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Optimal Claims Peclicy in Automobile Insurance

Abstract

In automcbile insurance the premium rate which the insured must
pay increases whenever he files a claim. Here we present the optimal
claims strategy of the insured. It is shown that the insured will file
a claim only if the damage exceeds some critical value which depends
on his premium rate and on time. We present a method for obtaining the
critical values, and investigate scme of their properties. We investi-
gate the effect of increasing the risk of the damages distribution on
the claims policy and on the welfare of the insured (we used Rothschild
and Stiglitz's [1970], and Diamond and Stiglitz's [1974] definitions of
increased risk). Surprisingly, we show that increased risk may improve
the welfare of the insured. We also explore the effect of increased
current income on the optimal claims policy, and show that such an
increase tends to augment the critical values. Further intuitive
properties of the optimal claims poliey are provided in a numerical

example.



Optimal Claims in Automobile Insurance

I. Intreoduction

In this paper we explore the optimal strategy of claiming damages in automo-
bile insurance. Ip most countries, the insurance premiums which the insured must
pay, increase whenever he files a claim. Thus the insured must welgh the benefits
from being paid the damages against the added costs of paying higher insurance
rates in the future. As a result the insured will file a claim only when the
damage is higher than some critical value. Since the decisions of the insured
(to claim or not to elaim) affect his state in the future {higher insurance
rates or lower insurance rates), cne needs to solve a dynamic programming problem
to obtaln the optimal strategy of claiming insurance. Several authors investi-
gated this problem (see, e.g., Lemaire [1676], [1977], Norberg [1976]). These
authors however derived the optimal pclicy under the assumption that the insured
(or decision msker) is risk neutral. Here we obtain the optimal claims strategy
for a risk averse decision meker, and analyze the economic properties cof the
optimal solution.

In section II we present our model and provide a method for computing the
optimal claims strategy. In section III we investigate the effect of increased
risk on the claims strategy of the decision mesker and on his welfare. This
effect however, depends on the chosen measure of increasing risk. We have used
two alternative measures: Rothschild and Stiglitz's [1970] and Diamond and Stiglitz's
[1974]. It is shown that increased risk (by Rothschild and Stiglitz's measure) increases
the welfare of a risk neutral decision maker. An economic explanation for this
{(unexpected) result is provided. It is also shown that if the risk neutral
decision maker is in the next to highest premium rate, his critical wvalue rises

with increased risk. The conclusions drawn for risk neutral decision makers



bold true for risk averse decision mekers if the decision maker exhibits decreasing
{Arrow/Pratt) risk aversion and one employs Diamond and Stiglitz's (DS) measure of
increasing risk. However, if Rothschild and Stiglitz's (RS) measure is employed,
the effact of inereasing risk on the decision maker cennct be predicted. A
heuristic interpretation to this result is also provided.

In section IV we explore the effect of an increase in current {or transitory)
income and the effect of an increase in permanent income (or wealth) on the
optimal claims strategy. It is shown that an increase in current income tends
to increase the critical values, whereas the effect of wealth cannot be predicted.
In section V we present a numerical example illustrating the above notions and

supporting the prcpositions stated and proved in the paper.

I3i. The Model

Suppose there are J insurance rates applicable to the insured

Tyiseneals

(decision maker). The rates satisfy Ty Seee< T and rate r; means that

the decisicn maker (DM) is deniéd insufance. Alternatively, we could assume
that Ty1 is the maximal rate for which it is beneficial for the insured to
buy insurance. It can then be assumed that for j £J-1, r, is close enough
to the expected damages so that the insured can indeed benefit from buying
the insurance. Also, in many countries one is not allowed to drive without
liability insurance. Hence the driver will buy such insurance even if the
rates are significantly higher than the expected damages. If the insured has
a rate rj, j < J and he clgims a damage he is reimbursed the amount of his

claim and he will be charged rate rj+1 starting next period.l

Assurme that the multi-pericd utility function of the decision maker is
additive of the form?

Ulegsneeseysern) = E8%u(c,)
] ("
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where ct is consumption at time t, u{+) is the concave and twice differentiaple

one period utility at time <, and B is a discount factor. It is assumed that

the net (from tax) income of the DM is A, and that vhatever amount of money
Which is not spent on auto repairs (all damages are repaired) or insurance

premiums is spent on consumption.3 let FJ(t,-) denote the subjective distribution
functicn of the damages, Y , at time t of an insured with rate rj.

The distribution of damages as seen by the insurance company is nect

necessarily the same as the decision-maker's. In order to be able to use

RS's and DS's measures of increased risk we shall assume that Y is distributed

over an interval [0,M]. It will also be assumed that M < At (see footnote 27,

Denote the damasges not reimbursed by the insurance company by the random

variable Et, and the insurance rate by ?(t}. 1% follows then that the infinite

vericd utility is given by:
e

t ~ ~
U(cl,...,ct,...) = X g u(At -z - r(t)). (2.1)
t=1
The purpose of the DM is choosing a damage claims policy that maximizes
the expected value of (2.1).
Denote by Vjt(y) the maximum expected utility of the DM at time + condi-
tional that he had a damage of amount ¥, that his current rate is rj, and
that he follows an optimal claims s‘t:ra':l.teegy.l‘L Denote also by th the expecta-
tion of Vjt(y)’ i.e.

Wﬁt = Eijt(Y)]

where the expectation E is taken with respect to the distribution Fj(t,.).
wjt thus represents the welfare (infinite-period expected utility) of the DM,
assuming that he pursues an optima%jclaims policy, that his rate is rj and
that time is t. That is: Wy = TEtBT_tE[u(A{: - I, - r(1)|r(t) = r;} given

that the policy holder pursues an optimal claims policy.
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If the DM had an accident of value ¥, he can either clain the damege

or rot claim it. If he elaims, then his auto repair cost will be covered and his

cne-period utility at t will pe u(At - rj). Since starting next period his

rate will be »r his infinite period utiii + i
3417 P ity at t+l wiil be Wj+l,t+l’

and consequently his infinite-period utility at t 1is u(At ~r,) +RW

J

1f he does not claim the damages, his one period utility at t will be

J¥1,t+l’

u(At - rJ - ¥), and his future utility BWJ 41 thus his infinite-period
;|

£1146v wi _ -
utility will be u(At r, y) + Bwj,t+l'

It follows then, since th(y) represents an cptimal policy, that

Vjt(y) = max{u(At -y - y) + sv{j ,u(At -r,) + B8W (2.2)

LE+L 341,047

J

Thus the optimal policy of the DM can now be cobtained from (2.2). A claim should

be filed only if the damage v satisfies:

) + (2.3)

< u(At -r

J.t+l SWj+l,t+l

u(At =Ty - y) + BW 5

Since the derivative of u, u', satisfies u' > 0, it follows that there exists
a critical value such that a claim should be made only if the damage exceeds this

value. From the continuity of u it fcllows that the critical value, ygt,

satisfies

- - * =
u(At rj v¥ 3 o= u(A

it -r,) = 8( W )! J=1,.0.,d-1 (2.4)

% h Wj,t+l T U L ,t4L
t=1,...

It remains now %o evaluate the WJ t's in order to obtain the y§ t's. The
> ;]

latter can ve cbtained, if the W t's are known, by solving the implicit equation

J
(2.4)., 1In what follows we proceed under two alternative assumptions: 1) the

planning horizon of the DM is finite, say T (henceforth: the finite horizocn

5

assumption,” and 2) the time horizon is infinite, and the functions FJ(t,-),

and the parameters At are the same for all t (hexeeforth: the staticnarity

assumption).
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We first present the relation between successive th's under the finite
horizon assumption (this relation will then be used to present a method for
computing the th's and the y?t's).

By the definition of W,

Jt
= = -l = + BW - + -
Wy E[Vjt(Y)] E[ma.x{u(At r, Y) + 8 54412 u(4, r,j) BWjJrl’tﬂ}] -
= + - - )
E[Bwj,t-i-l max{u(At rs ), s}
= + - - 1
Bw,j,tﬂ E[max{u(ﬁ.t r Y), s}]
v* i
= Bwj,t+l + é u(At - Ty - v)arY{t,y)
M )
+ [ saF(t,y),  §=1,...,3-1
¥ t=1,...,T-1
where
J 7B g Wy ey ol - 1) (2.6)
l v* satisfies: u(At - Ty - y*) = g,
y*
Thus, adding and subtracting s - f dF(t,y) from (2.5) one obtains
0
'y'*
th = u{At - rj) + Bwj+l,t+1 + [ [u(At - Ty - y) - slar(t,y)
0 {2.7)

J = 1,04, ,d=1

t=1,...,T-1

where s and y¥® are defined in (2.6). The critical values determining the
strategy of claims are given by the y;t's. Thus if at time +t the DM has rate
rj and suffers a damage higher than y?t he will claim it, otherwise he will
not. The method for computing the th's and ygt's is the following. The
ij'S can be easily computed since at time T the DM will zlways file & claim

(he cannot be penalized for that), hence

-r,) J=1,...,J-1
(2.8)

=
i

E[u(AT - )]

The rest of the W, 's and the TE 15 aan new he remrcedo.s o L

R



Tae analysis under +he stationarity assumption is similar, We note that
under this assumption the W ! * ot '
umptio e it S, yjt s and VJt § are the same for all +,
Hence, the index % is dropped from these variables, and the relation between

successive WJ'S can then be obtained from (2.7). It is given by

wj = u(A—rj) + sw g u(A-r, —y - s]dF(y) = 1,...,d-1  (2.9)
where (see footnote 6) |

s = u(Aer) + B(Wd+l - Wj)

v* 1is such that (2.10)

(s - ry = y¥) = g

The W,'s can now be computed as follows. If the DM has rate Ty he is

J
denied insurance hence
[~ -]
Wy E[TE.O BTu(a-Y)] = 757 Blu(a-1)]. (2.11)
Thus, we first evaluate W, from (2.11). We then note that for J =31, (2.9)
is an implicit equation of Wﬁ-l with Wj as a parameter. Hence WJ-l can be

Obtained by solving this eguation. The rest of the Wj's can then be obtained

by proceeding in a similar way for J = J-2, J-3,...,1.

III. Effects of changes in risk

In this section we investigate the effect of changes in risk on the optimal
critical values y* and on the welfare of the insured. We consider two alterna-
tive definitions of risk; the one of Rothsehild and Stiglitz, and that of Diamond
and Stiglitz. We briefly review these definitions, starting with the Rothsehild
and Stiglitz (RS) definitiocn.’

Consider two distributions F(z, R,) and F(z, R.) on the interval [0,M].

L 2
We then say that F(z,Rl) is riskier than 7F(z, R2) in the RS sense if

X
f IF(z, R,) =F(2, R)] >0 far 211 0O < v < M
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In the seq%zel we shall consider distsibutions which are "close" to each other.

We shall say that an increase in R (the "shift parameter") represents an

increase in rigk if

FR(Z,R)dz >0 for 0<x<M

O

FR(Z,R)dz =0

O =

where FR depotes a partial derivative with respect to R.

In the Diamond and Stiglitz (DS) definition, one considers changes in the
distrioution while compensating for changes in utility. According to the IS definition

an increase in R should be interpreted as an increase in risk if for a risk

averse DM with a concave utility function wu(z) the following holds8
X
f u'(2)F_(z,R)dz > 0 0<x<M
0 K - -
\ M (3.2)
] u'(z)Fp(z,R)dz = 0
L0

The results of this section are summarized in the following theorem and
its corollary.
Theorem 3.1. A small increase in risk in the DS sense tends to increase W,
for J < J, and y?_l, if u exhibits decreasing risk aversion.

Proof: Define the function H(y*¥, s, R} by

y*
H(y*, s, R) = [ [u(a - ry - ¥y) - s]dF(v,R) (3.3)
0

where y* and s are defined as in (2.10). It follows that (2.9) can be
written as

W, = uld -r.) + 8W,
( PLAL

. 1 * H(y*, 5, R) (3.4)
J

Consider now a small change dR in R, and the correspending changes de

and dWJ+l in wj and w5+l. Taking the total differential of (3.4) one obtains



¢'\8 =

on the right hand side of (3.5) are given by

H oy = u(h - r, - y#) -5 = 0

since y* satisfies u(A - Ty - ¥v*¥) = s, and

Hs = -F(y*, R).

From the definition of s in {2.10) it follows that

ds = B(de_l_l - dij,

hence (3.5) cen be rewritten, after some rearrangement of terms as

- BF(Y*,R)]dWJ. =8[l - F(Y*,R)]dwj+l +HAR = 1,...,0-1

(3.6)

For H,, note that using the definition of y* eand integration of (3.3)

by parts yields

E(y*, s, R) = [u(h = 1, - ¥) - sI7(y,R) ¥

0
y*
+ [ u'(a - ry - yIF(y,R)dy
0
y*
= [ u'a - ry - yIF(y,R)dy,
Q0

where the first term in the right hand side of (3.7) equals to zero since it

follows from (2.6) that [u(d - zy - v*) -s] =0, and since F(0Q,R) =

Thus, it follows from (3.2) that?
*

By = [ uia - ry - y)FR(y,R)dY 2,0_

0
From (2.11) it follows that
1 1 M
W = e T - = e— -
5= 1o Blu(a-n)] = =5 cf) u(A-y)dF(y.R)

2 [u(a-n) +

1-8 u‘(A—y)F(y,R)dy]

O— =

0.

9

(3.7)

(3.8)

and therefore it follows from {3.2) that decreasing risk aversion implies:ll



. = [an/aR]dR = [==

; S u A (rRlglR 20 (3.9)

O — 1=

The terms [1 - 8F(y*,R)] and B8[1 - F(y*,R)] appearing in (3.4) are positive
because 0 < B <1 since B is a discount factor and O < F{y*,R) <1, since

F(y*,R) is a probability. It thus follows by induction from (3.6) and (3.8)

that de >0, j=1,...,J. Hence for all J < Jy Wj tends to increase as
R increases.

The effect of a change in R on v* cen be analyzed by considering its
definition. y*, we recall from (2.10), satisfies

WA -, - y¥) = y(A -r,) +g(W, - W.).
(B -ry -y =u@-r) « 80 ) - W)
An increase in R tends to increase both Wj and Wj+l’ and we cannot

determine (for all J), which is larger: dwj or de However, if j = J-1

+1°

de+l = 0, and in this case it follows that de > dw and therefore

3+
Iy*/3R > 0. Q. E. D.

We next investigate the effect of risk in the RS sense on the insured. For
this we ncte that under RS's definition HR in {3.8) is not hecessarily
non-negative. Hence it follows from (3.6) that the de's may be negative or
positive depending on the exact parameters of the problem.

As a corollary to Theorem {3.1) we next determine the effect cf an increase

, . . . . . 1z
in risk in the RS sense on a risk neutral decision maker.

Corollary 3.1: An increase in risk in the RS sense tends to increase Wj’ J <d

for a risk neutral decision maker. It also tends to increase y} .

Proof: The RS definition of increasing risk is a special case of the DS definition
for the case where wu{x) = x (i.e. the decision maker is risk neutral). This can
pe verified by inserting u'(x} in (3.2}, and comparing the result with

(3.1). Q. E. D.
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An economic interpretation for the corollary is the following. An increase

in risk in the RS sense increases the provabilities of extreme value damages, both

aigh and low. If claiming dameges were not possible, the effect of having a higher
probability for low damages would caneel the effect of having a higher probebility
for high damages, and the welfare of the DM weuld not change as a result of an

increase in risk. Since claims can be made, the effect of the higher probabilities

for high damages is partially offset. Hence the effect of higher probsbilities
of low damages is stronger than the effect of higher probabilities of high damages,
and the net effect tends to increase the welfare of the DM.

Theorem 3.1 is now easy to interpret if one recalls that an increase in risk
in the DS sense keeps expected utility fixed, while taking weight from the center
of the distributicn and moving it to the tails (whereas according to RS ¢ne keeps
the mean of the distributjon fixed). The same reasoning applied above to a risk
neutral DM, can be applied to a risk averter replacing the words high-damages and
low-damages by low-utility and high-utility, respectively (note that high-damage
implies low-utility).

The reason that an increase in risk in the RS sense has an undetermined
effect on the utility of the risk-averse DM is the following. An increase in
risk in the RS sense has two effects. One 3iscussed earlier in the case of a risk
neutral DM, is the rise in the expected discounted net income (net from damages
eand insursnce premiums) due to an increase in risk. The other is the adverse
gffect of ﬁncertainty on the expected utility of the risk averse DM. Unless we
make further assumptions about the utility function and/or the distribution

function of the damages, it is impossible 4o predict which effect will dominate.
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IV. Effects of changes in income and in vermanent income

In consumption theory (see, e.g., Friedman [1957]) it has been argued that
changes in permanent income (or wealth) have stronger effects on consumption than

changes in current (or transitory) income. This theory has been challenged by

many authors, and led many economists to investigate the difference between the

impacts of permanent income and transitory income on other activities of the consumer.
The investigation of these differences in impacts is important 3522% the results

can lead to major policy implications. Thus it would be interesting to explore
whether in our case wealth affectz the claims strategy differently than the

transitory income does.

In what follows we consider a DM at time t and define a change in transitory
income as a change in A_, keeping other AT's fixed. The effect of permanent
income is analyzed by considering the stationary case. A change in permanent
income is defined as a change in the common (to all pericds) income A. (We nocte
that the sum of the discounted infinite horizon incomes of the M is given by
(1-8)74).

The results concerning the effect of a change in transitory income on y*
are summarized in

Theorem 4.1. An increase in A while other AT, T > t are kept fixed tends

to increase the critieal wvalue ygt of a risk averse TM.

Preof: We note from {2.6) that the critical value y* satisfies

A, - r, - y*) = gl{wW, W ;o+ ula

- - b.1)
t - T L+l T YLt g = Ty (

Consider now a small change d&A in At’ and the corresponding changes dy¥,

dw and dw in y*, W and

Jat+L’ J¥1,t41 3,641 Wj+l,t+l’ respectively. Since

wj,t+1 wﬁ+l,t+l do not depend on At’ it follows that
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dwj,t+l = de+l,t+l = 0, and therefore the total differential of (4.1} is given by
' - S - gt _ o ¥ % = 4! -
u (A.t Ty -y )dAt 1 (A.t rJ v#)dy u (At rj)dAt. {4.2)

Rearranging terms one obtains

- v*) JeA (4.3)

dy* = {[u'(At =Ty - v¥) - u'(At - rj)]/u'(At -r "

J

For a risk averse DM however, the term in the numerator of (L4.3) must be positive,

>
hence dy#* E-O if dA.t < 0 and our theorem is proved.

It follows from the above theorem that when the (tramsitory) income increases,
the DM is less likely to file a damage claim.

We next investigate the effect of permanent income on y¥*. For this we note
from (2.10) that y* satisfies:

u(a - rj) - B(w

;- Wj+l) = u{4 - r.j - y*),

Taking the total differential of this expression cne obtains:

a'{a - Ty = v*)dA - u'(A - Ty - v*)dy* = u'(A - rj)dA - B(dWJ - de+l)?
and rearranging terms
dy* = {[u'(A - ry - y*) - u'(A - rj)]/u'(A -y - v¥*) MA
(4.4)

+ B[(de - dwj+l)/u'(A - r'j - y*)].

Whereas the first term in the right hend side of (4.4) is positive whenever dA
is positive and the DM risk averse, the sign of the second term cannot be
determined. Thus, the direction of effect of changes in permanent incocme cn y¥*
cannot be determined.

An intuitive explanation to the fact that an increase ir current income
increases y¥, whereas a change in permanent income has an unknown effect on
y¥* 1s the following. When fhe M claims a damage he actually transfers consump-

tion from the future (increased insurance premiums) to the present. The higher



- 13 -

his current income, the lower is the marginal utility of current consumption
(since consumption equals here to income and since he is risk averse), hence the
less income he will want to transfer from the future o the Present; thus he
will set his critical value at a higher level. Changing his permanent income

has an unknown effect on his substitution between present and future consumption.

V. An Example

In this section we present an example illustrating the notions appearing in
the former sectiocns. We also employ this example to infer on some additicnal
properties of the optimal claims policy. We treat mainly the case where the
time horizon is finite (we chose T = 12), and assume that the DM is risk
neutral, and his income is A = 20 for all t 2 T. It is assumed that there
are five rates (i.e. J = 5), and that the rates r‘j are given by
ry = (l.E)JE(Y), where Y 1is a random variable denoting the damages of the DM.
The distribution of Y doces not change with t or j. We Carry on cur analysis
by investigating the optimal claims policy and the welfare of the DM under the
four distributions listed in Tsble 1. These distributicns have the same mean

and satisfy the RS conditions. For convenience we have indexed these distributions

by their variance.

Table 1

In Table 2 we present the welfare of the DM and the optimal claims policy
as functions of j and 1. The results of the steady state case are presented
in this Table under +t = e, It follows from this table that ygt decreases as
the DM approaches T. This result is expected since the closer is the DM *o T,
the shorter the interval in which he will bay a penalty for claiming a damage ,

hence the more he will be willing to file a claim. One can conclude from this
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that older people should file claims more often than younger ones, because

their T is smaller.

Table 2

In Table 3 we demonstrate the effect of increased uncertainty on the
welfare and the claims policy of the DM (see footnote 7). It appears that
the welfare of the DM tends to rise with increased uncertainty. The results
are presented for the case j = 1, but the same results hold also for j > 1.
It also happens that for most j, y;t tends to increase with risk (the exception
in row 9, table 3, we also recall that in section III we showed that only for

i=J-1, y; must necessarily increase with risk).

Table 3

In Table 4 we demonstrate the effect of increasing B on the claims pelicy.

Table 4

We ohserve in the above table that YFt increases when £ increases. This is

expected since B8, a discount factor, represents the preferences of the DM for

future comsumption vis-a-vis present consumption. Thus the higher is 8 the

less willing will be the DM to file a2 <laim.



Table 1

L me

=023k | o©=1.688 | o°=3.5 | o2 = 7.8k
p(y) p(¥) p(y) p(y)
.0078 .0156 .1250 L4063
.0078 .1250 .1250 .0625
.0156 .2031 .1250 .0156
.9375 .3125 .2500 .0313
0156 2031 .1250 .0156
.0078 .1250 .1250 .0625
.0078 .0156 1250 4063
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Table 2%

The welfare of the DM and his optimal claims

policy as functions of j and ¢t

_ J=1 d 3 J=4
t\ "1t e | Yo 0| M % | " |V
1 1104.93 4 99.98 93.51 3 91.99 1
2 100.94 4 96.04 91.58 3 88.06 1
3 96.48 4 91.6h 87.20 3 83.69 1
4 91,47 4 86.74 82.3k 3 78.83 1
5 85.83 3 81.26 76.93 3 73.43 1
6 T9. bk 3 T5.13 3 T0.90 3 67. bk 1
7 T2.17 3 68.21 3 6L.18 2 60.77 1
8 63.86 2 60.38 2 56.66 2 53.35 1
.9 5L4.32 1 S1.L45 L8.20 2 k5.09 1
L0 43.34 1 L1.19 38.60 1 35.87 1
L1 30.77 0 29.33 0 27.60 0 25.52 1
12 16.40 - 15.68 14.82 0 13.78 -
0 140.%o 4 135.4%0 130.92 3 127.39 i
o° = 7.8k, 8 =0.9




e

Table 3%

The welfare of the DM and his optimal
claims policy as functions of risk

02 = 0.23%4 % = 1.688 ° = .8L4
N 1t Ty Wy 1t Mt Vit
1 99.51 2 100.99 3 10L.93 in
2 95.58 2 97.0k 3 100.9k b
3 91.21 2 92.64 3 96.48 4
L 86.35 2 87.74 3 91.47 4
5 80.96 2 82.28 3 85.83 3
6 Th.96 2 T6.17 3 T9.44 3
7 68.30 | 2 69.32 3 T2.17 3
8 60.89 2 61.62 2 63.86 2
9 52.61 2 52.84 2 sh.32 1
10 42,53 1 L2.59 1 43,34 1
11 30.52 | © 30.52 0 30.77 C
12 16.40 - 16.40 - 16.40 -
o 134.91 2 136.41 3 140.40 L
¥ 8 =0.9




Tabie

4%

The welfare of the DM and his optimal

claims policy as functions of g

B=10.8 B =0.85 B=0.90

t e Yit e Tt W 1t
1 70.07 2 34.84 3 104.93 1 4
2 68.98 2 82.72 3 100.94 i 4
3 67.61 2 80.20 3 96.43 ; 4
4 {1 65.89 2 77.22 3 91.47 | 4
5 63.70 2 73.65 3 85.83 g 3
6 60.91 2 69.39 2 79.44‘: 3
7 57.34 2 64.24 2 72.17 | 3
8 52.75 1 58.01 2 63.86 | 2
9 46.30 1 50.42 1 54.32 ! 1
10 39.10 1 41.18 1 43,34 | 1
11 29.18 0 29,98 0 30.77 | 0
12 16.40 - 16.40 - 16.40 | -
= 74.38 2 96.76 3 140.40 | 4
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Footnotes

For ease of exposition we assume that there is no deductible. This does not
chenge the conclusions of the paper. Also, in scme countries the rate of the

insured decreases whenever he does not file a claim. We do not make such

assumption here because it considerably complicates the mathematics, but

does not alter the qualitative results (see the appendix).

In the economic literature, the additivity assumption is common; for example,
in financial theory see Neave [19Tl], in environmental policy theory, see
Keller, Spence and Zeckhauser [1972], and in growth theory see Arrow and
Kurz [1970]. Conditions under whiech the assumption is allowed are given
by Koopmans [1972]. These conditions differ from the usual Von Neumann
and Morgenstern assumptions by the separability axiom.

The fact that u is defined on consumption only, may somewhat restrict

the model. In the case where driving without insurance is not allowed,
one would like to consider a utility function defined both on consumption
and on the possibility or impossibility to drive. A similar problem also
arises when the insured cannot cover his damages. One would like then

to explicitly include the variable "bankruptcy" in the utility function.

We assume, for simplicity of exposition, that the DM can incur no more

than one accident in a period.
If the time horizon is finite, the bounds of the summation in (2.1} are

1 and T instead of 1 and «.

For ease of notation we omit the indices j and t from s, ¥*, and F{-),

whenever this does not lead to confusion.
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We consider here only the statiocmary case. An increase in risk means an
increase in the risk of each FJ('), j=1,...,J. The same results

obtained here can be extended to the finite horlzcn case. For +his one

must define an inerease in rlsk as the increase in the risk of each

Pt,), J=1,....0, t= 1,...,T. (see Levy and Paroush [197h] for

o)

similar definition of increasing risk in a multi-period investment).

We say that the DM is risk averse if each period's utility fumction u

1s concave.

We assume, for exposition purposes, that F is a "smooth" distributicn
function possessing the property F(0) = 0. This agsumption can be

replaced, without affecting the results, by the following assumption:

Suppose there is a probability (I-v) that the DM will suffer an accident,

and suppose that the distribution of the damages, conditional that an
accident occurred is G(x} where G is a "smooth" function. In this
case F{0Q) =, and PF(x) = + (1-m)G(x) for 0 < x < M. A change in

risk will be interpreted as a change in the risk of G.

The DS paper (ibid., p. 340} has a random variable 8 defined on an
interval [a,b]. If G(8,R) is a family of distribution functions of g,
the condition for R to be a risk parameter with respect to a utility

V{8,a) is that

K
_{'aVSGR de > 0 a<k<b

=0 « =h

Now let 8 = -y and o = A-rj; so that F(y,R) =1 - G(8,R), and if

[a,b] = [-M,0] then the inequality above becomes

W
f ' (A-7.-v) F (v Pldv > 0 N v 1 . AL
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This follows from part (i) of Theorem 3 of DS (ibid., p. 346). It is
shown there that Mean Utility Preserving increases in risk are disliked

by the more risk averse. Hence, since for j = J, DS's definition

M

of increased risk requires that f u'(A-rJ-y)FR(y,R)dy = (), it follows
0

from the assumption that the insured exhibits decreasing risk aversion

M
that | u' (A-y)Fp(y,R)dy > 0. This stems from the fact that the argument
0

of u'(+), in the former integral is lower than in the latter one. We
also note that if J denotes the case where the insured is not allowed to drive,

then clearly dWJ = 0.

A risk neutral may purchase insurance i1f his distribution is different from
that of +the insurance company. This case is important because 1t helps in

providing an economic interpretaticn to Thecrem 3.1, and since it helps in

»

linking our model with the literature (which, as noted in the introduction,

dealt with risk neutral decision-makers). In this case Ty has the same

interpretation as the other rj's.
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Appendix

Lemma A.1 The same results as in Proposition 1 hold true when there is

a fixed deductible mj for any rate j.

Proof: In this case (2.2) should be rewritten as:

Vjt(y) = max{u(At—rj-y} + Bwj,t+1’ u(At—rj—mj) + Bwj+1,t+l}’

Hence, in this case equation (2.7) should be replaced by

*

W, (y) = u(At-rj-mj} + BW. + [u(At-rj-y) - s]dF(t,y)

jt Jj+1,t+1

O g

where

5 = B(W,

el oo T Wy eey) P A oTom)

v* satisfies: u(At—rj—y*) = 3
for j = 1,...,J-1, t=1,...,T-1.

The rest of the analysis is similar to that in the main text. Q.E.D.

Lemma A.2 The same results as in Proposition 3.1 hold true when the rate
of the insured decreases whenever he does not make a claim; and increases

whenever he makes a claim (provided the rate can decrease or increase).



. 0

Proof: Here the case where j = 1, should be distinguished from the rest
since in this case the rate cannot decrease. For } > 1, equation (2.2) should

be replaced by

vjt(Y) = max{u(At'rj'Y) + Bwj-l,t"'l’

u(At"rJ') + W }7 j = 2,--':']'1

j+l,t+l

and

Vlt(y) = max{u(At-rl-y) + BW u(At—rl) + W .

1,t+1° 2,t+]

Proceeding as in section II, equation (2.7) should be replaced by

y*
th = u(At-rj) + swj+1,t+1 + é[u(At-rj-y) - s[dF(t,y) (A.1)

where

y* satisfies u(At-rj-y*)

1}
L7
L
H
—
-
-
[
1
—

and for j =1

s = B(WZ,t+l - wl,t+1) + u(At-rl).

Taking the total differential of (A.1) and omitting t for the stationary

case, one obtains:



* =3a

= * i = . -
dWj Bdwj+1 + Hy*dy + HsdS + HRde’ j i,...,J-1
where H is defined as in (3.3). Now: Hy* =0, Hs = —F(y;),
ds = B(de+l - de_l) for j = 2,...,J-1, and ds = S(dwj+1—dwj) for j = 1.

It therefore follows that

dW

BN, - 8F(y}) (AW, -dW, ) + HdRo,  j = 2,...,01

1

dw

BdN, - BF (y%) (dW,-dW,) + HdR

R

and rearranging terms we obtain:
- * - - * =
[1 BF(yl)]dwl 8[1 F(yl)]dw2 HRde

dW, - 8{1-F(y*)]dW. . - BF(y*)dW, . = H_dR, j = 2,...,J-1.
j (1-F(y7}] j BE(Y)dW, R9R; ]

+1 1

The equations in (A.2) can be written in matrix notation as

QW = h,

where dW

! = I - !
(dW,,...,dW; )", h (HpdRy ... HodRy o HpdRy oo+ f1 BF (y3_)1dW

and Q is a (J-1) x (J-1) matrix defined by:

.. =1 for j=2,...,J-1
QJJ J

. = -T1-BFfy* j = el ,J-2
% i [1-8F(y1)] j=1,...,7

n _ AT g Y . -~ -



and Q_ = 0 whenever [m-k| > I.

The diagonal elements of Q are positive and the off-diagonal elements
of Q are nonpositive. Moreover, it can be verified that the row sums of Q
are positive. It then follows from Bellman* [1970] p. 305, that Q-l exists

and contains nonnegative elements only. Since dW = Q-lh, and since it has
been shown in (3.8) and (3.9) that the elements,hj of h satisfy hj > 0 for

all j, it follows that dwj >0, =2,...,J-1. Q.E.D.

®
Bellman, R., Introduction to Matrix Analysis, 2nd ed. New York:
McGraw-Hill and Co., 1970,




