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WHEN IS CORPORATE FINANCIAL POLICY RELEVANT?

In this paper we construct a multiperiod general equilibrium model
with uncertainty. The purpose of the model is to test certain
propositions about the relevance of corporate financial policy which
have hitherto been established only under the assumption of no firm
bankruptcy or in a one-period framework (usually both). Prominent
papers on this topic are the original work of Modigliani and Miller
(1958), papers by Stiglitz (1969,1974), Fama and Miller (1972}, and
Baron (1976). The two general statements of the Modigliani and Miller
irrelevance proposition are those of Stiglitz: He showed that--assuming
no bankruptcy of firms--a financial equilibrium is not unique. Stiglitz
and a number of other authors have alos observed that in a complete
market framework, firm valuation may be written without describing firm
financial policy, but thus far no one has proven a nonuniqueness theorem
for financial equilibria with firm bankruptcy.

Starting with the assumption that the market explicitly prices con-
sumption for all time-state pairs, we establish a number of results
about corporate fimancial policy. First, the issuance of new corporate
equity is irrelevant to a model which describes corporate financial
policy (Proposition 2). Second, an equilibrium in a corporate financial
framework is not unique, provided that changes made in financial policy
do not change the feasible consumption set of consumers. This applies
to both complete and incomplete market models (Theorem 7 and Section 8);
however, in contrast to "irrelevance" theorems with no firm bankruptcy,
a change in firm financial policies may require shareholders and

bondholders to change their whole portfolios. The no-bankruptcy models,



on the other hand, show that small changes in firm financial policies
require changes only in consumer holdings of the firm's shares and in
holdings of the riskless asset. Part of the power of the MM results
derives from these limited changes: If we regard perfect market models
as being an approximation to markets with imperfections such as
transactions costs, then the true "irrelevance" of firm financial
policies derives from the fact that (given non-bankruptcy of borrowers)
firms can change them so easily, with only minimal compensating changes
by consumers. In Theorem 8 we show that this result only rarely extends
to the bankruptcy case; there we characterize the changes in financial
policy which lead shareholders and bondholders to change at most their
holdings in the firm's shares, bonds, and the riskless security. This
theorem, too, holds in both complete and incomplete markets (Section 8).

Thus most theorems about financial policy hold in both complete and
incomplete markets. The only exception--discussed in Section 8--is when
a change in financial policy produces a different feasible set of
consumption opportunities. In this case equilibrium will, in general,
be unique, even in the sense of Theorem 7.

The structure of the paper is as follows: In Sections 1,2, and 3
we discuss various aspects of the model, including production,
bankruptcy, and the consumer choice problem. In Section 4 we show that,
giYen complete market pricing and no restrictions in shert sales, all
consumers wish every firm to maximize its net present value. In Section
5 we define equilibrium, and in the next section we show what changes
need to be made in the standard equilibrium proofs in order account for
the special feastures of our model. Section 7 discusses the relevance
theorems for financial equilibria, and in Section 8 we conclude by

showing which of our results hold with incomplete markets.



1. The Time-State Structure, Prices, Commodities, Bonds, and Shares.

Many of the features of the model are adapted from Radner (1972).
There are H commodities, I consumers, and J firms. There are T periods,
t =1,...,T. At each t, there is a partition of events St’ with the
partition St+1 being at least as fine as the partition St' The combipa-

tion (t,A) of a date t and an event A & S, is called a date-event pair

and will be denoted m = (t,A). Given m = (t,A), A £ §_, we shall say of

£
another date-event pair n = (u,B) that n > m if u > t and A B. The set
M is the set of all date-event pairs.

Given m = (t,A), we define the set of all successor time-state
pairs of m by m = (t+1,B), where B A. The predecessor of m = (t,A)
will be denoted by m = (t-1,B), where B A. Because of the structure
of the model, each m may have several successors, but only one
predecessor.

At each m ¢ M there is production and trade of the H commodities.
The price of commodity h at m ¢ M will be denoted by p;h, and a vector
of commodity prices for each m £ M will be denoted by pC = (p;). Prices
are assumed to be non-negative. At each m £ M, consumers may buy bonds,
whose income accrues to the producers who sell them. A bond b bought by
a consumer i at m = {t,A) reduces his budget constraint by pzb, 0 < pz
< 1 being the price of the bond, and raises the constraints by b at
mT = (t+1,B), B A, if at B the bond's issuer does no}, go bankrupt.
Consumers do not go bankrupt; what happens when firms go bankrupt will
be described in Section 2. A vector of bond prices at m £ M is denoted
by pb =(pb ,pb ,...,pb ), where the subscript j = 1,...,J, indicates the

m om’* 1m Jm

bond price of producer j, and the subscript o indicates the price of

loans between consumers.



2. TFirms, production and bankruptcy

There are J firms. Each firm j, j = 1,...,J, possesses a
H H .

. . - . >
(stochastic) production techmology, ¢j (¢jm), where ¢jm' R, R, is
strictly concave, continuous, and increasing production function such
that ¢jm(0) = 0.

Part of the uncertainty on the firm's part derives from the need to
purchase inputs for production one period prior to their use. At the
predecessor m of each time-state pair m, each firm j must decide on

inputs zjm-; these inputs will then be stored and used one period later

to produce outputs. Thus production at m is described by

(1) y. =¢. ( )

jm = ?im‘%jm-

Net firm income from production at each m £ M is thus given by

o

(2) pS(y. - 2z.).

m° jm jm

(Note that in the last period no inputs are purchased, so that for
m={T,A), Zim = 0).

In addition, consumers may buy shares of each firm j, j=1,...,J.
Given m £ M, the price of firm j on the stock market is sz' A vector
of share prices at m £ M will be indicated by pz = (pim,...,pjm). The
bulk of the paper will be concerned with the case of "complete markets':
We,shall assume that in every time-state pair m returnﬁ;af financial
assets in successors n of m are priced according to a set of prices
(Pn)' The exact way in which the complete mrket prices determine the
values of debt and equity will be specified in section 2. We shall

assume that the complete market prices are given by a "market maker"

(the "invisible hand").



At m = 0 (the present), the firm produces with a vector of inputs
Ej >> 0. It is convenient to asssume (and leads to no loss in
generality) that firms start at m = 0 with shareholders but with no
bondholders. Thus y. = ¢. (z.) and z. denote inputs purchased in the
Jo Jo ] Jo
present and used to produce in the next period.1
Financipg: In order to allow firm j to finance the purchase of inputs,
we shall allow the firm to sell new equity and one-period bonds at each
time-state pair m. The bonds may be risky; i.e., we shall allow the
possibility of firm bankruptcy.

The set of complete prices for financial assets allows us to
determine how the prices of equity and debt (and, indeed, of the firm)
are determined. To illustrate, we first consider any time-state pair m
in the next-to-last period; i.e., m = (T-1,A). Let n=m+ be amy

successor of m. Then if firm j issued bjm of bonds at m, the payoff to

these bonds at n is given by

, C
- >
é bjm if Pnyjn bjm >0
(3) r?n = -
f e .
] pnyjn otherwise

r?n is the total return at n to consumers who purchased bonds in j at m.
Note that the top line of r?n occurs if firm j is not bankrupt at n, and
that the bottom line indicates firm bankruptcy. Expression (3) is

relatively simple, since in the last period, firms liquidate and there-

fore issue no new debt or equity, or indeed purchase no inputs.

The payoff to shareholders in time-state pair n is given by
pCy. - b. if poy. > b

n’jn Jjm n’jn — jn

0 otherwise



As before, the top line represents the no-bankruptcy case and the bottom
line that of bankruptcy.
Since we have assumed complete market prices, we may determine the

value of the equity of j at m by

{5) p% =3pr. n = (T,A)

Correspondingly, the value of the firm's debt issued at m is

b _
(6) i pnrjn n = (T,A)

It is convenient to demote the latter expression by

(7) p. b, =2p r?
m

The firm's issuance of bjm of bonds at m may be viewed as the promise
(except for the risk of bankruptcy) to repay the holders of the debt bjm
in any successor time-state pair of m. p?m is then the market discount

factor for this promise. If the debt issued by firm j is riskless

b + b

(i.e., = b for every n = m ), Pim is '"one over

r, .
jo Jjm
one-plus-the-riskless-interest-rate."

+
(T-2,A), and let m =2 . 1If

i

Now consider some time-state pair £

2t funds available to repay
b.

firm j issues bonds bjz’ then for any m
the bonds come from three sources:

. . c
a. net production income: Pm(yjm zjm)
b. bonds sold at m: p? .
Jm Jm
c. new equity sold by the firm at m: we shall denote this by

jmpim’ where 0 < ujm < 1, in order to make the point that new

equity sold by the firm is just another way of the firm



selling some of its equity at m instead of shareholders who
bought shares at 2.2
To determine the return to bonds sold in £ at any m = 2+, we now
differentiate among three cases
case 1: p;(yjm - zjm) + p?mbjm + ajmpjm > bjﬂ
In this case, the firm has sufficient funds to repay bond-
holders, and there is no bankruptcy.
case 2: Suppose the firm does not have sufficient funds to repay

bondholders (i.e., case 1 doesn't hold), but there exists some

fraction éjm of the remaining equity so that 0 < Gjm <1

C b
(8) Pm(yjm h ij) * me Jm Jmp m 6 (1 aJm)me bjﬂ

That is, although the firm is formally bankrupt, shareholders
who bought shares at £ can, by tran;ferring some of their
equity to bondholders, assure bondholders full repayment of
their bonds.

case 3: Neither of the two cases above hold. The firm is unable
to repay its obligations to the bondholders, and all the
equity in the firm passes to them.

We have thus defined the return to bondholders in every successor

state of 2. To summarize:

- 6 ¢

: ! bj£ case 1
b _
(9) rjm = é bj£ case 2
: b S
: +
= Pm(YJm Jm) PinPim ¥ Pin case 3

The three cases outlined above serve also to define the total

return of equity holders who purchased shares in firm j at £. Any



individual who purchased equity in j at gets part of his return as a
payout from the firm (dividends) and part from selling his equity (if,
after bankruptcy and after the firm has sold ujm there is any equity
left). Adding the dividend and sale of remining equity, we get the

total return of equity holders at m:

; b 5
P i) * Piadin * By - by, case 1
- : _
(10) rjm = (1 6 )(1 aJm)me case 2
0 case 3

It is easy to simplify further case 2 of rjm: Note that

s c b
(1 6jm)(1 - ujm)pjm + Pm(yjm zjm) + pjmbjm
. s (1 - . )p =
P im ¥ jm’Pim =
s b C
ij * ijbjm * Pm(yjm zjm)'
But then by (8) it follows that
s _ _S b c _ -
a- 6jm)(1 B 0l_jm)P‘jm h ij * ijbjm * Pm(ij zjm) bjﬂ
We may now rewrite (10) as
5Mpc(y -z, )+ pb b. +p° -b cases 1 and 2
P mtY jm jm Jm jm Jjm hE
(1) rjm = s
S0 case 3

Note that since there is no initial debt, the payout to initial share-
holders (that is, individuals who come into m=0 owning shares of the

firm)} is given by



S c b 5
- - + + N
(12) Tio T Poly zjo) PioPi0 * Pig
By our assumption of complete market pricing, expressions (9) and
(11) serve to establish the value of firm j's bonds and equity at £.
Let P be the set of prices for financial returns in successor

time-state pairs of £, Then

s _ s
(13) pj =3 Pmrjm
m
b _ b
(14) PinPim = % PyTig

It is now obvious that we may proceed recursively, thus establishing the
value of debt and equity for each firm in every time-state pair.

The following two facts are immediate:

Proposition 1: r? + r?m =pS(y., -1z, ) + p

b S
b +
Jjm J P

m*° jm jm Jm jm jm’

Proof:
This follows from adding the relevant lines of (9) and (11).

Propositjon 2: No generality is lost by assuming that ajm = 0 for all

m; i.e., we may assume that firm j never issues new equity.
Proof:
The proof of this is essentially contained in the restatement of
(10) to give (11). Note that in neither (9) nor (11) does ajm appear.
In light of Proposition 2, we shall assume that firms never issue
new equity.3 Thus at each m ¢ M, firm j has but two decisions to make:
It must decide how many inputs ij to purchase, and it must decide how
much debt bjm to issue. We shall denote this firm decision by

k. = (z.,b.).
j = (2509
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3. Consumers
At each m € M each of I consumers must make three choices. Letting

i represent a typical consumer, these choices are:

: - . : >0,

(i) X (xilm’ xiZm""’XiHm)’ a consumption vector, xim_O

(ii) bim = (biom’bilm""’biJm); a vector of bonds. We shall
take bijm’ j=1,...,J, to represent the proportion of firm j's

bonds purchased by consumer 1i. biom will represent loans to

other consumers; if b,

< 0, i is a net borrower, and if b,
iom i

om

> 0, he is a net lender.

(iii) fim = (film""’fiJm); a stock portfolio.

fijm represents the fraction of firm j's shares purchased by

consumer 1. i
We shall assume that each consumer i starts off with an initial

endowment of shares, Ei = (fij), where

;fij =1, j=1,...,J.

1
In addition, we shall assume that for every m & M, i receives a
commodity endowment iim >> 0. Given prices p and firm plans kj for each

j, consumer i's budget constraints are given by:

c J b J s b
(15) Pr¥im * .E bijmpjmbjm * .E fijmpjm * Pom iom —
j=1 =1 6 *
J J
c b s
pPw, z r. f..,r. - o
m im =1 27 jm 21 ij2 jm iof
where £ = m-
and for m=0, bij2 =0, fijﬂ = fij'
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We shall assume that each consumer i maximizes a concave, increas-
ing, and twice differentiable utility function Ui’ where Ui is defined
on consumption vectors X, .

Note that we require that inter-consumer loans be riskless; a
mechanism for consumer bankruptcy similar to that developed for firms
could, however, easily be added to the model.4 Finally, note that we

allow fijm and bijm to be negative; there are no restrictions as to

short sales.

4. The firm objective function

The purpose of this section is to show that with complete market
pricing and no restrictions in short sales, all consumers prefer that
firms maximize a single objective function, namely the net present value
of the firm.

Given market prices p and consumer plans e, = (xi,fi,bi), we first

define implicit prices p; by

[
(16) T e U " U S
Pn © 7T 3U./9x. » Ppno Pone ’
Poh i" "Timh

where the partial derivatives are evaluated at X . (We shall, in
section 6, normalize prices so that pi is always well defined.) The
fqllowing lemma shows that implicit prices play the rolﬂ}af state prices
for each consumer.

Lemma 3: If consumer i is not at a corner maximum given firm plans kj

and prices p, then

' s _ is _+
(17) Pip = p3 Ppfip B =M
(18) ®y = 3piP | n=t
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Proof:

Without loss in generality suppose that for every m, p;1>0. Let-

ting £ = m~, we get

1 c- b [
(19) %59 = —o7 Py * 2Py opTyn 250 0Tn F by
P, i i
~5f. . p° -5b..p b, -p°b. ]
j imim o JTijmejmejm om iom

Given prices p and firm plans kj, the utility of consumer i is a

function of

(£. ,b

. . X ..., X, me M
im’ im’"i2m? ? 1Hm)’

and since a maximum is obtained at X, We may thus write

Ui(xi) = 0. (f

.(f. ,b. . e, X, ]
it7im’ 1m’X12m’ ’lem)’ m &M

Since at a maximum

au, au,
i = 1 =0
of . . db. ?
ijm ijm
the result follows.
QED
, . 6 ¢
Lemma 4: A necessary and sufficient condition for firms to maximize

consumer welfare with respect to their choices of inputs is that

a(p_y. )
(20) S p n”jo’ pch
n ) h m
z.
jm

for every j,h,m, and o=mt.
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- ) h
Proof: We wish to take the derivative of Ui with respect to 2z, -
Assume that £ is the predecessor of m, and that n is any successor of m.
First define A as the set of n where firm j is not bankrupt; let B be

the set of bankrupt time-state pairs n. Utilizing (19),

30, ou.  9x. 56,  9x.
i _ i 1im + 3 i iln
az? axilm 8z. n axiln Bzg
jm Jm jm
au
i 1 ch 9 s b
= - == {f.. - + ) . b.
axilm cl { ijf [ P 82? ( jm me Jm)]}
m jm
= c
+ :Ul ﬂlT { - (Zp ?532%151)
xilm PC ijm n az.
jm
3pSy; )
-b.. (2 ___Edlgﬂ)}
ijm nooq h
z.
jm
= C
, Eaul PR 3(pysy,) }
o% . cl ijm h
A ilm P oz,
n jm
il 3(poy. )
+ 3 5 i, 3 ib. . _—wjng
X, cl ijm h
B “ilm P oz,
o jm

Setting this whole expression equal to zero and dividing through by

au., % "
5§£—— . _%T we see (using the results of Lemma 3) that all terms but
ilm Py

the first term cancel, SO that

(21) N (5 + p? b. ).= P
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is a necessary condition for maximization of consumer welfare with

respect to firm inputs. Since (Proposition 1)

s b

p, +p. b, =Xp (p(y.-z.) *+p
n

b b s
jm jm jm - n""jon " jm jon jo

+ pjn)

and since an is a concave function of zjm’ we see that it is also a
sufficient condition.

Finally, note that (21) implies

a(p’y. )
5 Pnyjn _ _ch
Py h = Py
n oz,
jm

for every h, j, m.

Lemma 5: Consumers have no preferences over firm debt-equity choices,
provided (17) and (18) hold for all i,j,m.
Proof:

By a method similar to that of Lemma 4, we may show that

LY
The details are in every respect similar to the method gf proof used in

Lemma 4, and we will not give them here.

Finally, note that by Proposition 1 the return to the initial

shareholiders of firm j is
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5 c b b
= - + +
(22) Tio po(yj0 zjo) pjobjo Pjo
=pS(y, -z, )+ Ip {p(y -z, ) +p b+l
o’ jo jo g jm jm jm jm jm
c c
= - - +
Po(on zjo) ¥ i Pn {Pm(yjm zjm)

c b s
b3 v - + +
pn {pn( in zjn) pjn pjn}}’ etc.

+
wherem =0 , n=m

That is, the value of the returns to initial shareholders is the
discounted (by state prices) sum of all net production imcome in all

time-state pairs. We call this sum the net present value of the firm.

The preceding lemmas prove:

Theorem 6: Given prices p and assuming no restrictions on short sales;

all consumers wish each firm j to maximize its net present value.
Finally, note that even without complete market pricing we can de-

fine a meaningful concept of personalized net present value, but sub-

stituting implicit prices p; for Py in (22). 1If we are willing to
regard 8p;/8 Z?m = 0, then Lemma 4 will hold even in the absence of

complete market pricing, and it then follows that all consumers wish
firms to maximize their personalized net present value.7 We return to
this concept in section 8. & -

5. The definition of equilibrium

ol
~

Prices p = (p;",p;) for every m € M, firm plans kJ

=1,...,J, and consumer plans e; = (x;,f;,b;) for i = 1,...,I, will be

= z# bf for j§
(J,J) ]

said to consititute an equilibrijum if the following conditions are

fulfilled:




16

(E.1) k; feasible for every j, and k; maximizes firm net
present value (22} given prices p .

(E.2) e; feasible for every i (15), and el maximizes Ui over

all feasible consumption plans.

(E.3) Demand and supply of goods are equal:
Ix, -3 yf +3 27, =3, s meM
Cim T 7m0 T Tim T Tim
i ] j i

(E.4) Demand and supply for bonds are equal:
z ;jm =1, j=1,...,J; meM
i
Ib, =0, meM
_ iom
i

(E.5) Demand and supply of shares are equal: .

* v
; fijm =1 meM; j=1,...,J.
i
6. The existence of equilibrium

In this section we shall not prove the existence of equilibrium.
Instead, we shall ocutline the major elements of the proof; given a few
changes to account for special features of the model, the existence of
equilibrium follows readily from standard arguments (see, for example
Debreu (1959) or Arrow and Hahn (1971)).

We start by establishing the form of the price sets: For each

time-~state pair meM, let commodity prices be drawn from the set

c c cl cH h ch
(23) Po = {p. = (o ,--op )} Zpg =1, 2
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Given meM, let state prices for successors n of m come from the set

5 +
(28) P~ = {(p ), n=m 2p
m n ;
n
s . . . .
Note that Pm is not in the usual form for price sets; we do not require
that state prices for successor states of m sum to one. The reason for
this is that the state prices do not merely fix relative prices for
future consumption in each of the states, but that they also determine
the intra-period rate of interest. To see this, note that it follows

from (14) that the one-period risk-free interest rate at m is I/an - 1.
n

The normalization for state prices assures that this interest rate can
vary; if we were to normalize state prices by summing them to one, the
result would be a risk-free rate of zero.

The next step is to bound consumption, production and input
vectors. We do this by noting that total production in the economy must
be less than

(25) == ¢jm(;z&im + Ej) =Cc=(",...,cH
jm im

Consequently, we may assume that for all m and all i and j,

<
(26) 0 < X o zjm’ yjm < C.

% [

Note that C places an effective bound on "reasonable" borrowing in

the economy. Indicate by D the maximum value of C,

Then no firm j can promise to repay more than D in the last period,
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since otherwise it is surely bankrupt and by (14) the value of its debt

not change. That is, for m = (T-1,A),

Going back one period, we see that in the predecessor £ of m, firm j
cannot reasonably borrow more than 2D, since otherwise it will surely be
bankrupt at m. This establishes a bound for firm borrowing at every m ¢
M. Since we are restricting consumers to be riskless borrowers, a
similar argument will apply to them.

In order to bound security purchases {or short sales) of consumers,

note that

s
(27) -D < £ igm <D

where m is any time-state pair at the last period, and £ is its
predecessor. Thus, effective payments by firms to consumers (in the case
of "long" purchases at £) or payments by consumers in lieu of firms (for
"short” sales at £) are bounded at m. The budget set of consumers may
thus be bounded, as well as the feasible set of firms, and we may not

use a standard argument to establish the existence of equilibrium.

7. The relevance of corporate financial policy

The voluminous literature relating to the Modigli%pi and Miller
(1959) irrelevance proposition has larg;ly dealt with the case where
corporate bankruptcy was specifically excluded. Where bankruptcy has
been included, writers have generally limited themselves to observing
that the value of the firm with complete market pricing is independent

of the firm's debt equity ratio; this is the case for Stiglitz (1969)
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and Fama and Miller (1972). Baron (1976) extended this to the
observation that even without complete market Pricing, the lack of
corner maximization would suffice to make individuals view corporate
value as independent of the debt-equity ratio. All of these
observations were made in 2 one-period framework; equation (22)--which
follows from Proposition 1--is a natural multi-period extension of these
results; as noted, (22) is valid even when there is not complete market
pricing, if we substitute implicit prices.

In this section we establish two theorenms relating to the
"relevance" (or "irrelevance") of Corporate financial policy. The first
theorem shows that ip a multi-period worid, a fipancial equiiibrium may
be non-unique. The non-uniqueness holds even if firms are risky
borrowers; however, it may require individuals to readjust all of their
portfolio holdings. This first theorem extends results of Stiglitz
(1963, 1974) to the case where bankruptcy is possible.

While Theorem 7 shows that financial equilibria are not, in
general, unique, it is a less powerful theorem than it appears. Part of
the power of the original MM results for the case where no bankruptcy is
possible is their simplicity: Any firm may change its debt-equity ratio
by asking its shareholders to make only two changes in their
portfolios--namely in their holdings of the firm's shares and in their
bolding of the riskless security. It is natural to ask‘wﬁether this
res;lt may be extended to the bankruptcy case. Given that a firm makes
some change in its debt-equity ratio, can we give conditions which
guarantee that its shareholders and bondholders have to make only
minimal changes in their portfolios? Theorem § characterizes such

changes in debt-equity ratios; it is evident that--except in a limited
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number of cases--debt-equity is very "relevant" from this point of view:
Only rarely will debt-equity changes of one firm be accompanied by only
minimal changes in individual portfolios. If we consider models of the
kind considered here as approximations to a real world where, for
example, transactions costs are widespread, then Theorem 8 assumes even
greater importance.

e
n

Theorem 7: Let (pn,k

e
0’ r?n} span the space of the successors of m for every

e
,ei)-be an equilibrium, and suppose that the re-

FL

turn vectors {r?

megM. Then the debt-equity ratios of the firms are not unique in the
+ ~

following sense: If kj = (z;,bj), where b, is sufficiently close to b;,

A A ~

then there exists another equilibrium (p,kj,xi) having the following

properties:
ate ~

(i) pcﬂ = pc; P, = P that is, commodity and state prices are

unchanged.
-~ L

(ii) X, = X5 that is, consumers' consumption is unchanged.

Proof:

Without loss in generality we may assume that the return vectors

A

¥ px +
{r?n,r?n} for n = m not only span the successors of m for all meM, but
that these vectors are also independent. A small change in the b; will
not affect this independence. To prove the theorem, consider first

consumption in the last period; letting n = (T,A), we have

where m is the predecessor of n and equality is obtained from the fact

. . . - b
that Ui is increasing. Denoting the new return vectors by {rs.,rj}, we

may find--since the new return vectors are also independent--a portfolio

~ ~

(f. ,b.

) at m such that
im

im
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whe wte ~

focl S
X,
n in

s b b cwe

P =2 f.. r. L. Y.t p_w,
; ijm jn 3 ijm”jn n o im

Next note that the new portfolioc costs the same as the old portfolio,

since
* ~ 5 ~
i P fi5ntin i5m°jn’
- cw W - -
=2y ey =wy)
and
SpCE. v =105 - b, )
n-, ijm"jn i ijm”jn n - in in

n J

Finally, we show that the change in debt-equity ratios has not af-

fected total demand for securities. Let W% =2 f.. and W? =2b
jm . Tijm jm

. ijm
i i J

be total security demand at m (stars or hats will, of course, denote the
demands appropriate to the various debt-equity structures). We wish to
b

show that Wo = W. = 1, First note that
jm ” Tjm

s 3
{28) ; rjnw.

j jm jo'jm 7 "n*in in
eSS P = 5 0% - b, )
. jn jm jnjm T "nTin in
J i
It now follows that W%m = ?m = 1 solves these equations, since
a. W= w =1
Jjm jm

b. for every j, Proposition 1 shows that

b#* g% b 5
r., +r., =r, + r,
jm jm jm jm

A

Furthermore, since the {rjm,r?m} are independent, it follows that

~ A

ws b

in = Yim = 1 is the unique solution to (28). To complete the proof,

.

note that the change in b; may require a change in the portfolio of the
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predecessor of m. Having established that the new portfolio at m costs
the same as the old portfolio, we may now replicate the above argument
tor the predecessor of m, and so on until we reach the initial period.

QED

Note that it is not strictly necessary in the proof of Theorem 7

that the return vectors span the space of successors of m for every meM.

. . s b
It is sufficient that the return vectors {rj ’rjm} span the same space

5% Db*
as the return vectors {r, ,r.
Jm’ jm

m

}. We return to this point in Section 8.
e ot e

We now turn to the second theorem of this section. Let {p ,kj,ei)

be an equilibrium. Then we shall say that the financial policy of firm

ate

Jj is strongly irrelevant at m if a small change in b;m leads to a new

equilibrium in which shareholders of j have at most to change their
holdings of j's bonds, j's shares, and the riskless security.

It has been shown by Stiglitz (1974) that if firm j is a riskless
borrower at m, then the financial policy of j is strongly irrelevant. In
the next theorem we characterize such equilibria.

Theorem 8: Let (p%, k;, e;) be an equilibrium. Then the financial

policy of j at m is strongly irrelevant if and only if (i) or (ii) hold:

(i) f.. =b., for every individual 1i.
ijm ijm
+

(ii) There exist a,B,Y,6,c,f such that for eYemy D = m

s¥ - “b

= + +

rjn o rjn B 1:jn Y

r., =8r; +¢ r? + g

Jo Jjn Jn

Proof:
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Sufficiency: Clearly (i) is sufficient. To see that (ii) is

sufficient, define

ijm ijm ijm
=Bfn.+eb
ijm ijm ijm
b, =yf . +fb.. +b.
iom ijm ijm ilom

.. r? + b, . r? + b, =
ijm™jn ijm jn iom
* "s “b % s b
.. . + R + + .. . + K +
fljm(a r‘]Il Br in Y) bljm(é rJn £ rJn ')
+b, =f£ ST ay Pt
iom ijm jn ijm jn iom

By an argument similar to that used in the proof of Theorem 7 it follows
that the cost of the new portfolio is the same as that of the old and
that equilibrium is preserved. We have thus defined a new portfolio

-~ ~

(£, ,b. ) for each individual i, where
im’ im

I %
) j £ ihm b#j
fibm =
‘6
& fijm B=j
and o
%
. h #3,0
Pihm = ]
h=3j,0




24

From equations (9) and (11) it follows that no further changes in the
portfolio are needed.

Necessity: Assume first that the return vectors at n = m+ span the
state space of the successors of m. TFor the purposes of this part of

the proof only, write r;, h=1,...,J, for the column vector of returns at

__.-v——'""'/

, where A ., ..., A are states at some
successor of m.

Il.j

Then by the assumption that the return vectors span the space of

successors of m, we have

~

s¥ _ s “b s* b*
rj = o rj + B rj +y + i Bh r, * i Ahrh
and
' b¥* “s “b ' g¥ ' b*
r., =0r., ter, + +Z8r, +EMrT
N j j g h h'h b Ah h

~ -~

s¥ b* . . s b
where the T, and T together form an independent set. Since rj + rj =

S* 'b*
r., + rj (see Proposition 1), we may conclude that

i, L 2
g+ 6=1
B+e=1
y+&f=0
t
Bh + Bh =0

e
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Now suppose that

e wle o wta ate
A S 4] " b H a)
.. T, .. r, tbh,
ijm™j ijm™j iom
"~ ~ S ~ ”~ ~
=f. . r +b., r. +h,
ijm™j ijm iom

Then it follows that for all h,

B [ [N

Opfiim = = %Pijm 209 Mfism = MPigm

and this must imply either (i) or (ii) of the original claims of the

theorem, since either fijm = bijm or Gh = B; =0 = hh = A;.
If the return vectors do not span the state space of successors of
n, we may simply take a maximally independent set from among them (as
long as it includes r?,r?, and the vector all whose coordinates are 1;
the latter to represent the return vector of the riskless asset) and add
to this set vectors sufficient to span the space. The same proof then

goes through.

QED

We note two special cases which fit into the conditions listed in
Theorem 8: TFirst, if all consumers choose their portfolios only on the
basis of portfolioc mean and variance, then it may be shown (Mossin
(1966)) that in equilibrium every consumer holds egual proportions of
all risky assets. Thus condition (i) of Theorem 8 is automatically
fulfilled, and the financial policy of every firm is strongly
irrelevant. Second, consider the case where firm j is a riskless
borrower at m. Then a small change in bjm’ say to ;jm = b#m + i will
produce a constant change in returns to shareholders for every successor

state of m. We may thus write
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s*¥ _ s
Tin = Fjn " ¥
b* b
= +
Tin = Tjn T ¥

Again, financial policy is strongly irrelevant.g Thus Theorem 8 covers
previously known cases of strong irrelevance (Hamada (1969) has shown
that the MM propositions hold in a mean-variance framework if firms are
assumed to be riskless borrowers. The theorem thus extends his

results.)

8. Incomplete markets

Suppose that the market gave only commodity prices p;, a vector of

equity prices p; = (Pim""’PEm)’ and a vector of discounted bond prices
b _ b b .
P, = (le""’PJm)’ for every meM. In such a market it may not be

possible to find complete market prices.lo If, at equilibrium, the
returns of the securities at m span the successors of m for every meM,
then a set of complete market prices (equal to the implicit prices of
individuals) may be found; markets are then complete, and Theorems 7 and
8 hold.

In the paragraph following Theorem 7, we have indicated that even
in the absence of spanning, the theorem may be true if the return
vectors obtained as a result of changes in financial policies span the
same space as the original return vectors. The key to this result is
that all individuals will agree on how to price the comﬁ;nations of
returns given by the market. In effect, although individual implicit
prices may not be equal, certain linear combinations of these prices
(corresponding to the linear--incomplete--combinations of returns
offered by the firms) will be equal %or all individu;ls. Individuals
will thus agree about pricing the new return vectors, and again Theorem

7 will hold.'!
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Thus the only difficult case for incomplete markets is where a
change in financial policies produces a change in the set of consumption
possibilities spanned in the market. 1In this case there are two
difficulties: 1. There is no guarantee that individuals will not wish
to change their consumption; indeed, they may be forced to change their
consumption vectors by the change in financial policies. 2. Even if
individuals do not wish to change their consumption, there is no
guarantee that they will agree to price the new financial assets created
in the same way. Each individual--provided no one changed his
consumption pattern from that of the original equilibrium--would be
willing to price firms' debt and equity at his own implicit prices. But
if implicit prices are different and the new consumption set is
different from the old, these individual valuations may not be the same.
In general, then, an incomplete a market equilibrium-'will be unique if:
1. The financial assets do not span the space of successors for some
time-state pair m; and 2. Any change in debt-equity ratios will produce

a new consumption set, different from the old.
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FOOTNOTES

lAs we shall see later in this sectiom, the inclusion in the model
of initial bondholders would lead to one of two outcomes at m = 0O:
Either the firm would not be bankrupt, and a fixed charge would be
subtracted from payments to shareholders, or the firm would be bankrupt
apd bondholders would be the shareholders. Clearly, in the initial
period this would make no difference.

Suppose we were to allow the firm to issue ajm new shares in every

time-state pair m. Assuming that there is originally one share of stock
outstanding in the firm (this one share being fractionally distributed

among consumers). Then the total amount of equity outstanding in the
firm at any meM would be 1 + z ajﬂ' Suppose this equity were fully
£2<m

purchased by shareholders at m, and suppose that for n some successor of
m, the firm issued ajn new shares. Then consumers who had pur-

chased shares at m would now hold only

1+ Z a

Efm it

1+2 a.
£<n J

of the firm's equity, and

Another way of viewing Proposition 2 is as a restatement of the
Modigliani and Miller {(1961) theorem on the irrelevance of dividends. If
the firm does not go bankrupt at m, the dividend paid.go~shareholders is

s
.= Db,
PJm J

In both cases of bankruptcy, the dividend paid to shareholders is zero.

C b
- + +
Pain ™ Zjn) ¥ Pinlin © Ym

But the total payout to shareholders (given by r?m) is invariant to the
dividend decision. - e
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The drawback to such a mechanism is informational: Interconsumer
loans would then have risk characteristics associated with each
borrower, and the informational demands on consumer lenders would be
enormous. Since our purpose is to study the effect of firm bankruptcy,
such an addition would serve little purpose.

5The importance of implicit prices in a two-period model has been
explored by Baron (1978).

6This concept differs somewhat from the standard concept of net
present value which can be found in any basic finance text (see, for
example, Van Horme (1974)). As usually defined, net present value dis-
counts some average return for each period at a rate representative of
the risk of achieving that return, whereas in (22) we are discounting
the return in each time-state pair by its price. A second (albeit very
minor) differnece is that (22) includes an expression for current income

pgyjo, which is usually not included in net present value.

7Hart (1977) has shown that in large economies this is
approximately true.

8Both Hart (1974) and Green (1973) have objected to the Radner
rational expectations model on the ground that it may be unreasonable te
bound borrowing. If consumers have knowledge of how much firm pro-
duction income will be, however, they will also be able to perceive an
upper bound on borrowing which is "reasonable,” in the sense that any
more borrowing would surely bankrupt the firm and that returns to bond-
holders would not be changed. A similar point has been made by Milne
(1977).

gAn exception would be if firm j were a riskless borrower at m, but
where any more borrowing would force it into bankruptcy. In that case,
"the conditions of the theorem hold only for y<O0.

1oAnother difficulty in incomplete markets is establishing a2 firm
objective function. One way out of this problem is to substitute
individual implicit prices into (22), and then have the firm maximize
its average (weighted by shareholdings) implicit wvaluation. In
financial market theory, this approach was first used by Dreze (1974).
For an application to markets with bankruptcy, see Benninga (1979).

L Y
11The argument in this paragraph parallels the “"unanimity"
arguments of Ekern and Wilsom (1974), Leland (1974), and Radner (1974),

with respect to the firm's investment decision.
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