption good that we call income. All individuals begin with the same ini~
tial allocation of each good. Specifically, each individual owns omne unit of
capital and A units of income. Since capital is purely a production good,
individuals have no desire to consume it. As a result, the sole argument of
individual utility is income. The utility function of which the expected value
is maximized by each of the identical individuals is denoted by wu. We assume
that u has a continuous second derivative and that u' > 0 while u" < 0.

Any individual can become an entrepreneur and create a firm that produces
income from capital. The process of creating a firm requires the use of one
capital unit. The same technology is available to all individuals. It is des-

cribed by the production function



g(K,x)

where K the amount of capital employed in addition to the one unit
used to create the firm, and

the value taken by a random variable x.

W
1

In this model, X is assumed to have the same distribution for all firms. For
our current purposes, no specific assumptions need be made aboutthe correla-
tion between the X's that affect the output of different firms. The set X
in which ¥ takes its values is, for simplicity, assumed to be a finite set of
real numbers. If YC X, we denote the objective probability of Y by m(Y).

We assume that, for all (K,x) e [0,%) x X,
g(K,x) > 0

and that g(0,x) = 0 for all x € X. In addition, we assume that the second
derivative of g with respect to K is continuous and that By > 0 while

<
gKK 0.

Finally, there is assumed to exist a K¥* at which
Bg, (K*,%) = Eg(K#,%)/(1 + K¥)

as illustrated imn Figure I.

g(K,x)

EgK(K*,x)[1+K%]//
= Eg(K#*,x)

1+K

1 1+K*

Figure 1



There is assumed to be a competitive capital market in which exchanges
take place before X is known. The equilibrium capital price is denoted by
r. Capitalists, i.e. nonentrepreneurs, sell their labor for r. If the re-

turns to capital are taxed at rate t, entrepreneurs choose K to maximize
(2.1) Eu(A + (1 - 0fg®,% - &)
subject to the solvency constraint
m(A + (1 - )[g®,%) ~ K} >0 = 1 .
In (2.1),
g(X,x) - rK

is the entrepreneur's before-tax profit and t 1is the marginal tax rate on
income earned from capital. The r units of before-tax capital income earned
by capitalists are also taxed at rate t.

With capital taxation, all individuals will be indifferent when faced with

the worker-entrepreneur choice if

(2.2) Fo(r,K3t) = u(A+(1-t)r) - Eu(A + (1-t)[g(K,%) - rK]) = 0 .

When this equality is acheived and « individuals decide to be entrepreneurs,
the demand for capital will be oK. If & 1is such that this demand equals

1-a, the supply of capital from nonentrepreneurs, then equilibrium is acheived.
Thus, the equilibrium number of entrepreneurs is determined by K and the equa-

tion
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Specifically,

The equilibrium can be identified with the (r,K) pair that satisfies
(2.2) and the first-order condition for maximization of (2.1) (assuming that

an interior maximum is achieved). This first-order condition is
2 ~ -
{2.3) Fo°(r,K;t) = Eu'(A + (l—t)[g(K,x) - rK])[éK(K,x) - r] = 0.

One special case of some interest arises whem u 1is linear; i.e., when

all individuals are risk neutral. In this case, (2.3) reduces to
EgK(K,i) = r

and (2.2) becomes
r = Eg(K,X}y - tK .

Combining these equalities, one obtains

(2.4) ro= Eg (KB - %ﬂi—g .

Thus, if all individuals are risk neutral, the equilibrium K is the K* of
Figure 1. Kihlstrom-Laffont (1979) showed that in this case the equilibrium is
officient in the "first-best" sense of Arrow (1964) and Debreu (1959). They
also showed that, when u is'risk averse, the equilibrium K can exceed or
fall below K*, The Kihlstrom-Laffont analysis of the effect on K of an
increase in the risk averseness of u concluded that the direction of this
effect is anbiguous even if the absolute risk aversion of u 1is nonincreasing,

and g(K,x) and gK(K,x) always change in the same direction as x changes.
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Under the hypotheses just mentioned, the equilibrium r was shown to fall when
risk aversion increases. 1In view of Proposition 1, the Kihlstrom-Laffont ana-
lysis permits us to conclude that, when R;(W,u) <0 and Rr(W,u)_z 0 and
when x changes g(K,x) and gK(K,x) in the same direction, an increase in
the capital tax rate, t, will raise the equilibrium r. The effect of t on
the equilibrium K will, however, be ambiguous. Thus the increase in t may
cause K to move closer to K* or to move farther away from K¥*.

The Kihlstrom-Laffont (1979) analysis can also be applied to study the effect
of income tax rate changes on the equilibrium. In this case, Proposition 2 pro-
vides the basis for the application of the analysis. The results are again ambi-
guous. Specifically, even if we assume that R;(W,u)_i 0 and R%(W,u)_i 0 and
g(K,x) and gK(K,x) move in the same direction when x changes, the effect on K*
of an increase of the income tax rate, t, is ambiguous.

For the case of capital taxatiom, the nature of the ambiguity can be des-
cribed easily with the aid of Figures 2a and Zb, which are slight reinterpre-

tations of Figure 4 in Kihlstrom-Laffont (1979).

r
{érl(K’t )
®(t.)
N s er (K, t,)
r (tz)x) Figure 2a
r.(K,t.)
gf 2 1 tl 5 tz
Cory(&,ty)
e )" Nk <
7 ty
r
’ r (K,t.))
fe(t ) \\\\ 1 1 Figure 2b
1 \ rlgure <o
“r (K, t.) ro> ot
r®(t,) R 12 12

XQ___,_ r,(K, tl)

Q\,rZ(K,tz)

K ()7 'ix“’(cz)



12

In these figures, ri(K,t) is the function defined implicitly by

i
F(ri(K,t),K;t) = 0 ,

The equilibrium r and K values arising when the marginal tax rate is
t are denoted by ro(t) and KS(t) respectively. Either Figure 2a or 2b may
describe the situation when u exhibits nonincreasing absolute and nondecrea-
sing relative risk aversion and when g{K,x) and gK(K,x) always chaqge in
the same direction as x changes. Note that, in both figures, an Increase in
t from t, to t, causes both rl(K,t) and rZ(K,t) to shift upward. The

2 1
fact that

v
<

ar./9t
1

for i=1 and i =2 follows from

i, i
= - F

Brilat Ft/ . s
o> 0,

r
Fl < 0,

t
F2 < 0,

r

and

F2>O

t

The positivity of Fi is an immediate consequence of u' > 0. The negativity
of Fi is established in Kihlstrom-Laffont (1979) and depends crueially on the

hypotheses that u exhibits non-increasing absolute risk aversion and that

g(K,x) and gK(K,x) move in the same direction as x changes. The nega-
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tivity of Ft and positivity of Fi follow from the analysis of Kihlstrom-
Laffont (1979) and from Proposition 1 of this paper.

Because 3ri/3t >0 for i=1 and i = 2, re(tl) unambiguously exceeds
re(tz). In Figure 2a, Ke(tl) also exceeds Ke(tz); but in Figure 2b, Ke(tl)
is lower than Ke(tz). Hence -Ke(t) can either rise or fall with ¢t.

We now argue that the sign of 9k®/3t is ambiguous because the income of
both capitalists and entrepreneurs is taxed at the same rate. The argument
begins with a demonstration that if only capitalists are taxed, an increase in
t lowers Ke(t). We then show that if only entrepreneurs are taxed, an in-
crease in t raises Ke(t). In the analysis of both of these cases, we con-
tinue to assume that u exhibits nonincreasing absolute and nondecreasing
relative risk aversion and that g(K,x) and gK(K,x) change in the same
direction when x changes.

Consider then the case in which only capitalists are taxed. In this

case, (2.2) becomes
¢L(r,K5t) = u(A + (1-0)1) - Eu(A + g(K,®) - rK) = 0 ,

while (2.3) becomes

l(r,kst) = Bu'(A + (K, B) - xOfg KB -] = 0 .

Note that a change in t has no iInfluence on G2. When rl(K,t) is defined

by Gl(rl(K, t) SK; t) = Os

/G

L I

Brl/at = -G

+

Since

G, = -u'A+(1-0r) <0
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and

Gi = (1-t)u'(A + (1-t)r) + KEu'(A + g(K,X) -~ rK) > 0O ,

we conclude that
Brl/Bt > 0

As a consequence of these remarks, we can replace Figures 2a and 2b by Figure

3, in which Ke(t) is seen to fall unambiguously when ¢t rises.

rl(K,tl)

Oy \\ ‘// r (K ty)

re(tz)

rz(K; tl) = rZ(K’ tz)

e e
K (tl) K (tz)
Figure 3

Note that in Figure 3, r, is a decreasing function of K. This feature of r,
is a consequence of the hypotheses that u exhibits Increasing absolute risk
aversion and that g(K,x) and gK(K,x) change in the same direction when x
changes.

Now consider the case in which entrepreneurial profits are taxed at rate

t but capitalists are untaxed. In this case, (2.2) becomes

(2.5) ah(z,K;0) = u(A + ) - Eu(A + (1-0)[g(K,%) - tK]) = 0 ,
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while (2.3) continues to hold. Thus, the equilibrium values for r and K
are those which simultaneously satisfy (2.5) and (2.3). As before, we denote
these values by re(t) and Ke(t). We have already studied the effect of a

t 1increase on the function rz(K,t) defined implicitly by
2
F (rz(K! t))K;t) = 0
We specifically noted that
or,/3t > 0

If we now define rl(K,t) by

Hl(rl(K,t),K;t) = 0 ,
then
ar /3t = —Htl:/Hj
where
Hj = u'(A+r) + (1-t)KEu'(A + (l—t)[é(K,ﬁ) - rKJ) > 0
and
1

o
[

L = Eu'(a + (-0 {p®,B) - KD ®,%) - rK]

At the equilibrium, the sign of H; can be determined by the fact that (2.3)

holds. In particular, (2.3) implies that
1 ~ ~ ~
(2.6) HO = Eu'(A + (l-t)[é(K,x) - rK])[é(K,X) - gK(K,X)K]

Since g(K,x) 1is a strictly concave function of K for every X,
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(2.7) g(K,x) - gK(K,X)K > 0

for all x. Combining (2.6), (2.7), and the positivity of u', we obtain

1
>
Ht 0
Thus,
Brllat < 0

at the equilibrium, and for small changes in t, say from t2 to tl > t2’

the equilibrium values of re(t) and Ke(t) will shift as shown in Figure 4.

r
t, > t
1 2
rl(K’tZ)
re(tz) rl(K’tl)
e ~
r (tl) \\\
\ rZ(K’tl)
rZ(K’tZ)

1= e
K (tz) K (tl)
Figure 4

Since 3r1/3t < 0 and 8r2/3t > 0, the effect of the t change on re(t) is
ambiguous. The equilibrium K value, Ke(t), unambigucusly rises, however. A

more formal demonstration that
3k/5t > 0

can be accomplished by implicitly differentiating (2.3) and (2.5). Specifi-
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cally, since Ke(t) and re(t) are solutions to

1 K (6),c%(6),0) = 0
F2(RE(e),r();t) = O
we obtain
e Hl Hl
9K®/3t = - 1/A ; 5 ,
F F
t r
where
1 1
LR
) F2 F2
K r

We have already observed that

F2 < 0,

t

2 > 0,
and

>0,

and that at the equilibrium

Tt is also easily verified using the arguments in Kihlstrom-Laffont (1979)

that u" < 0 and g < 0 imply

2
<
FK 0
and
il - o



18

Thus
1.2 1.2
A = HKFr - HrFK >0 ,
and
1 1
H H
STl = HE - P
F F tr tr
t T
so that
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3. THE GENERAL EQUILIBRIUM MODEL WITH A STOCK MARKET

In the model of this section, we introduce a stock market to the model of
Section 2., The resulting stock market model is described in slightly more
generality than the model of Section 2. Specifically, we drop the assumption
that all individuals are alike. This is done primarily as an aid to interpre-
tation. The propositions of this section, however, apply only to the case in which
all individuals are alike. The fourth- section does briefly discuss the more
general case, however.

Again we describe the model for the case of capital taxation and indicate
briefly how the case of income taxation differs. The set of individuals is
still identified with the interval [O,IJ. These individuals are now divided
into n types, The Lebesgue measure of the set of type i individuals is
My We assume throughout that uy > 0 for all i. As before, there are two
commodities: capital and income. All individuals again begin with one unit of
capital and A wunits of income, and the sole argument of individual utility
functions is income. The utility function of all type i individuals is
denoted by u, . We assume that u, has a continuous second derivative, and
that ui > 0 while u;‘f 0.

Any individual can create a firm or firms that produce income from capital.
The process of creating each firm requires the use of one capital unit. Capi-
tal employed for this purpose is referred to as set-up capital or entrepre-
neurial capital. The technology employed by every firm is the same and is

decribed by the production function
g(K,x)

where K = the amount of nonentrepreneurial or "operating" capital



20

employed, and
x = the value taken by a random variable ZX.
The random variable X is now assumed to be the same for all firms. This is
a stronger hypothesis than that made in Section 2. It means that the output
of all firms is determined by the same random influences. The set X 1in which
X takes its values is, for simplicity, assumed to be a finite set of real num-
bers. If Y CX, we continue to denote the objective probability of Y by

m(Y). We assume that, for all (K,x),
g(K,x) > 0

and that g(0,x) = 0 for all x. In addition, we assume that the second deri-

vative of g with respect to K 1is continuous and that gx > 0 while Brx <

0. Finally, for all x g X, there is assumed to exist a K(x) at which

gK(K(X),X)[l +Kx)] = g&(x),x)

as illustrated in Figure 5,

(K,x)
g, R, 0 [1Kx)] = | e
g(K(X),X)
. 14+K
1 I+K{x)
Figure 5

Again this is a stronger assumption than that made in Section 2.

A competitive debt market is assumed to exist in which capital can be
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exchanged for income. The income value of a capital unit in tﬁis market is
denoted by r. Entrepreneurs who create firms can now raise operating capital
as well as entrepreneurial capital by issuing debt or by selling equity. A
firm that employs K wunits of operating capital and obtain B capital units

in the debt market generates random profits which equal
(3.1) T(K,B) = g(K,x) - rB .

The entrepreneur who creates this firm will be obliged to obtain K-B capital
units by selling shares. The market for firm shares is assumed to be competi-
tive. There is specifically a function N, that specifies for each possible
(K,B) the capital value of shares to firms employing K capital units and
raising B of these units in the debt market. All income received as a return
to capital is taxed at rate t.

Suppose now that an entrepreneur creates a firm that employs K capital
units and buys B units of capital in the debt market. If this entrepreneur

retains yX100% of the firm's shares, his after—tax income will equal
(3.2) ﬁE(K,B,y) = A+ {c[¥(K,B)(1-y) - (k-B)] + Y{g(k,%) - rB]}(1-t) .

Consider next a nonentrepreneur, a capitalist in our terminology, who
buys YX100Z of the shares of a firm that uses K units of operating capital
and that has raised B capital units by selling debt. This capitalist's ran-

dom after-tax income is
(3.3) Wo(K,B,Y) = A+ {rf1 - ywW(K,B)] + v[g®,%) - rBJ}1 - &) .
An entrepreneur of type i chooses (K,B,Y) to maximize

(3.4) Eu, (W, (X,B,7))
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subject to the non-negativity constraint

(3.5) n(L(K,B,Y) >0 = 1 .

o ~

We let (Ki,Bi,?i) denote the solution to this problem;l/

It is important to observe at this point that even if entrepreneurs of
type 1 could invest in firms for which (K,B) # (ﬁi,ﬁi), they would not find
it advantageous to do‘so. The proof of this result, which is given in Kihlstrom-
Laffont (1980), makes crucial use of the assumption that the same random vari-
able X enters the production function of all firms. The Kihlstrom-Laffont
arguments also imply that capitalists of type i find it optimal to invest

only in firms for which (K,B) = (ﬁi,ﬁi). They choose ¥ to maximize
(3.6) Eui(WC(Ki,Bi,Y))
subject to

In equilibrium, we must have

max Eu.(ﬁE(K,B,Y))
{(K,B,y) satisfying (3.5)}

= max Eu,(a (ﬁ_,ﬁ,,Y))
{y satisfying (3.7)} 1eritd

for all i. As shown in the earlier Kihlstrom-Laffont paper, this will only be

true if

N(K,B) < 1+K-B

~ ~ ~
Of course, (Ki’Bi’Yi) depends on N and r. Our notation suppresses

that dependence.
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for all i. Following Kihlstrom-Laffént, we, in fact, assume that
(3.8) N(K,B) = 1+K--B

for all (¥X,B). Under this assumption, the Modigliani-Miller theorem holds, so

that WC(K,B,Y) and WE(K,B,Y) are equal and independent of B. In fact,
f.}C(K,B,y) = E:E(K,B,y) = A&+ {r{Iy(14K)] + v8(K, 0} - )

Thus, all individuals of type 1 hold ?ixlooz of the shares in a firm for

-~

which K =K, where (ﬁi,§i) maximizes

(3.9) Eu (A + {r[1 - y(1 + K)] + vyg®, %)} - t)

subject to

(3.10) m(a + {r[1 - y1 + 0] + yg(K,i)}(i ~t})>0 =1

Supply equals demand in the market for shares to firms with K = Ki when

there are

Il
=
2

(3.11) 9.
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of these firms. When r has adjusted to the point at which
n ~ e
(3.12) ) v{Ll+KR) = 1
i=1
the market for capital is also in equilibrium.
In summary, an equilibrium of the economy just described is a vector
<(Y K, )1 l,r) such that, for each i, (?i,ﬁi) maximizes (3.9) subject to
(3.10) and such that (3.12) holds when Gi is defined by (3.11). If we de-

fine C by
(3.13) C = v(1+K ,
an equilibrium <(§i’ﬁi)z=l’r> can be identified with a vector

n
@€LR)T

such that (Ei,ﬁi) maximizes

(3.14) Bu (4 + [r(1 - o) + ¢ 86D _ o

subject to

g(K,x)

1K J(l -t) >0 = 1

(3.15) mA+[r(l-c) +c

and such that
n o~
(3.16) _Z KC o= 1
i=1
If all income is taxed, the model just described can still be applied if,
in (3.2), (3.3), (3.9), (3.10), (3.14), (3.15) and all other expressions invol-
ving ﬁE and WC, the factor (1-t)} is applied to A as well as the income

from capital.
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We can now apply the results of Section 1 to the model just described
for the purpose of studying the effect of taxation on risk taking. As an
immediate corollary of Proposition 1, we observe that, if t 1s the tax on

capital income and if all u, exhibit decreasing absolute and increasing

i
relative risk aversion, then an increase in the capital tax rate has the same
effect on <(Y R : l,r) as an increase in the Arrow-Pratt absolute risk
aversion measure of all u . Similarly, when t 1s the rate of tax on all
income, Proposition 2 implies that, if Ré(w,ui)_z 0 for all i, then an
increase in the income tax rate has the same effect on the equilibrium as an
increase in Ra(W,ui) for all 1.

We would like to be more specific about the form of the effect which a
t 1increase has on the equilibrium. For this purpose, we return to the special
case in which all individuals have the same utility function u. When ¢t is
a tax on capital income, the analysis of Kihlstrom-Laffont (1980) implies that,
for this special case, the unique equilibrium (?,ﬁ,r) can be identified with

the K that maximizes

(3.17) Eu(a + !r%(i ?](1 t) ,

if we let ¥ and r be defined by

(3.18) Y = VA +K
and
Eu'(A +[§§—(—i](1 t) 5 (K, %)
(3.19) r L'+ K + K
Eu'(A +l 8 (K, X)J(l - 1)
1+ K

In this equilibrium, 1/(1+K) capital units are used to create firms while
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the remaining 1-(1/(1+K)) = ﬁ/(l+§) capital units are employed as operating
capital,
When t 1is reinterpreted as a tax on all income, the equilibrium ﬁ is

that which maximizes

(3.17") Eu([A + %‘f ;)](l 0) .

With K thus redefined, (3.18) continues to hold. For this case, the expres-
sion (3.19) for the equilibrium r must also be modified by multiplying A by
(1-t).

Note that, in these equilibria, there is no demand for riskless debt,

since
IL-Y(L+K) = ¢

Thus, if we were to adopt the standard approach! which uses demand for the safe
asset to measure the risk averseness of behavior, we would be led to conclude
that taxation has no effect on risk taking. This is a questionable conclusion

since changes in t do, in general, change K, the K level that characterizes

2
the equilibrium;—/ In fact, when t is the tax on capital income, Proposition

1 implies that, when R! < 0 and Rl > 0, the effect on K of a t change is
the same as that of an increase in risk aversion. Similarly, Proposition 2
implies that, when ¢ is a tax on all incone, R; < 0 implies that a t change
has the same effect on K as an increase in the level of risk aversion. Our

third proposition gives conditions on g that make it possible to determine
2/ . A
- One important special case in which K is unaffected bv a t change oc-
Ccurs when g exhibits stochastic constant returns to scale; i.e., when

g(K,x) = h(®)x

for all ® and x.
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the effect of an increase in risk aversion on ﬁ. For the purpose of stating
this proposition, we modify our notation to make the dependence of K on u
explicit. Thus, ﬁ(u) will be used to denote the K value that maximizes
(3.17). Once again the formal analysis proceeds on the assumption that t is
a tax on capital income. As before, the only modification required to apply
the same analysis to the case of income taxation is the replacement of A by
A(l-1).

We also use 2 to denote the partiél ordering "more risky than." This

ordering was introduced by Rothschild and Stiglitz (1970). Thus, we will use

the notation:

~

-
21 R %
to mean that Z

is more risky than z in the Rothschild-Stiglitz sense.

1 2

We also note fipally that when u is linear; i.e., when all individuals

~
are risk neutral; K(u) = K*, where XK* maximizes

Eg(K, %)
1+ K

In this case, K(u) 1is independent of t.

PROPOSITION 3: Suppose that u and Vv are two utility functions such that,

for all W,

uH (w) V" (w)

(3.20) T TV

If g(ﬁ(v),x) and g(K*,x) are both increasing functions of =x and if

g(K(v),%) ~ g (R(v),x) (14R(v)) and g(K*,x) - g, (K%, %) (1+K%)  are both

increasing (decreasing) functions of x, then
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ﬁ(u) > ﬁ(v) > R*

(K(u) < R(v) < K#)

Now assume that g(K,x) is an increasing function of x and

g(K,x)—gK(K,x)(l+K) is an increasing or a decreasing functin of x for all

K between ﬁ(u) and K*. Then the following results obtain:

g(K*, %) Fa(R*,X) , gR(v),D-Eg(R(),%®) . g, EgR(u),%)
o

(3.21) 2 E
1 + K* 1+ Rev) A, L1 R
and
(3.22) Eg®a,x) | EgR(v),%) . Eg®(w,¥
' l+K* -~ ~
1+ K(v) 1+ K(u)

Furthermore, if we.suppose that £ and L &are any two increasing concave

functions such that

" (W) £ (W)
(3.23) W 2 T EW

for all W, and that

(3.24) EE( (ﬁ(u),i) > (>) EE g(ﬁ(v),i{) .
L+ R/ 1 + R(v)

then we can conclude that

(3.25) EC(g(fi(u),i)) . ) Eg(g(ﬁ(v),i)) 3
1+ K | 1+ K(v)

As a special case, we obtain that

(K(v),5) g (K%, %)
EE(B-—A*—) > EE ——)
1+ K{v) L+ k=

2 The fact that (3.24) implies (3.25) when £ and L are related by (3.23)
was pointed out to us by Oliver Hart. The proof given below of this fact is
Hart's. We would also like to thank Sandy Grossman for his contributions to
our discussion of this result and its proof,



29

implies

pe (8RB Ec‘;(g(K*’X)

1+ﬁ(v) 1+ K* !

REMARKS: Proposition 2 demonstrates that a decrease in risk aversion results
in an equilibrium K choice that involves more risks. Specifically, (3.21)
asserts that the deviations of equilibrium individual incomes from their means
are more risky. This, of course, implies that the variance of equilibrium
individual income is larger when risk aversion is lower. Because of (3.22),
the increase in the riskiness of income is compensated for by an increase in
average income. The final conclusion of the proposition asserts that if some
individual prefers the less risky income distribution g(R(u),%)/(14R(u)), then
every individual £ who is at least as risk averse will also prefer the less
risky distribution. If, in other words, the increase in average income from
Eg(K(u),%)/(1+R(w)) to Eg(ﬁ(v),i)/(l+ﬁ(v)) fails to compensate £ for the
increase in riskiness of g(K,X)/(1+K) when K changes from ﬁ(u) to ﬁ(v),
then the same increase in mean income will also fail to compensate more risk

averse individuals for the same increase in income risks.

PROOF: We consider only the case in which g(K(v),i)-gK(K(v),i)(l+§(v)) is

increasing in x. The first-order condition satisfied by ﬁ(u) is
(3.26) F(R(u),u) = 0
where

F(K,u) = Elu"(WE,%))[g(K,%) - g (K, ) (1 + K)}

and
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W(K,x) = A+ {%EE%%l](l ~ 1)

~
Similarly, K(v) solves

(3.27) F(R(v),v) = O
Note that
(3.28) Fp(Kyu) = - E{u'(W(K,i))gKK(K,i)(l + K)}

- Elu"(W(K,%)) g(K,%) - gK(K,i)(l + K) 2(1 + K)z}

Since A 0, (3.28) implies that FK(K,u) >0 for all K> 0 and all u

for which u' > 0 and u" < O,

Pratt has shown that (3.20) holds if and only if
w(l) = ¢(v(I)) s

where ¢' > 0 and ¢" < 0. As a result, F(K,u) can be rewritten as

(3.29) F,w) = B (VD)) (K, D) 5K, 5)-g, (K, %) (14| )
= E{¢' (V(W(K,i)))v'(W(K,:Tc))[g(K,i)-gK(K,i) (1+K)] |xex” tm(x™)
+ E{‘b'(V(W(K,i)))V'(W(K,fé))[g(K,:‘E)—gK(K,ﬁ)(l+K)] |xext In(zh) .
where
X' = {xeXx: gKx) - g (K,%) (1 + K) > 0}
and
X = {x¢X: g(K,x) - gK(K,X)(l + K) < 0}

If g(ﬁ(v),x) and g(K(v),x)—gK(ﬁ(v),x)(l+ﬁ(v)) both increase with x, there
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exists a number A such that

(3.30) vW(R(v),x)) < A if xeX
and
(3.31) vWEE),%) > A if xex

Since ¢" < 0, (3.30) and (3.31) imply that
(3.32) 81 (30 [, 1), (6,30 (140] < 67 () [2 (K, 2)-g, (K, (140)]

for all x e X' U X, when K = R(V). Combining (3.27), (3.29) and (3.32), we

observe that
(3.33) FR(W,u) < ¢'(VFERE),v) = 0

Inequality (3.33), the first-order condition (3.26), and the fact that FK <

0 together imply that
R(u) < K(v)

The situation is depicted in Figure 5.

F(K,v)
A F(K,u)
K(v) /
1 ﬁ(u)

FRW,w) f~—————

Figure 5
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The inequalities involving K* are, of course, obtained as a special case.

To prove that

eRW,H - BRW,D | g®W,H - EgR(w),H
1+ R(v) " 1+ K(u)

we let £ be any strietly concave function and prove that

EE( 1+K )

is an increasing (decreasing) function of K when g(K,x) increases with x

and g(K,x)—gK(K,x)(l+K) increases (decreases) with x for all K between

K(u) and K*. Thus EE(S(K,%)TEg(K,i))

L T N

is an increasing (decreasing) func~

tion of K, when &(u) >(<) R(v). As a result,

e ERWLD - BBR@.D) |, 2k, - EsR(n), %),
1 + K(u) 1+ K(v)

for all concave functions.

The proof that

EE( T+K )

is inecreasing in K 1is accomplished by simply differentiating E£ with res-

pect to K to obtain

_g_LKyi) - Eg (ng)
(/R EEEI =2 )

)58, (K,X) (1+K)-g (K, %))
(141 2 1+K K

This covariance is positive when g(K,x) and gK(K,x)(1+K)—g(K,x) in-

crease together. It is negative if g(K,x) increases when gK(K,x)—g(K,x)
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decreases,
The conclusion that Eg(K*,x)/(1+K) exceeds both Eg(K(v),x) /(14K (v))
and Eg(ﬁ(u),i)/(l+ﬁ(u)) is an immediate consequence of the fact that K=

maximizes Eg(K,X)/(1+K). 1In order to prove that

E(R(W),E) | Bg(R(u),5)
1+ R(v) 1+ R(w

we show that the failure of this inequality leads to a contradiction. We

specifically show that

(3.34) Eg(R(w),®) | EgR(v),%)
1+RW 7 1+Rw)
implies
(3.3 Ev(a + [ (K(f)’i)]<1_t)) > Ev(a +{:5£5£§lail](1-t)) :
1+ K(u) 1+ K(v)

a contradiction to the fact that K(v) maximizes Ev(A+ g(X,X)/(1+K) (1-t)).

We begin by noting that (3.34) and the monotonicity of v imply that

(3.36) EV(A+[§£E£g2L£l](1_t)) _ Ev(A+[Eg(K(E)’§) + g(K(u),i):Eg(K(u),Q)J(l_t))
1+ K(u) 1+ K(u) 1+ K(u)

N EV(A+[Eg(K(Y),§) 4 g(K(u),i):Eg(K(u),i)](l_t))
1+ K(v) 1+ K(u)

Since v 1is strictly concave, (3.21) implies that

(3.37) m@+[@&qua+g&mxm-w&mxm}l_ﬂ)
1+ K(w) 1+ R(u)

)EWA+F§@WLE+5@WLﬂ-Eﬂﬂﬂﬁqu_tn
1+ ﬁ(v) 1+ ﬁ(v)

= Ev(A + [ (K(V)’Q)](l - )
1 + K(v)



34

Combining (3.36) and (3.37), we obtain (3.35), the desired inequality.

We can now conclude the proof by showing that (3.24) implies (3.25) when
C 1s at least as risk averse as & in the sense that (3.23) holds uniformly.:/
First, note that, by the mean value theorem, there exists a K between ﬁ(V)
and ﬁ(u) at which
8y (K, %) (14K) - g(K,x)

(3.38) BR(W,x) _gR,x) _ — Rw) - Reu)
1+ K(v) 1+ K(u) (1L +K

If g(X,x) and g(K,x)—gK(K,x)(l+K) are both increasing in x for all K
between ﬁ(v) and ﬁ(u), then, as shown above, ﬁ(v)—ﬁ(u) is negative. When
g(K,x) increases and g(K,x)—gK(K,x)(l+K) decreases when x changes for all
K between ﬁ(v) and ﬁ(u), then ﬁ(v)-ﬁ(u) is positive. In either case,

gK(R,x)(1+K) - gK,x) .
(K() - K(w)

(1 + K)2

is an increasing function of x. Because of (3.38),

gRW),x)  gR(w,x)
1+R(v)  1+RG@)

is therefore an increasing function of x when g(K,x)—gK(K,x)(l+K) increases
with x for all K between K(u) and K(v). If g(K,x) also increases with
x for all K between K(u) and K(v), then

gR(v),x)  g(K(u),x)
1+ ﬁ(v) 1+ R(uw)

can be treated as an increasing function, say r, of g(ﬁ(u),x)/(l+ﬁ(u)). If

we now let

o= gRW,¥)/U + Rw)) ,

4/

- As noted above, this part of the proof is due to Oliver Hart.
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and define

h(y) = v+ r(y) ,
then
hE) = g®R(v), D/ + K(v))
Since
Eu(A + (K(“) X) ](1 £)) > Eu(A + [g(K(") %) ] (1 - t))
1+ K(u) 1+ K(v)
and

Ev{A + [g_(g_(g_)_@} (1 -1t)) > Ev(a +[ (K(f)’i) ] (1 -1t))
1+ K(v) 1 + K(u)

there must be some vy, call it ¥, in the interval

min g(R(uw), X) min g(ﬁ(uz,X) ]
x€X 1+ K(u) *€X (1 + K(u))
at which
r(y) = 0
Thus,
y <)y
implies
h(F = §+rFH <) 7

If we now denote the cumulative distribution functions of y and h(§) = y+r(y)

by F and ¢ respectively, then it is easily shown, from what has just been
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asserted, that
F(y) <) G(y)

if y<() 3.
Thus, F and G are related by the "single crossing property" of

Diamond-Stiglitz (1974)., Suppose now that (3.24) holds, i.e. suppose that
EE(Y) > E&(F + r ()

and that [ 1is at least as risk averse as £ in the sense that (3.23) holds.

Integrating by parts, we obtain

(3.39) EE) - BEG +r®) = [E@dEE) - o)
- [ @ - rene @
and
(3.40) B -G+ @ = [16)aEE - 66
- [e® -rene ey LY
Since T 1is at least as risk averse as &, we can write
() = KEW)
where k 1s an increasing and concave function. Thus,
(3.41) Jeo - rmema - [©6 - reneEene e

Since G(y)-F(y) 1is nonnegative (nonpositive) when y <(>) y, since & 1is an

increasing function and since k 1is concave,

5
2 Since X 1is a finite set, the integrals must be interpreted as
Stiglitz's integrals.
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©() - FONK'EG) > @) - FDK EG)
for all y. Thus
(3.42) [(G(s"r) - FGNK E)E (y)dy > k*(&(?))[(s(?) - FGNE' (¥
Combining (3.39), (3.40), (3.41), and (3.42) we obtain
(3.43) EZ(y) - EC(7 + r(3)) > kK"(EENEEF) - EEG + (),

where k'(E(y)) > 0. Thus (3.24) implies (3.25) when [ is at least as risk
averse as &. |
Using Propositions 1, 2 and 3, we can descrihe the effect of an increase in

capital and income taxation on K. For this purpose, we let K(t) denote the

~
equilibrium K when t 1is the marginal (income or capital) tax rate.

COROLLARY: Assume that either

i) Rr(W,u) is increasing and all income is taxed at rate t,

ii) Rr(W,u) is increasing, Ra(w,u) is decreasing and capital

income is taxed at rate t.

Suppose that t; > tye If g(ﬁ(tl),x) and g(K*,x) are both increasing

functions of x and g(ﬁ(tl),x)—gK(E(tl),x)(1+ﬁ(tl)) and g(K*,x)—gK(K*,X)(l+K*)

are both increasing (decreasing) functions of x, then

K(t2) > K(tl) > K%

K(t,) < K(t) < K#)

Now assume that g(K,x) 1is an increasing function of x and g(K,x)—gK(K,x)(l+K)
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is an increasing or a decreasing function of x for all K between K(tz)

and K#*, then the following results obtain:

g (K%, %) -Eg (K*,%) g(ﬁ(tl),§)~E8(ﬁ(tl),§) g(ﬁ(tz),i)-Eg(ﬁ(tz),i)

N > ~
1+ K* v 1+ K(tl) v 1+ K(tz)
and
1+Krx T 1+ ﬁ(tl) T 1+ K(t)

Furthermore, if we suppose that £ and ¥ are any two increasing concave

functions such that

gty g
o) = TEW

for all W, and that

g(®(t,) %) g(X(t,),%)
B (————) > EE(———)
1+ K(t2) 1+ K(tz)

then we can conclude that

g(R(c,), %) g(R(c ), %)
EL(—F—) 2 Ef(———)
1+ R(t,) 1+ R(t )

As a special case, we obtain that

g(ﬁ(tl) %)

(K*,%)
EE(—-—r—) > pE(ETE
L+ &) T L+ K*
implies
g(K(tl),X) o (K% .5)
B () > medamE ||
1+ K(tl)

Before concluding, we consider the effects on the analysis of the elimin-
ation of the loss offset. In the model as described, the elimination of the

loss offset has no effect on the results, This is true for the case of



39

income tax as well as for the case of a capital income tax.

The first point at which the elimination of the loss offset could cause
problems is in the determination of the equilibrium N function. It is still
true, however, that, even without the loss offset, N(K,B) = 14K-B 1is an equi-
librium N function.

When N is assumed to equal 1+K-B and when all individuals are the same

the equilibrium K remains that at which

pua + 8D (5 )

is maximized. This observation is a consequence of the assumption that
g(K,x) > 0 for all K and x. Because of this assumption, individuals never
suffer losses in equilibrium. As a result, the existence or non-existence of
a loss offset can have no effect on the analysis,

It should be observed, however, that when individuals differ,
ol -y + B +ye®,D

will not, in general, equal

g(K,x)
1+ K

in equilibrium. Thus, income from capital may be negative even if g(K,x) is
always positive. As a consequence, a more general analysis will be forced to
deal with the issues raised by the existence or non-existence of a loss offset.
In the present very special form of the model, we can analyze some of
these issues by allowing g(K,x) to take negative values. In this case, the

equilibrium K will be that at which
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sata + [ 250 2k, 2) < Om(e@,H) < 0)
+ E(u(a +[§(E ;’](1 - 0] g&,D > OngE,D > 0)

is maximized. While we will not explicitly present the calculation, the
reader can verify that implicit differentiation results in an ambiguous expres-

sion for
0K/5t

even if Ra(w,u) is non-increasing in W, Rr(W,u) is nondecreasing in W
and g(K,x)~gK(K,x)(l+K) and g(K,x) both increase (for example) with x.
Thus, the corollary cannot in general be extended to the case of no loss off-
set, if g can take pnegative values,

The intuition behind the ambiguity just observed is easily understood in
terms of the analysis underlying Proposition 3. In that proposition, it was
shown that a decrease in risk aversion produced an unambiguous effect on K.
As Proposition 1 demonstrates, the imposition of a capital income tax with
loss. offset provisions unambiguously increases risk aversion if R;(W,u) <0
and R;(W,u)_i 0. 1If, however, the loss offset is eliminated, the imposition
of the capital tax no longer unambiguously increases risk aversion. 1In fact,
the elimination of the loss offset can be viewed as the introduction of a

risk aversion increasing concave transformation, T, defined by

1
( I ;3 if 1< 0,
T(I) = { L-¢ -

I ; 1f I

| v
o

T 1is illustrated in Figure 6.
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T(I)=I , I >0

I <0 I>0

1
= —— <
(1) =3z 1, 1<0

Figure 6

We can imagine before-tax income as being subjected to T before being
substituted for I in ¥. The resulting utility function, ¥(T(I),t), of I
is that which is maximized when there is no loss offset. The utility function
maximized with a loss offset is simply ¥(I,t). Now it is possible to show
that ¥(T(I),t) is a concave tranformation of Y(I,t). Thus, considered as
a function of I, ¥(T(I),t) 1is more risk averse than ¥(I,t). As a result.
of this observation and Propesition 3, we can conclude that the elimination of
the loss offset reduces risk taking. We cannot, however, say whether there is
more or less risk taking with the tax but without the loss offset than there
is without the tax. That is, we cannot say whether Y¥(T(I),t) is more or

less risk averse than ¥(I,0).
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4, AN EXTENSION OF THE STOCK MARKET MODEL

In this section, we briefly consider a generalization of the model of
Section 3. In this generalization, multiple technologies are available to
entrepreneurs. Specifically, we assume the existence of m risky technolo-

gies with production functions

gj(K,X)

in which K the amount of non-entrepreneurial or operating capital

employed, and

x = the value taken by a random variable, ij.

The random variable ij is the same for all firms of type j created. Again
this means that the output of all type j firms is determined by the same
random influences. The variables ij take their values in a finite set Xj
of real numbers. No assumptions are made about the correlation structure of

ij and X , k # j. The process of setting up a type j firm is assumed to

k!
consume Sj units of capital. Each gJ is assumed to satisfy the hypotheses
imposed on g in Section 3. 1In addition to the m random technologies,

there is also assumed to be a nonrandom technology for which the production

function is
go(K)

The amount of capital required to set up a type 0 firm is so. The function
g, also satisfies the hypotheses imposed on g in Section 3.

In this model, we also assume that all individuals of type 1 begin with
Ai units of income. We do not assume that Ai = Aj if i # 3.

If, in this economy, there exist riskless debt markets as well as markets
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for firm shares and if entrepreneurs can use purchased capital to set up firms,
. , i _i.n
the equilibrium will be achieved when we have found a vector {r,{C",K )i=1>

such that, for each i,

ioi, i i, i i
(C ,K) = ((CO’.'.’Cm)’(KO’...’Km))
maximizes
gl @ %) :
; 8Ky
Bu (8, + -0fra - ] ch+ Jct -—~;L-—u + oo =)
j=0 i j=1 \ (s +K ) s +K
00
subject to
gl %) g (xh)
m(A, + (1- t)’_r(l- Zc)+ Zc ——J——J—+C00—g—} >0) =1
j=0 J j=1 3 (s +K) stk
0
where m is the probability measure induced by the random vector (il,...,im)

and such that
n
121 321 cJ o= 1 .

Note that, in the formalization just described, the taxes are imposed
only on the income from capital.

The analysis will focus on special cases in which the technology or the
utility functions satisfy certain special hypotheses. One class of utility
functions considered is the class of strictly concave functions exhibiting
constant absolute risk aversion. This class is denoted by &%ARA. We also

define Z&ﬁﬂﬂ) to be the class strictly concave quadratic utility functions.

Other classes considered are defined for Y <1 by letting

Z(HARA(Y) = {ul for some B > 0, u:(~B,+®) » R and u(W) =

v(w+B) T} if Y40
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and

Z( (v) = {u' for some B > 0, u: (-B,+®) + R and u(W) =
HARA

Log (W+B)} if y=0 .

While these classes of utility functions are very special, they have
come to assume very important roles in the literature of finance in particu-
lar and of the economics of uncertainty in general.

Four possible hypotheses are considered:

(H.1) For i=1,...,n, u, E -CARA H

(H.2)  There exists some vy < 1 such that, for all i =1,...,n, u, €
Uugn OV 5

H, = e . 5

(H.3) For 1 =1, >, U, € AQUAD

and

(H.4) For j =1,...,m, there exists a function hj such that
gl (K,x) = b, (K)x

Proposition 4 describes the equilibria of the economies just described

under each of these hypotheses.

i

PROPOSITION 4: In equilibrium, KO = KB where
TlekYy - * *
oK) = gy (K%)/(sy + KD)

In addition, the equilibrium r is

r = gO(Kg)/(sO + KE)

If either (H.1), (H.2), (H.3) or (H.4) holds, then, for each j = 1,...,m,
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there exists a Kﬁ such that, for i =1,.,.,n,

If, in particular, (H.4) holds, then Kj satisfies

vr®y o * %
hj(Kj) hj(Kj)/<sj + Kj)

When (H.1), (H.2), or (H.3) holds, there exists a vector (C;,...C;) such

that, for each i =1,...,n and 3 =1,...,m, the equilibrium Ci can be

written
i ,

{(4.1) c, = alcf s
] ]

where a® is a positive real number. If, in fact, (H.2) holds, then we can

also find a Cg such that (4.1) holds for j = 0 as well as i=1,...,m.

The proof of this proposition is relatively straightforward and is omitted.

Proposition 4 implies that, if either (H.1), (H.2) or (H.3) holds, then in equi-

librium individuals of each type 1 simply choose ai to maximize
(4.2) Eu(A + (1 - 0{r(1 - ah) + a¥§]
subject to
(4.3) na+ Q- ofra-ah +a5]>0 = 1,
where
r = gO(K’S)/(s0 + KE)

and
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j 134
~ *[ & o~ *
y = Zl Cngj(KJ.,xJ.)/(,sj + Kj)] .

If (H.4) holds and m = 1, individuals of each type 1 solve a maximization

problem of the same type. In this case, however,

-~

- %
y = hl<Kl)xl/(sl + Kl) .

The preceding remarks imply that, if (H.1), (H.2) or (H.3) hold or if (H.4)
holds with m = 1, then individuals solve a simple portfolio problem. As a
result, Stiglitz's (1970) result can be applied directly to analyze these
cases. If either (H.1) or (H.2), then Stiglitz's hypotheses that R; >0
and R;_ﬁ 0 are clearly satisfied. If (H.4) holds with m = 1, we must add
these restrictions on R; and R; to our list of assumptions. In either
case, an increase in the capital tax rate t causes a:'L to rise for each 1.
As a result, fewer riskless firms are created in equilibrium and more capital
is allocated to the creation of risky firms. The same conclusion emerges 1if
t 1is the income tax rate, if (H.1), (H.2) or (H.3) hold or if (H.4) holds with m=1
and if R;_z 0.

The analysis of this section has shown that under certain special assump-
tions on either preferences or on technology Stiglitz's partial equilibrium
portfolio theory results apply directly to the simple general equilibrium
analysis. If preferences are restricted, they must be restricted to a sub-
class in which portfolio separation is achieved. These subclasses were des—
cribed by Cass-Stiglitz (1970). If the technology is restricted, it must
satisfy stochastic constant returns to scale. Diamond (1967) introduced this
hypothesis. While these assumptions about preferences and technology are

restrictive, they are also of central importante in the existing literature.



47

REFERENCES

[1]

[2]

[3]

[4]
(5]

(6]

(8]

(9]

f10]

Arrow, K.J. (1964), "The Role of Securities in the Optimal Allocation of

Risk-Bearing,'" Review of Economic Studies 31, 91-96.

(1971), Essays in the Theory of Risk Bearing; New York:

American Elsevier,
Cass, D. & J. Stiglitz (1970), "The Structure of Investor Preferences
and Asset Returns, and Separability in Portfolio Allocation," Jourmal

of Economic Theory 2, 122-160.

Debreu, G, (1959), Theory of Value; New York: John Wiley & Sons, Inc.

Diamond, P, (1967), "The Role of a Stock Market in a General Equilibrium

Model With Technological Uncertainty,” American Economic Review 57,

759-776.
Domar, E. & R. Musgrave (1944), "Proportional Income Taxation and Risk

Taking, Quarterly Journal of Economics 56, 388-422.

Kanbur, S.M. (1981), "Risk Taking and Taxation: An Alternative Perspec-

tive," Journal of Public Economics 15, 163-184.

Kiblstrom, R.E. & J.J. Laffont (1979), "A General Equilibrium Entrepre-
neurial Theory of Firm Formation Based on Risk Aversion," Journal of

Political Economy 87, 719-748,

(1980), "A Competitive Entrepreneurial

Model of a Stock Market," Rodney White Center for Finanical Research
Working Paper #2-80, University of Pennsylvania; forthcoming in the

Economics of Information and Uncertainty, Proceedings of a Universities/

National Bureau Conference, John McCall (ed.).
Pratt, J.W. (1964), "Risk Aversion in the Small and in the Large,"

Econometrica 32, 122-136.




48

REFERENCES

[ii] Rothschild, M. & J, Stiglitz (1970), "Increasing Risk: I - A Definition,"

Journal of Economic Theory 2, 225-243,

[12] Stiglitz, J.E. (1970), "The Effects of Income, Wealth, and Captial Gains

Taxation on Risk Taking," Quarterly Journal of Economics 83, 263-283,

[ii] (1972), "Taxation, Risk Taking, and the Allocation of

Investment in a Competitive Economy,” in Studies in the Theory of

Capital Markets, M. Jensen (ed.); New York: Praeger.



