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The CAPM and Mean—-Variance Efficient Portfolics
Ex Ante and Ex Post Data

Irwin Friend, Randolph Westerfield and Joao Ferreira

Several types of evidence have recently been presented raising funda-
mental questions about the validity and descriptive usefulness of the mean-
variance capital asset pricing model (CAPM), including versions advanced by
Sharpe, Lintner, Black, Merton and Kraus-Litzenberger. This evidence has
included new regression tests of the CAPM based on market portfolios encom-
passing a broader range of risky assets than common stocks alone and utilizing
ex ante (expected) as well as ex post (realized) rates of return; analyses
of actual stock portfolios and the assets and liabilities held bv large samples
of individual investors to test the reasonableness of the customary joint
assumptions of the relevance of covariance as distinguished from variance
measures of risk and of the homogeneity of expectations made in most theoretical
versions and applications of the CAPM; and surveys of individual investors to
determine the risk measures relevant to their investment behavior, with
particular reference to covariance and variance measures.

This paper adopts a different approach to the testing of the Sharpe-
Lintner and Black versions of the CAPM and their basic premise that a market
portfolio is ex ante mean-variance efficient. Our approach is to determine
the exact composition of ex ante and ex post efficient portfolios derived
at given levels of risk-free returns, and to compare these efficient portfolios

with equal-and value-weighted portfolios constructed from the same sample



of common stocks. Our basic purpose is to examine the correspondence between
the efficient portfolios derived and the equal- and value-weighted portfolios
as the size of the sample of common stocks used in this analysis increases
and more closely approximates the market portfolio.

For the first time to our knowledge, we derive efficient common stock
portfolios from ex ante data covering the expected returns on each of a
number of individual stocks provided by a large sample of institutional
investors. We compare the properties of these efficient portfolios with
those that would be predictedon the assumption that the Sharpe-Lintner or
Black version of the CAPM is wvalid.

Two types of efficient portfolios are derived--one with no constraints
on short sales as assumed by Sharpe-Lintner and Black, the other with no short
sales permitted. The composition of the unconstrained efficient portfolios
corresponding to given risk-free rates of return are calculated using both
full rank and diagonal estimation procedures for the variance-covariance
matrix, while the composition o6f the constrained efficient portfolios ig
calculated using only diagonal estimation procedures.2 The sensitivity of the
efficient portfolios to plausible changes in several key assumptions are
examined, and these portfolios are then compared both with equal- and value-

weighted common stock portfelios.

The main result of this analysis is that with no short sale restrictions,
close to half of all stocks in efficient portfolios are held in short positions,
whereas with no short sales permitted, only a small proportion of stocks
enter the efficient portfolios. Furthermore, there is no tendency for the

relative frequency of short positions to decrease as the size of the sample



of stocks increases. These findings are inconsistent with CAPM theory that

requires the market portfolio to be ex ante efficient. They are, on the
other hand, generally consistent with the results obtained by other inves-
tigators, including Haim Levy, from a similar analysis of ex post data.3
However, while departures from expectations might be used as an argument to
explain the discrepancies between the observed EX post results and those
predicted by theory, this argument is not as applicable to ex ante data.

On the cther hand. because of data unavailability, the variance-covariance
matrix will be estimated using ex post data, but as explained subsequently
this is probably not so seriocus as the use of ex post mean returns as a
proxy for expected returns. TIn any case the sensitivity of our results to
errors in the E§,£gg£_variance—covariance matrix used is examined with no
changes in the conclusions reached. This error analysis further supports our
conclusion that it is unlikely the true optimal portfolio could be a portfolio

with all positive investment proportions. The market price of risk implied
E(R )-R

by these data (i.e., Var(R 3
p

where E(Rp) is the expected return on the
optimal portfolio of common stocks, Rf is return on the risk-free asset, and
Var (Rp) is the variance of return on the optimal portfolio) is very much

larger than that implied by historical ex post returns of the market portfolios

used in earlier studies.



Data on expected returns

It has been frequently demonstrated that developing reliable estimates of
expected return for individual stocks is very difficult if one must rely on ex post
realizations.4 To partially overcome this problem, the study utilizes two survey sources
of data on the rates of return on individual common stocks expected by investors. The
first consists of monthly estimates of the long-run annual rates of return on each
of over 300 stocks expected by the Institutional Counsel Service of Wells Fargo
Bank.5 The second consists of a number of Institutional Investor Surveys,
covering rates of return expected by many more institutional investors but
for a much smaller sample of companies, conducted by one of the authors in
1972, 1974, 1976, 1977 and 1978 under the auspices of the American Telephone arl
Telegraph Co.6 Both of these sets of estimates of expected return are based
on a discounted cash flow approach implicit in adding the dividend yields
(the ratios of next year's dividends to current prices) to the estimated long-
run annual growth rates in earnings, dividends and stock prices which are
assumed to be the same. We believe that both set of estimates, but particularly
the second, provide more useful insights into meaningful investor expectations
than the short-run (ordinarily annual) forecasts made by a number of brokerage

firms which are rarely the bases for investment decisions by the forecaster and

and which are frequently tied to the firm's$ selling efforts.



The expected returns collected from the Institutional Investor Surveys

are especially useful because they represent data regu-

larly compiled by the reporting firms exclusively for their own investment

‘ decisions and because they reflect the expectations of a substantial fraction
of the market rather than those of a single investor. We therefore rely
mainly on these data in this paper and use the Wells Fargo Bank

data primarily for comparison purposes.

In these Institutional Investor Surveys, expected annual rates of

return were collected on 66 common stocks from 33 financial institutions
f in August 1974; the corresponding numbers were 49 and 33 in March 1976,
56 and 29 in February 1977 and 49 and 47 in September 1978.7 The

institutions covered, including commercial banks, insurance companies and

investment counselling firms, were those with the largest equity portfolios

and the response rates averaged over 80k, 8 The stocks covered, all

! listed on the New York Stock Exchange (NYSE) and over $100 million in

i size, were as a whole of lower than average risk, with ordinary least squares beta
coefficients and standard deviations (based on 60 monthly rates

of return) varying in the 1974 survey from .57 to 1.16 and .035 to .080,

| respectively, and with a comparable range for other years.
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The annual rate of return on a particular stock expected by a
specific institution was obtained for each of these years by adding a
spot dividend yield (adjusted for the expected growth rate}0 to the
expected annual growth rate in per share earnings over a five year (or,
if the data were avallable, longer) time period used by these
institutions to estimate expected returns for purposes of their in-
vestment decisions. Though the expected annual rate of return derived in
this manner is frequently treated as an internal rate of réfurn with an
infinite (or very long-term) horizon, it can also be regarded as a one period

return with a five year horizon. In each of the years covered, mean expected returns

were computed for every stock for which at least five institutions
regularly estimated the long-run, i.e., five years or longer, expected
growth rate%1 In computing the mean expected return for each stock,
equal weight was given to the estimate of each institution.

There are four important assumptions made in using the mean ex-
pected return for each stock derived in this manner as a measure of
the rate of return required by the market for that stock. First, it is
assumed that a five year growth estimate is an adequate approximation
of expected long-run growth, so that earnings, dividends and prices can all be
assumed to grow at the same rate. (In the Wells Fargo data, this problem does not
arise since the growth estimates are explicitly long~run and effectively have
an infinite horizon.) To determine whether this assumptiont affects our
results significantly, part ¢f the analysis is redone on the assumption that
after five years, the price-dividend ratios of these stocks revert toithe

beginning of period price-dividend ratios for New York Stock Exchange stocks
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as a whole (as against the beginning of period price-dividend ratios for
individual stocks which is implicit in our procedures).l2

A second assumption made is that for large institutional investors
expected returns can be taken as a proxy for market required returns. This in
turn assumes that markets are generally efficient, that institutional
investors buy or sell stocks with prices changing until expected rates
are approximately equal to required rates, and that any discrepancies
between these rates are relatively small and short-lived. Obvipusly,
the required rates of all investors would be relevant under the efficient
market assumption if short sales are permitted without any restrictions,
but only the required rates of holders of a particular stock if short
sales are not permitted. For the 1974, 1976 and 1977 surveys, no re-
liable information was available on whether the reporting institutions did
or did not hold a particular stock, but this information was available
in the 1978 survey so that separate analyses could be carried out for
institutions holding a stock as well as for all reporting institutions.

Third, it is assumed in our analysis of the survey data that the

mean of the expected returns reported by institutional investors

is an adequate representation of the return required by this sector of
the market. This would of course be true under the assumption of homogeneous
expectations, an assumption made in the development of the Sharpe-Lintner and
Black CAPM, but it is not necessarily true under heterogeneous expectations.

However, value-weighted means of expected returns (i.e., weighted by the

total equity holdings of each institutional investor) generally provided results



close to the equally-weighted means. Moreover, while
heterogeneity of expectations might be considered to reduce the market's
required rate of return, the regression of the mean expected rate of return
for each stock on the heterogeneity of expectations (estimated by the stan-
dard deviation of the returns for that stock expected by the different
institutions) as well as on beta and residual standard deviation measures
of risk provides no such evidence.l3 As another test of the possible impli-
cations of heterogeneous expectations for our results on optimal portfolios,
part of the analysis will be repeated subtracting one standard deviation of
the returns for each stock expected by the different institutions from the
mean expected return for that stock to re-estimate the rates of return on
individual stocks required by the market. One other, and perhaps the most
satisfactory test carried out on the sensitivity of our results to hetero-
geneous expectations is the derivation of optimal portfelios for individual
institutions based on their own expectations.

Finally, the assumption is made that institutional investors are repre-
gsentative of the market for NYSE stocks as a whole. Such investors in recent
years have accounted for about 507 of the ownership and 75% of the public

trading in NYSE stocks.14 The corresponding percentages for our sample of

50 institutions in 1978 are estimated to be roughly half the total for allinstitutions

Determination of optimal portfolios: Imstitutiomal survey data

To determine the composition of optimum portfolios of common stocks from
the Institutional Investor Survey data on expected rates of returns, in each
year covered we first selected a group of 10 stocks at random from the

entire available sample and repeated this process nine times so that we



finally had 10 groups of stocks with 10 issues each; we similarly formed

10 groups of stocks with 15 issues each; and continued this process until

all issues were included. For each group of stocks, we estimated such
characteristics of optimal portfolios as the investment proportions vector,

the mean return, variance, implied market price of risk, percentage of number
of stocks held short to total number held, and value of stocks held short to
value held long.15 We then derived the averages of these portfolic characteristics
over the 10 groups of stocks selected in each portfolio size class (i.e., 10,
15, etc.)16 The main reason for this size classification is to determine the
changes in the relative importance of short positions in the optimal portfolios
as the number of available stocks increases so that a conclusion may be drawn
about the implied proportion of short positions in an optimal portfolio of

all NYSE stocks.17 In addition, changes in the expected excess return-risk
(measured by variance) trade-off of these portfolios as the number of stocks
increases will be examined to estimate the implicit market price of risk for
NYSE stocks as a whole. This implied market price of risk will be compared to

independent estimates derived from other data. In this first stage of analysis

we rely upon point estimates, whereas in the second part we use interval

estimates incorporating sampling error.
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The derivation of optimal portfolios is based primarily on a full rank
historical model where the variance-covariance matrix for each stock portfolio
covered was estimated from a sample of 60 months of ex post returns for
the period preceding the month in which the ex ante or expected future returns

18 .. . . .

were reported. Since we are using monthly estimates of the variance-
covariance matrix in conjunction with estimates of expected annual returns over
a five year (or longer) period, there is an implicit assumption that the
term structure of expected returns is relatively flat which we believe is
generally a reasonable assumption for dinstitutional investors and is consistent
with the absence of any clear relationship between the estimated growth rate

, 19 .
and the length of the horizomn. The ex ante returns and the ex pest variances
and covariances provide the basis for calculating the investment proportions
vector of efficient portfolios. Thus a significant limitation is that we rely
on historical data for the estimation of ex ante variances and covariances.

However, this is probably not so seriocus as the use of ex post mean returns as

a proxy for expected returns, since it has been shown under plausible assumptions

that variances and covariances of returns can be estimated far more accurately
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from the available time series of realized returns than can the expected returns.20
The procedures we use to estimate optimal portfolios for each combination of

stocks summarized in Appendix B are similar to those followed in previous
literature and require only the estimation of the composition of a single

efficient stock portfolio represented by the point in the expected return-

standard deviation plane where the line drawn from the risk-free rate is

tangent to the efficient set. The risk-free rate primarily used was the one-

year Treasury bill rate at the beginning of the period for which expected

future returns were estimated butseveral other risk-free rates were also

tested.
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Tt should be noted that the approach followed here does not require
the assumption that a stock market index is a proxy for the entire market

21
portfolio of risky assets. The assumption rather is that randomly

increasing the number of assets in a portfolio should give an investment
proportion vector closer to what would be obtained from the market portfolio

than results indicated by a smaller sample of assets,

Composition of optimal portfolios: Institutional survey data

Table 1 presents the characteristics of the optimal portfolios computed
from the initial analysis of the Institutional Investor Survey data on
expected returns which breaks down the entire sample for each of the years
1974, 1976, 1977 and 1978 into smaller sub-samples. The characteristics
presented for the optimum portfolios include the number of securities
in the portfolio; the annual expected mean return; the annualized variance
of return obtained from the finaneial data files of the Rodney L. White
Center; the market price of risk computed from the annualized data; the
ratio of the number of stocks in the optimum portfolio held in short
positions; and the ratio of the value of short positions tc the value of
long positions. Fer comparative purposes, similar characteristics where
applicable are presented for equally-welghted and value—weighted portfolios

of the same stocks utilized for computation of the optimal portfelios, with
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the mean expected returns again based on the ex ante data. In this
analysis, it is assumed that there are no short~sale restrictions, the
algebraic sum of the portfolio weights of the individual stocks is assumed
to be one, no distinction is made between investors who do and do not own
a stock, the expected five year (or, where available, longer—-term) growth
rates are assumed to be the expected long-Tun growth rates, and the risk-
free rate for each period covered is taken to be the one-year Treasury

bill rate at the beginning of the period.

There are a number of striking differences between the optimal port-
folios and the portfolios with either equal or value weights. Short
positions occur with high frequency in the optimal portfelics. While the
expected returns and variance of returns are not too different among the
different types of portfolios with a relatively small number of stocks,
this in no longer true as the portfolios increase in size. For the
optimal portfolios, either expected returns increase rapidly or the var-
iance of returns declines rapidly as the number of stocks rises, while
for the other portfolios there are only modest variations in the ex-
pected value and variance of returns with changes in portfolio size. As
a result, the estimated market price of risk increases rapidly with
portfolio size in the optimal but not in the other portfoelios.

In each year the largest optimal portfolios summarized in Table 1 show
over 407 of the number and value of stocks held in short positions, with
the relative importance of short positions increasing moderately with the
number of stocks in the portfolic. For the entire sample of 49 stocks in

1978, the largest number available in this analysis, 49% of the stocks and
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almost as high a proportion of their value were held in short positions.
While it does not appear possible from theory alone to determine how the
percentage of number or value of short positions in the optimal portfolio

varies with the number of assets in the portfolio, the empirical evidence

strongly suggests that as the number of stocks in the portfolio increases

the percentage of short positions probably increases and in any case does

not decrease. The slope coefficients in the regressions of both the

ratios of the number and value of short positions to total positions in

the optimal portfolios on the log of the number of stocks are statistically sign—'
ificant (more than twice the standard error) and positive in virtually all cases
and are qevef negative.ZZCbnsequently, for ex ante data, the Sharpe-Lintner version
of CAfM geems to point to short positions by inveétbrs as a whole in a high
proportion of individual stocks which is inconsistent with the equilibrium
assumptions of that thkeory as well as with the actual description of

institutional (or other) iuvestor behavior.



In addition to the large numbers of short positions in the optimal

portfolios at a given risk-free rate, Table 1 also indicates that the
optimal portfolios have a market price of risk very much higher than

any plausible estimate that has been made based on the historical realized
rates of return in the stock market. Thus, one such estimate based on
annual returns of a value-weighted portfolio of Hew York Stock Exchange
(NYSE) stocks since the turn of the century estimates the market price of
rigsk in the neighborhood of tw023contrasted with eétimates ranging from

11 to 30 for larger portfolios summarized in Table 1, with even higher
market prices of risk implied for larger optimal portfolios in view of

the gignificantly positive correlation in all years between the market price
of risk and the log of the number of stocks in the portfolio. The results
for equally-weighted and value-weighted portfolios of the same stocks covered
by the optimal portfolios (and using the same ex anté returns and variance
of returns) point to a market price of risk ranging from two to four, much
closer to the estimates obtained from the long-term historical data for

NYSE stocks as a whole than to those derived from the optimal portfolios.

Possible sources of blas in estimating the investment proportion of optimal

portfolios

There are a number of possible reasons to explain these results which
contradict the prediction of the Sharpe-Lintner theory that the value-weighted
investment proportions vector is ex ante mean-variance efficient. The most obvious

are that investors do not as a rule sell short or are inhibited by in-

stitutional constraints from so doing, that their assessment of an asset's

risk is not closely related to its beta coefficient whether



-16-

-

\

‘ retrospective or prospective, or that their expectations are not homogeneous.
‘ Though these are also assumptions made in the customary development of

the Sharpe-Lintner theory, there is plenty of external evidence to raise

serious questions about their validity.24

If investors effectively do not
or cannot sell short, it is not surprising that optimal portfolios inply
more short positions than are reflected in actual portfolios and that the
actual excess of return on risky assets as a-whole over the risk-free rate
per unit of risk (i.e., the market price of risk) is below the level
theoretically available with unconstrained shof;—selling. Heterogeneous
expectations and the concentration of investors on a subset of available

stocks {or other risky assets) because of information and transaction

costs would tend to yield the same disparities between optimél and observed

portfolios. These disparities might conceivably not be statistically significant
or might simply reflect econometric or data deficiencies in our analysis and

it is necessary to the extent possible to correct for these deficiencies as

well as to determine whether changing the Sharple-Lintner assumptions results

in a closer approximation between optimal and observed portfolio behavior.

At least two possible data deficiencies in our analysis should
be noted. First, the risk-free rate used may not be appropriate. Second, even

if homogeneous expectations are a tenable assumption, the estimates of the

expected rates of return on individual stocks may be subject to substantial
error for several reasons but in particular because the extension of a five
year growth rate to an infinite horizon may be unwarranted. Both of these

potential problems have been explored, with representative results summarized
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in Table 2. Neither adding 2% to or subtracting 2% from the one-year Treasury
bill rate changed significantly any of the conclusions drawn from Table 1, indi-
cating that the analysis is not very sensitive to moderate differences in the
estimation of the appropriate risk-free rate,25 Thus for 1977,-adding 1.9%

to the Treasury bill rate to approximate the average difference between the
zero-beta rate of return and the risk-free rate over the period 1956-—6826 does
not change the relative importance of short positions though it does lower somewhat
the apparent overstatement of the market price of risk (see Table 2). As a conse-
quence, our analysis casts doubt on the validity of the Black as well as the
Sharpe-Lintner version of CAPM.szimilarly, the qualitative results reported

in Table 1 are not greatly affected by re-estimating for 1978 the expected rates

of return on individual stocks under the assumption that after the first five

vears into the future, growth in earnings and dividends are assumed to revert

to the average for all NYSE stocks (Table 2%8 The relative importance of
short positions is not changed and the overstatement of the market price
of risk is even more pronounced.

To test whether changes in some of the more important assumptions in
the development of Sharpe-Lintner theory, i.e., homogeneous excectations and no
constraints on short selling, would narrow the gap between optimal portfolios
and those acutally held, the analyses summarized in Table 3, 4, and 5 were

carried out. In Table 3, the analysis of Table 1 is repeated for
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1978 except that first the assumption of the identity of mean expected
return and the market's required rate of return implicit in homogeneous
expectations is no longer made, and second only the ex ante data reported
by institutions holding the stock are reflected in the estimates of
expected returns on individual stocks. The effect of heterogeneous
expectations on the required rate of return for an individual stock is initially
estimated by lowering the mean expected return of that stock by one standard
deviation of the expected return reported by the responding institutions. The
result is to decrease somewhat the relative importance of short positions in
optimal portfolios and the estimates of the market price of risk, but not to
change substantially the qualitative conclusions of the earlier analysis.

A more satisfactory way of adjusting for the heterogemneity of expectations
(at least in expected returns) is to compute the characteristics of optimal
portfolios for each institution.z9 Some of the results of this aralysis are
summarized in the right hand panel of Table 3 which presents the average
minimum and maximum values of the specified portfolio characteristics (i.e.,
expected return, variance of return, market price-of risk, ratlo of number
of short positions and ratio of value of short to long positions).
These results imply that the earlier findings on short positions and
market price of risk are not mainly attributable to heterogeneous
expectations. Thus they raise questions about other assumptions of the
CAPM, including the basic proposition that investors effectively measure
risk by co-variance of return with that in the market portfolio.

Confining the analysis of ex ante data only to institutions holding the stock,
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which is more appropriate if short sales are effectively precluded, again decreases

somewhat the relative importance of short positions and estimates of the market price
. . 30

risk, but does not change the qualitative results appreciably. However if short

sales are precluded, this constraint should be built directly into the

construction of optimal portfolios. Partly to avoidpﬁomputational problems and
partly as a check against our earlier use of a full-rank historical model, the
actual derivation of the optimal portfolios for this part of the analysis is

based on a standard single index {or diagonal) model which makes the simplifying
assumption that for any two stocks the disturbance terms in the market model are
uncorrelated?1 It has been shown that for historical data this model does a better

job of forecasting the future correlation matrices (for one-year and five-year

predictions) than a full-rank historical model which assumes that the correlation

32

.

matrix for the period being predicted is identical with that in the past ten years
In this part of the analysis summarized in Tables 4 and 5, we shall construct optimal
portfolios not only with short selling constraints but also without such constraints
for direct comparison with the earlier results.

In deriving these optimal portfolios from the single index model, there
are five necessary inputs: the expected return on the i'th stock; the beta
coefficient of return on the i'th stock; the residual standard deviation of
return on the i'th stock; the standard deviation of return on the market portfelioj;and
the risk-free rate. As explained earlier, the expected return on the i'th stock
is obtained from ex ante data reported in the Institutional Investor Survey while
the ordinary least squares beta coefficient and residual standard deviation of
return on the i'th stock are derived from ex post data on monthly market rates

of return for the preceeding 60 month period computed from the financial data files
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of the Rodney L. White Center and from monthly returns for this period implied
by the New York Stock Exchange Composite index. In the present analysis, the
market proxy is used mainly as a simple tool for approximating the covariance

characteristics of stocks in the sample.

Three different estimates of the standard deviation of return on the
market portfolio were used in the application of the index model (.13
.19, and .28 ) based not only on recent data but also on
historical data back to the turn of the century?3 and three different
estimates of the risk-free rate for each period based on the one-year
Treasury bill rate at the beginning of the periocd and 200 basis points highér
and lower. While the midpoints ef the range of values assumed both for the\
standard deviation of return on the market portfolio and for the risk-free

rate seem to be the most.plausible values and were used in deriving the re-

sults shown in Tables 4 and 5, the other estimates were used to test the
sensitivity of our results te the assumptions made.

Table 4 presents the characteristics of optimal portfolios for the
years 1974, 1976, 1977 and 1978 based on the single index model which may

be compared directly with the comparable results in Table 1 based on a full
rank model. The relative frequency and value of short positions is not as

creat as in the earlier analysis though the ratio of the value of short to
long positions remains quite high withno tendency to decline as the number of

stocks in the portfolio increases. However, the single
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index model implies even higher values of the market price of risk than

the full rank‘model?4

The corresponding results of the analysis of optimal portfolios in
Table 5 assuming no possibility of short sales are also con-
tradictory to the capital asset pricing model. The ratio of the
number of stocks held long in the optimal portfolios to the total number of
stocks available for portfolio acquisition ranges form 10% to 207 for the
largest portfolios considered in each of the years and shows a fairly
consistent tendency to decline with the total number of stocks in the
sample. Thus, the imposition of the constraint of no short selling on
Sharpe-Lintner theory seems to imply that relatively few stocks would

actually be held in investor portfolios. The implication that the great

bulk of stock are not held by individual investors is obviously
inconsistent with the capital asset pricing model, but is consistent

35
with actual portfolios held. It should be noted that the short

sales constraint helps to reduce the market price of risk implied by the
optimal portfolios, but it remains higher than that obtained from ex-post
data. Without short sales, the expected value and variance of returns in

optimal portfolios is no longer very sensitive to portfolio size.

Optimal portfolios: Other data

The results reported earlier, based on the ex ante Tnstitutional Tnvestor
Survey data, have been checked against two other sources of information,
-- the realized returns estimated from ex post data and the expected

returns discussed earlier obtaived from Wells Fargo,



Table 6 summarizes an analysis of optimal portfolios for 1977 and 1978

from a full rank historical model based exclusively on the arithmetic

average return from ex post data for estimating mean returns and analagous
sample values for estimation of the variance-covariance matrix. The procedures
followed and the sample of stocks covered are identical with those described
earlier in the discussion of Table 1 except that mean ex post returns for

the previous 60 months are substituted for mean ex ante returns in estimating
expected returns for the future. Both the 1977 and 1978 results based on

ex post data substantiate the dubious qualitative results relating to short
positions and the market price of risk obtained earlier from the ex ante

data derived from the periodic surveys of a sizable sample of institutional

investors.

The final analysis of optimal portfolios makes use of the Wells Fargo
ex ante data discussed earlier, covering 335 stocks as of February 1, 1978,
and is based on the single index model used in Table 4. Now only one
institutional investor is used to estimate expected returns, which for our
purposes is a major deficiency, but many more stocks are covered and the
expected returns which are estimated as internal rates of return have
essentially an infinite horizon. The beta coefficients and residual

standard deviations used for individual stocks are those estimated
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by Wells Fargo and apparently reflect accounting data for these stocks

as well as their past covariation with general market movements. As in

the analysis presented in Table 4, several different estimates of the risk-free
rate and of the standard deviation of returns on the market portfonlio were
tested, but all of them reinforce the conclusion that with either ex post or

ex ante measures there is a large frequency of short positions in optimal

portfolios?6

Withanannualized risk-free rate of 7% and standard
deviation of 19%, which are based upon the historical data, short positions
constituted slightly over 50% of the total number in the optimal portfolios.
Nor does the substitution of the other estimates made of the risk-free rates
and standard deviation of the market change this result appreciably, with the
estimated short ratio ranging from 49% to 53%.37 The estimated market price of

risk is much more sensitive to different values of the standard deviation of the

market and especially of the risk—free rate.

Direct test of errors in estimates of ex ante optimal portfolios

While we have tested the sensitivity of our estimates of the composition
of ex ante optimal portfolios (based on ex ante expected retgrns and an ex post
variance-covariance matrix) to several different assumptions about the value
of the standard deviation of returns on the market portfolio and the nature of
the inter-correlations between the disturbance terms in the market model, a
more direct test of the size of the potential error in using historical data
for estimation of ex ante variances and covariances is highly desirable. Since

the results obtained earlier in this paper characterized the level of the

individual institutional investor as well as the aggregate level, our estimates

of the ex ante expected returns could be considered free from error for optimization

purposes.
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However, it can also be argued that investors consider their expecta-—
tions subject to error so that allowance should be made for the sampling
error in the mean return as well as in the variance-covariance matrix.
Consequently, in the analysis described below, we test whether our results
would be changed qualitatively if we allow for sampling errors both in the
mean as well as variances and covariances of returns. We still retain the
assumption that expected returns reported by institutional investors provide
better estimates of the relevant ex ante expected returns than mean returns

obtained from historical data.

In the earlier analysis of this paper, for a given set of N agssets
we have estimated a set of weights Xi’ i=1, 2,...., N, for a given risk-free
rate. The resulting tangency portfolic p 1s mean-variance efficient
in the Sharpe-Lintner sense and appears to contain a high frequency of short
positions using a mixture of ex ante and ex post data. The question to be
considered here is whether from our sample data we can rule out the possibility

that ex ante (i.e. population) efficient portfolios have all positive investments

~

in all assets. For this, we need an estimate of the variance of the vector Xp'

Qur estimation procedure was to replace the vector Xp = Yp/E‘Where

Y = V'fl o (and Bﬂ.V_l and ¥ are, respectively, a constant, the inverse of

P

the variance-covariance matrix and the universe mean risk premium) with the sample

analogue ﬁ =Y /%*(see appendix B for details). It has been demonstrated
p P
by Jobson and Korkie that XP computed in this manner is unbiased.

Jobson and Korkie also derived an expression for the sample variance of

~

X . The results of a Monte Carlo simulation experiment suggest that
P

A

X is normally distributed for sample sizes of 300 or more if
P
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stationarity and multivariate normality in common stock returns can be assumed,
Unfortunately, the variance of Xp is not obtainable in a closed form but for
large samples (N > 300) the numerical approximation procedures suggested by
Jobson and Korkie do converge, So far we have been concerned with estimating
the vector Xp with §p° Now we wish to estimate Xp when it satisfies

X < f vhere f 1s set at the .95 confidence Limit value: and is
obtained from sample observations using the statistical procedures set out
by Jobson and Korkie. 1In essence, letting %p + 1.65 § = f, we have Prob

(Xp < f) = .95, where 8 is an estimate of the standard error of Xp. This
may be interpreted as follows: there is a 957 probability that Xp satisfies
X < f.

P

Using the basic procedures set forth we have computed the f confidence

1imit value for X at .95 probability, assuming normality for various sample
P

3 ~ ~
sizes N. The results are presented in Table 7. As can be seen at Xp + 1.65 &
the frequency of negative investments is much less than for Xp but in no
case is there a total absence of negative values when the maximum number of

common stocks are admitted. The frequency of negative investments does not

appear to be correlated with N the sample size and exceeds 5% when all stocks
are admitted 2 times out of 4,

Thus it appears our tangency portfolios do not generally satisfy one of
the essential qualities of a market portfolioc, which must have positive
investments in all assets. It might be argued that this exercise is not a
completely satisfactory test of the Sharpe-Lintner theory because of the many
assets omitted from our sample. The omission of even a single asset
can in principle cause the estimated Xp to alter its composition. However,
this does not seem to be a plausible position since there does not appear
to be any tendency for the frequency of negative proportions to decrease as

N gets larger f{at Xp or f).
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Other implications of ex ante data

There are many other potentially interesting analyses of the ex ante
data and the derived optimal portfolios examined in this paper, including
an analysis of the predictive ability of beta coefficients recomputed with
respect to the optimal portfolios as compared with the market portfolio or
with an appropriately weighted portfolio of the sample stocks, and more
fundamentally an analysis of the risk characteristics for each stock which
together with the reported expected returns for that stock would better
explain the weightings of these stocks in the institutional portfolics.

Most of this analysis has had to be postponed to a subsequent paper

but some preliminary results are available. These suggest that beta
coefficients computed with respect to the optimal portfolios whose
characteristics were surmmarized in Table 1 can be superior in predictive
performance to the other beta measures tested.

Thus, beta coefficients computed with respect to the optimal portfolio
(B:) derived from our February 1977 sample of 48 stocks does a significantly
better job of predicting actual market returns (Ri) over the next year
than either the beta coefficients computed with respect to
the market portfolio as measured by the S&P Composite Stock Index (the
customary beta measure) or with respect to the value-weighted and equally
weighted returns of the 48 sample stocks.40 The regression between Ri and

*
B; computed from the optimal portfolio is

* =2
R, = .096 -.022f¢, R™ = .0675

+ (-1.80)"

(where §2 is the coefficient of determination adjusted for degrees of

freedom and the figure in parentheses represents the t-statistic.)
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The beta coefficient in this regression is both statistically significant

and has the expected sign since in the predictive period (February 1977 to
February 1978) the realized rate of return as measured by the Standard & Poors
500 index (Rm= -.08) was lower than the risk-free rate measured by the U.S.
Treasury bill rate (Rf=.06). The corresponding results based on the other bheta
measures fvhen they were derived from the S&P index or from the value-weighted
or equally weighted returns of the 48 sample stocks.) were completely insign-
ificant. It might be noted that an earlier pape%1 found that while the power of the
customary beta coefficients in explaining either ex ante or ex post returns was
not very high, their performance was better for the ex ante returns. Our pre-—
liminary results cited above suggest that it may be possible to use the ex ante
data to derive more meaningful beta coefficients, but a more fundamental use

of these data would be an attempt to obtain new insights into how investors
assess risk whether this take the form of covariance, variance, or other
measures. We also plan to use these data‘to assess how return expectations

are formed and how well they predict subsequent realized returns.



Concluding comments

The preceding analysis casts new doubt on the validity of the Sharpe-
Lintner and Black versions of the capital asset pricing model and the central
prediction that the value-weighted market portfolio is ex ante efficient.
While the evidence in this paper indicates that these versions of the CAPM
imply optimal portfolios which have very little relationship to the portfolios
actually held, and while other types of evidence in earlier papers raise
further doubts about the performance of this model, it is not clear what
deficiencies in the theoretical assumptions made account for most of the
difference between the model and investor behavior. There is some evidence
in this paper that heterogeneous expectations are not adequate to explain
the empirical discrepancies observed. Another plausible explanation of the
observed discrepancies between theory and behavior, which is consistent
both with the analysis in this paper and a wide range of different types of
evidence presented in earlier papers?2 is that an investor's assessment of
an asset's risk is not closely related to its beta coefficient. The validity
of this explanation would of course be extremely damaging to all current

versions of capital asset pricing theory.



APPENDIX A

List of Institutional Investors and Stocks Covered in 1978 Survey

The banks responding were Bank of Neﬁ York, Chase, Chemical, Cleveland
Trust, First National Bank of Boston, Harris Bank, Manufacturers Hanover,
Mellon Bank, Morgam Guaranty, St. Louis Union Trust, Security Pacific,
Wells Fargo, Hartford National Bank & Trust, Detroit Bank & Trust, Girard

Bank, Crocker National, Bankers Trust, Brown Brothers, National Bank of

Detroit, Wilmington Trust, Marine Midland Bank, Provident National, Lincoln
First Bank of Rochester, Bank of America, and five (5) banks which asked

not to be identified. The investment firms responding were IDS Advisory,
Lionel D. Edie, T. Rowe Price, Putnam Advisory, Scudder, Stevens and Clark,
Stein Roe and Farnham, Boston Company, and two (2) others which asked not to
be identified. The insurance companies were Aetna, Equitable, Metropolitan,

Prudential, Travelers, John Hancock, Connecticut General, Continental, and

one (1) other that asked not to be identified,

The stocks covered were American Can, American Electric Power,
Atlantic Richfield, Baltimore Gas & Electric, Berden Inc., Centrai & Southwest,
Colgate Palmolive, Commonwealth Edison, Consolidated Edison, Continental Group,
Detroit Edison, Duke Power, Exxon, Florida Power & Light, Freeport Minerals,
International Business Machines, Johnson & Johnson, Lucky Stores, Maytag Co.,
Middle South Utilities, Mobil, National Steel, New England Electric System,
Niagara Mohawk Power, Northern States Power, Ohioc Edison, Pacific Gas &
Electric, Philip Morris, Philadelphia Flectric, Procter & Gamble, Public Service
Co.-Tndiana, Ralston Purina, Revlon Inc., Reynolds R.J., Rockwell International,
Safeway Stores, Sears Roebuck, Shell 0il, Southern, Southern California Edison,
Standard Brands, Standard 0il of Califormia, Standard 0il of Indiana, Sun Inc.
Texas Utilities, Union 0il of California, Virginia Electric & Power, Warner

Lambert, Wisconsin Electric Power.




APPENDIX B

EFFICIENT SET ALGORITHMS

Full Rank Procedures

To derive the composition of the portfolic of risky assets, when there

is a risk-free asset, we made use of the following results on efficient

portfolios (see Merton, Robert "Anmalytical Derivation of Efficient Portfolio

Frontier," Journal of Financial and Quantitative Analysis, September 1972,

pp. 1858-1871 and Roll, Richard, op. cit., Appendix, for similar

analysis):

I) Let us represent the risk-free rate by Rp, the vector of returns
of the risky assets by R, the return of the portfolio of all
assets by Rp and assume: a) the covariance matrix V of returns of

the risky assets is non-singular; b} at least two risky assets

have different returns.

The proportions (Xp) invested in risky assets along the efficient

frontier are given by

Min L X'Wx
—_ ]
RP = X'R + Xﬁ+l RF
X' 2+ X =1
mt+1

% denoting the unit vector and X an Nxl vextor representing investment
proportions..

The solution to this problem is

(1) X,= (Rp - Rp)
_ Z
a ZbRF + CRF

-1

v R -R_ %
( RF )

with a= R'VIR, b = RV-1% and ¢ = 2'V 1y

ITI) The proportions invested in each asset along the efficient
frontier are a linear combination of two mutual funds; one mutual
fund containing only risky assets and the other mutual fund con-

taining only the risk-free asset. .



It is easy to prove that the proportions invested in each asset of the

mutual fund of risky assets are exactly the same as the proportions of a portfolio

'

orthogonal to the portfolio of risky assets whose return is equal to RF'
In fact, the composition of the portfolio of risky assets having return

rp is given by (2)

(2) kv @9 AT (R

With A =

a b
b ool

variance orthogonal portfolios of risky assets, whose covariance matrix is

. On the other hand, the returns of two minimum

non-singular and whose returns we represented by rp and‘Rf, are related by

the expression (2)
bRF—a

c RF - b

By substitution of rp in (D)

r —
P

- "y

X - by -2
Xp: \% (R Qu) -b a . CRF " b X
ac - b2 _'

1 -1 ac - b2
ac - b b - cRy
Y
= 1 -1 Y X
p-or, ¢ BTRY GOV T 5

From the previous results we can conclude that to determine the compo-

gsition of the tangent portfolio of risky assets corresponding to a risk—free

rate RF’ we can use the following procedure:

a) Determine rp using the relationship




D

b) Calculate the proportions invested in each risky asset using the
result
-1

Xp = Vo (R&) AL (TP)

1

Diagonal Procedures

The calculations needed to determine the proportions invested in each
risky asset of the tangent portfolio can be substantially simplified if we

assume that the single index model describes reality adequately.1

Assuming that a risk-free asset exists whose return RF is smaller than

the return of any efficient portfolio {otherwise, it wouldn't exist), the

solution is

Ri-Rf
z g
= 2 i a2 1 2
B - - £
Ry ~Rp) -8, 0 7 2 o
Bl % 1
l+; 5
i g
£
i _
(3) X =
. — R
I S S
. 2 i
‘ i G
N _ 2 Ei 9
I R, - R_~ B, ¢ a
. i f i m 2 2 £
i=1 B, o i
“ I+Z i Tl
i o2
£,
1
1 = .+ Bi I +¢
Ri _'ai 1 i»
E (‘Em+1€i) = 0 i = 1,2,...., N,
E (ei sj) = 0 i=1,2,...., N, j=1,2,..., N, i* j
Ri = the return of security i,
I = a market index
€4 = random variable with mean zerc and variance, Uei , and
g2 = wariance of the market index
m




This result is almost the same as that derived by Elton, Gruber and
Padberg op. cit.,p. 1346. The difference reflects the fact that we have
assumed the algebraic rather than the absolute sum of the weights is equal
to one. For the case when short sales are not allowed see Elton, Gruber and

Padberg op. cit., pp. 1347-1350.
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Table 5

Characteristics of Optimal Portfollos Derived From
Diagonal Model Using Institutional Survey Ex Ante Data,
Introducing the Constraint of No Short Sclling,

For 1974, 149/6, 1977 and 19781

1574 15977
Portfolic Characteristics )

ﬂ Number of stocks in portfolio 10 1% 20 25 30 i5 40 48 10 15 20 25 ElE 35 40 47
Expected return {(annual) .148 .153 155 .161 161 .lel 179 .183 132 .168 .161 147 .15% 164 164 .164
Variance {annuval) .010 .011 017 013 013 013 012 .013 .017 .019 .0i6 016 .0le .013 .013 013
Market price of risk 4. 54 4 .60 4.63 4.77 4.37 4.77 6.40 6. 56 4.95 6.22 6.98 6.98 7.10 k.94 G.06 9.06
Ratio leng positions/total me. .500  .333  .300  .240  .200 171 .175  .125 400 .07 .100 .08¢  .lUD  .114  .125  .106

1976 1978
Portfolic Characteristics
Number of stocks in portfolio 10 15 20 2 4 10 1s 20 25 30 35 40 49
Expected return (annual) 146 L1468 146 V14 .Hh.uu 167 2165 165 .165 .165 .159 .159 159
Variance {annual) 012 012 012 .012 L0012 .01L7 L0le .01l6 L0186 L0i6 01 .013 .013
Market price of risk 6.72 6.72 6.71 6.87 7.04 5.0z 5.23 5.23 5.23 5.43 5.88 5.8 5.488
Ratio long positions/total no, L5000 .333 0 .20 .00 .206 L300 .26;  .200 160  .133 143  .125  .10%

.,p.» comparison with other portfolios using same data, 1l.e. equal-weighteu and value-weighted portfolios, is presented in Table 4.




Table 6

Characteriotics of Optimal Portfolios Derived Frem Full Rank Model

Based on Ex Pogt Data For Same Fample of Stocks U'ned in Fx Anre Analysis,

1

and Comparison With Other Portfolios Using Same Data,

for 1977 and 19/8

Part A: Optimal Portfolios

1977 1978
Portfolio Characteristics
Number of atocks in portfolic 10 15 20 25 30 35 40 47 16 15 20 25 klH 35 40 (]
Expected return (annual) .251 .237 Az L3000 L3013 +391 341 .302 L2500 .27 264 349 L4649 . 554 :h) .126
Variance (snnual) 095 .046 .06T7  .061 060 067 032 L0L6 .071 082 053 .06l 084 94 139 033
Market price f risk 2.04 3,97 381 3.99 6.45 4.98 B.9% 15.61 2,75 2,30 3.3 4,82 4,70 5.32 5.37 10.56
Ratic ehort positicons/total no. L2000 L4680 L490 L 464 487 491 .48 a9 400 L4827 L4700 L4600 L4177 AT 463 490
Ratio value short/long positions 592 L640 LT46 .S B4 .842  .B54  .Baz .61 11 .5 819 875,913 .944 .959

Part B: Other Portfolios
1. Portfolios with Equal Weights

1877 1978
Portfolio Characteristics
Mumber of stocks in portfolin 10 15 20 25 30 EL] 40 47 10 15 20 25 30 35 40 49
Expected return (annual) L1200 L1190 L115 L1116 .114 115 114 (115 .108  .101 .10l Jdo4 L1020 L1000 102 .103
Variance (annual) .026 .025 .022 024 .022 - .02 .023 .022 .026 .030 .027 .027 .026 .026 .026 .C26
Market price of risk 2.47 2.48 2.63 2.52 2,61 2.62 2.57 2.67 2.03 1.60 1.17 1.86 1.82 1.8 1.85 1.91

1I. Portfolios with Value Weights

1977 1978
Portfolio Charscteristic
Wumber of stocks in portfolio 1 15 20 25 kL] 35 40 &7 10 15 20 25 ag 35 40 49
Expected return (annual) 2125 128,125 125 126 135 .125  .126 115,108 107 110 106 107 (108 . 109
Varisnce (annual) .03:  .030 .02} .027 .02 L0286  .026  .025 L0286 .029 .028 .026 .D27 .026 .02 .025
Market price of risk 2.17  Z2.41 2,51 2,55 2,67 2.68 2,69 2.77 2.19 1.87 1,92 2.16 1.9 2,07 2.10 2.1&

Hain stocks are the same as those used in Table 1 {and subsequent tables) for 1977 and 1978 with

{annualized) substituted for mean ex ante returns.

the mean ex post returns for

the preceding 60 months
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Footnotes

lFor a discussion of this evidence, see Irwin Friend and Randolph Westerfield,

“Risk and Capital Asset Pricing," Journal of Tanking and Finance, forthcoming;
Irwin Friend and Randolph Westerfield, "Co-Skewness and Capital Asset Pricing,"
Journal of Finance, September 1980; and Irwin Friend, Randolph Westerfield and
Michael Granito, "New Evidence on the Capital Asset Pricing Model," Journal of
Finance, June 1978, In addition, Richard Roll, YA Critique of Asset Pricing
Theory's Tests,” Journal of Financial Economics (March 1977) has recently
questioned the testability of the CAPM,

%hll rank estimation for computing the composition of the constrained efficient
portfolius was not feasible from the available algorithms known to the authors.

SHaim Levy, "The Capital Asset Pricing Model: Theory and Empiricism,” Mimeo,
March 1979.

In another paper which has received widespread attention ("A Critique of
the Asset Pricing Theory's Tests," op. cit.), Richard Roll has shown that it
is possible to construct a market proxy that supports the Sharpe-Lintner
model even though this proxy has a .895 correlation with the market proxy
used in one well-known test which resulted in a rejection of that model.

We suspect that the computed tangent porfolio used by Roll, representing
some unknown combination of assets, is replete with short positions which

would be as inconsistent with Sharpe-Lintner theory as the test rejected
by Roll.

Robert C. Merton, On Estimatin
Exploratory Investigation,
Research, February 1980.

g the Expected Return on the Market: An
Working Paper No. 444, National Bureau of Economic

5 .
The estimates of long-run rates of return and measures of risk used appear

in Security Market Line, Wells Fargo Bank, February 1, 1978. The data for
this period covered 335 stocks.

See Appendix A for a list of the institutions and stocks covered in 1978.
A similar survey was conducted in late 1979, but the results were not
available in time for inclusion in this article.

Two other Surveys conducted in June 1972 and February 1978 were not
included in the analysis of these data, the first because of the much
smaller size of the institutional sample (7) than in the subsequent
years, the second because of the availability of more recent data in
the same vear.

8 A number of the responses could not be used because the institutions

did not have available the information required (in particular, 5 year
or longer expected growth rates).

9 These estimates were computed using the Standard & Poor 500 Coumposite Index
and return relatives taken from a data tape containing monthly returns con all
NYSE firms compiled by the Rodney L. White Center for Financial Research at the
Wharton School, University of Pennsylvania.



- D
10The adjustment used was to multiply the spot yield (59) by one plus one-halfi
0 D
the expected growth rate (1+%) so that the expected rate of return 1 = 59(1+%)+g,
0

whereDO and P, represent the initial annualized quarterly dividend rate and
stock price per share.

liThere were 47 such stocks in 1974, 34 in 1976, 48 in 1977 and 49 in 1978.

The long-run expected growth rates reported for these stocks generally

referred to five year periods. However, several institutions reported 10

year or 20 year growth figures and a few (3 in the most recent period)

also reported internal rates of return with an infinite horizon as well as

five year growth rates. There did not appear to be any significant relationship
between the explicit or implicit estimated growth rate and the length of the horizon.

12
In other words, the stock price of the i'th stock at time 0 is set equal to the

discounted sum of dividends over the next five years plus a discounted stock

price at the end of the fifth year estimated as 599 . DOi(jfg)S instead of
1 .

0 (141 )7

F_. 5 P
0i . DOi(1+g) , where (m represents the initial price-dividend ratio for

Doi (l+ie}5 Diom

the stock market as a whole.

13Friend, Westerfield and Granmito, op. cit., pP. 906-907.

1a‘][‘he. New York Stock Exchange 1978 Fact Book, pp. 53 and 55.

The investmgnt proportions vector, Xps 1s estimated as Xy, the sample point
. AR S _ {f'-]./\ o -1 i . £
estimate. Xp—Yp/b and Yp = U (bt is a constant, V is the inverse of the
variance-covariance matrix and M is the universe mean risk premium) see

appendix B for details.

15

16There is, of course, only one group of issues included in the last portfolio
size class, which covers all stocks sampled in that year.

17There is no obvious analytical solution tothe relationship between the relative
importance of short positions in optimal stock portfolios and the number of
stocks in the portfolio. However, empirical analysis based on ex post data
indicates that the relative importance of short positions increases with
the portfolio size class. (Levy, op. cit.)




These data were obtained from the financial data files of the Rodney L. White
Center. The computational procedures are set out in Appendix B. The returns
are dividend adjusted time-weighted rates of return.

A number of institutions prepared reported shorter or longer horizons than
five years and others provided estimates for more than one horizon, With the
flat term structure assumption, the fact that monthly betas are used in
conjunction with annual returns does not affect our results so long as
the customary additional assumption is made that the relevant investment
horizon for capital asset pricing theory is very short and can be approximated
by a one month period.

Robert C. Merton, op. cit. Moreover, in a supplementary analysis, we have
checked the semsitivity of our results to the full ranmk model used by estimating
the variance-covariance matrix with a diagonal model. This supplementary analysis
consists of a diagonal model discussed later in this paper where three different
estimates of the standard deviation of returns on the market portfolic were
used. In addition, instead of using the historical data for the estimation of
the correlation between returns on any two stocks which is done in the full
rank model, or using the assumption in the diagonal or standard single index
model presented subsequently that the disturbance terms in the market model are
uncorrelated, we also tested an overall mean model which sets every correlation
coefficient equal to the average of all historical correlation coefficients
for the past 60 months of ex post returns, with no substantive change in any
of the results presented in this paper. According to empirical analysis by
Edwin J. Elton and Martin J. CGruber ("Estimating the Dependance Structure of
Share Prices-Implication for Portfolio Selection, Journal of Finance, December
1973}, this overall mean model outperformed the standard single index models
in its ability to forecast the correlation matrix over the next five years,
and both ocutperformed the full historical model.

21This assumption has been questioned though in other tests of the CAPM

we have found that our results did not appear particularly sensitive to

Aifferent constructions of the market portfolio. See Friend and Westerfield
Risk and Capital Asset Pricing) and Friend, Westerfield and Granito, op. cit.



. .t ;
1Haim Levy has shown that the optimal proportion in the i h asset, x,, with

.. i’ ..
expected return R{ and residual standard deviation Uei’ agsuming the diagonal
model (see appendix B}, is given by

R,-R n R.-R
i f s j f c

N S

‘ j#
where a >0 and Ci' is the partial correlation coefficient between asset i and j.
The ex ante values for Ri always satisfy R - Rp > 0. 1In this case short selling
(i.e. X, < 0) will take place only if the Cij coefficients are positive (which

they virtually always are) and high enough to offset the value of (ﬁi—Rf)/ﬁ .-

23
When the full rank estimation procedures (described in appendix B) are used, our
empirical evidence suggests that as n (the number of securities) is increased the
Cij effect tends to become increasingly more important and offsets the Ri > Rf effect.
In contrast, when diagonal estimation procedures are used, the related .
frequency of cases where Xy < 0 shows no systematic tendency to change as n

increases (although the dollar value of the x, < 0 does show some tendency to

increase with larger n). It may be that diagonal estimation of the variance-
covariance structure of asset returns leads to understated values when compared
to full rank procedures. For another discussion of these points see Haim Levy,

op. cit.

23 .o | |
3rrwin Friend and Marshall Blume, "The Demand for Risky Assets,” American
Economic Review, December 1975. '

24
For example, see NYSE Fact Book for data om short sales and Marshall Blume and

Irwin Friend, The Changing Role of the Industrial Investor, John Wiley, 1978,
for information on risk assessment and homogeneity of exXpectatioms.

25 .. .
Similar results were obtained when a five year treasury obligation was used as

the risk-free rate.

26 Fugene Fama and J.D. MacBeth, "Risk, Return and Equilibrium: Empirical
Tests,” Journal of Political Economy' May 1973.

27 The results of the stylized test suggested by Roll op.cit. are equally
damaging to the validity of Black's version of the CAPM, For the year
1978, for instance, the minimum return stock has a return that is smaller
than the return of the global minimum variance portfolio. Hence, the
test was performed by calculating the weights of the securities in the
global minimum variance portfelio and in the efficient portfolio
corresponding with the same return as the return of the maximum return
stock. The results show that there are fourteen stocks (out of 48)
which have negative weights in both portfolios. Therefore, an all positive
investment proportions vector is not likely to be located en the positively sloped

part of the minimum variance frontier, whichcontradicts both the Black and Sharpe theory.



28 This assumption is implicitly made by predicating that the price/dividend ratio ?or
the individual stocks at the end of the five year period will ?e equal to the price/
dividend ratio for all NYSE stocks at the beginning of the period.

29There were 15 institutions that were used in this analysis. Each of these
institutions held at least 10 stocks; 14 held at least 20 stocks and 12 at
least 25 stocks but this number went down drastically thereafter.

30 For 1978, the only year for which such data were available, the market price

of risk implied by the largest optimal portfolio, covering 49 stocks, was
18.3, the ratio of short positions to the total number of stocks in the
portfolio was 41% and the ratio of the value of short to all positions was
47% (or a short/long value ratio of 87%).

31 Edwin J. Elton, Martin J. Gruber and Manfred W. Padberg, "Simple Criteria
for Optimal Portfolio Selection,” Journal of Finance, December 1976.

32

Edwin J. Elton and Martin J. Gruber,op cit, Journal of Finance,
December -1973. :

33Friend and Blume, "The Demand for Risky Assets, " op. cit., p. 916.

3§Similar results to those contained in Table 4 are obtained when the risk-

free rates are raised or lowered by 200 basis points except that the relative
number of short positions is increased somewhat with the higher risk-free
rates and decreased somewhat with the lower risk-free rates. Results
similar to Table 4 are also obtained when the assumed standard deviation

of the market portfolio i1s either doubled or halved, except again that the
relative number of short positions is increased somewhat with the higher
standard deviation and decreased somewhat with the lower standard deviation.

355¢e Blume and Friend, 1978, op cit,

36The total number of stocks admitted into the Wells Fargo population is

335. The optimum portfolio had the following characteristics: relative
frequency of negative investment proportions = 51%: wvariance of optimum
portfolio = .00564: and return of optimum portfolio = ,182

37The other risk-free rates tested were 5% and 127 while the other standard
deviations were 10% and 22%.

See Jobson and Korkie, "Estimation for Markowitz Efficient Portfolios,"
Journal of American Statistical Association, September 1980, pp. 17-21
for the precise computational methods.




I%he confidence limit values are computed using return data from January 1950
to August 1978 following the requirements of convergence (i.e. N > 300).

4OThe beta coefficients were estimated from

. monthl
preceding 60 month period. y data over the

41

Friend, Westerfield and Granito, op. cit.

4%3.g., see Blume and Friend, 1978, op. cit., and Friend and Westerfield, op. cit.



