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1. Introduction and Summary

In several recent papers by a colleague and ourselves, we have derived
and empirically tested utility functions for individual households which
were then combined to construct an aggregate demand function for risky assets.]
The main conclusions of this earlier work are: The assumption of constant
proportional risk aversion for households is as a first approximation a fairly
accurate description of the market place. Second, regardless of their wealth
level, the coefficients of proportional risk aversion for households are on
average well in excess of one and probably in excess of two, so that households
are more risk averse than would be implied by a tog utility function. Third,
under the assumption of constant proportional risk aversion, a simple form of
the aggregate equilibrium relationship between the relative demand for risky
assets and the market price of risk (MPR) can be (and has been) developed.

The determination in this earlier work of the aggregate relationship
between the demand for risky assets and the MPR is based on a number of djf-
ferent models ranging from the simplest case where a risk-free asset in nomi-
nal terms exists, the separation theorem is valid, all assets are readily
marketable, and there is no taxation to the more complex case where there is
no risk-free asset, the separation theorem is not applicable, and both non-
marketable assets and taxation exist. However, none of these models explicitly

considers the effect of inflation on the demand for risky assets.

The subsequent analysis, where the variables are defined in nominal terms,
will use the analytical framework and results developed in our previous work to
obtain new results on the effect of inflation on the MPR and on the pricing of
individual risky assets (as specified by the familiar capital asset pricing

model). To summarize our new resylts:



(1) The traditional capital asset pricing model measured in nominal terms (CAPM)
understates the MPR if an uncertain inflation is expected and if there is a posi-
tive covariance between the rate of return on the market and the rate of inflation,
(The reverse is true if an uncertain deflation is expected or if there is a nega-
tive covariance between market return and inflation). (2) The CAPM overstates
the risk of an asset under expectations of uncertain inflation if there is a
positive covariance between the rate of return on the asset and the rate of in-
flation. {3) With inflationary expectations, the CAPM overstates the required
rate of return on a risky asset if the correlation between the rate of return on
a risky asset and the rate of inflation (piw) is greater than the product of the
correlation between the rate of inflation and the rate of return on the market
(pﬁm) and the correlation between the rate of return on the risky asset and the
rate of return on the market (pim), and if all correlations are positive.

That the first and third of these results are not obvious is indicated by
the fact that the only similar earlier analysis of the effect of uncertain in-
flation on the MPR and on the CAPM that we have seen arrives at quite different
and, as we shall show, incorrect conclusions. That analysis by Chen and Boness2
is less general than ours (using a specific utility function, namely quadra~
tie, employing an approximation for the rate of inflation which at least
theoretically could affect the results significantly, and assuming all assets
to be marketable}, but even so we shall show that properly interpreted it would
lead to the same qualitative conclusjons as those derived in this paper. These
new results may provide at least a partial explanation of two puzzling empir~
ical findings in the literature on capital asset pricing: the higher estimates
of the MPR which have been obtained from the bond than the stock market; and
the absence of a linear relationship (predicted by the traditional CAPM) among
the nominal risk-free rate, the rate of return on bonds, and the rate of re-

turn on stocks.
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In Part 2 of the paper we shall develop the theoretical effect of uncer-

tain inflation on the MPR and the CAPM when all assets are marketable. Part
3 will expand the analysis to include nonmarketable as well as marketable
assets. Finally in Part 4, we shall discuss the theoretical implications

of our findings, explain the reasons for the different conclusions reached by
Chen and Boness, and incorporate some empirical results into our theoretical

framework.



2. Theoretical Analysis: All Assets are Marketable

The analysis in this paper is based on a continuous time model of
capital asset pricing which assumes an infinitesimal planning horizon and
no finite changes in value in an infinitesimal period. We derive here the
effects of uncertain inflation on the demand for risky assets, i.e. on the
MPR, the CAPM and the equilibrium demand relation for risky assets. In this
part, following the traditional CAPM we assume that all assets are marketable
(perfectly liquid). We distinguish between a risk-free asset (in nominal
terms) and n risky assets. We also assume homogeneous expectations for all
investors,

. . . L
First, assume that the random nominal rate of return on the i h asset,

s is generated by a continuous Gaussian (Wiener) process such a53

ridt = E(ri)dt + aidzi = E(ri)dt + ciyiJaf (1)

In this equation ri,E(ri), and o, are the instantaneous rate of return,

its expected value and its standard deviation respectively; dz = y/dt,

where z is a stochastic process with independent movements; and y is a
purely random process, that is Ye and Yirg A€ identically and independently
distributed, and by construction E{y) = 0 and E(yz) = 1; dt is an infini-
testimal period of time. In a similar way we assume that the random rate

of inflation, ro is generated by a Guassian process.

rodt = E(rw)dt + cwyﬂ/ﬁf (2)

The real wealth dynamics for the kth investor may be written in a sto-

chastic differential equation form.5

RPNV PUL L it 3)
’ ’ 1+r_dt 1] T+ dt

where wkt is the wealth of the k'th investor at a point of time t; e is the

nominal risk-free rate of return; ajk the proportion of wealth invested in
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the jth asset by the kth investor; and the budget constraint is

Eajk + ufk =

Substituting (1) and (2) into (3) and differentiating the expected utility of

final real wealth, W , with respect to Gr s We derive the first order

k,t+dt
condition for a maximum _
E(r.- ro)dt + o.y.vdt
3 'F (I | | _ - (5)
E u'(wk +d )wk . =0 i 1,...,n
srrette U+ e dt
o attu T THlEL Y LS IS U Ul uel \dL) yreilds

L - - + H. Te= =
U E[(ri re oiﬂ)dt] U wk,tE[ Giwdt+?ajkcijdt] 0 (8)
where Oip = 9;0,Y,Y, and o = Giojyiyj are covariance terms from (1) and (2),

Defining the Arrow-Pratt measure of relative risk aversion

H
u (wk,t
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K, t

k,t)



Substituting and rearranging (8) we obtain

= 4] -
<, ?ajk i Otn (9)

E(ri)-rf_gi?r

Aggregating over investors, weighted by their wealth relative Yk’ an

equilibrium relation for the ith asset is derived:
Oy
Elry)-rgmop, = ¢ i?quijij T 0| T oy T o (10)
—_ 1 [ 1

where m is the market portfolio (containing all risky assets weighted by

their relative market value); o = i?Ykajk is the ratio of risky to total value

of all assets, The term in the braikets and g, are terms unique to each

asset; the second term of = G[EYk/C;]_], a weighted harmonic mean times o, is

a factor common to all assets and equal to the MPR. This can be seen by ag-
a.

gregating (10) over all assets weighted by Xim = al-, where o is the ratio of

the ith risky asset to the total value of risky assets, obtaining

E(r )-reo
mm
o = —-2 ~ (11)
2 m
O’ -~ ——
m o1

When the utility function of each investor is characterized by constant pro-
portional risk aversion as indicated by our earlier work, C becomes a simple

harmonic mean of the individual ck's and does not change over time unless the
ck's change.
Substituting (11) into (10) we obtain the capital asset pricing model ad-

Jjusted for inflation, in a similar form to the original CAPM,6
E(rm)_rf_cmﬁ Uiﬂ
- ! — —
E(rl) rf+ Tin * g Fim V) ) (12)
02 _o_mw
m a

—

Adjusting for personal income taxes, and assuming for simplicity that - and re



of investors are subject to the same tax rates, we obtain the CAPM adjusted

for the effect of taxation as well as uncertain inflation

E(rm)_rf—dmw Oiw (12a)
E(r,) = rgt oot o Oim ™ 500 8
2 mi

“m " a(1-t)

7

where t is a weighted average tax rate.’ The expression in the brackets on

the RHS of (12) and (12a) is the market price of risk adjusted for uncertain
inflation, a factor common to all risky assets. The term in the parentheses
on the RHS of the equations and Ui“ are the terms which are unique tc each

asset.8 The comparable expression for the traditional CAPM is

)
E(r) = v+ | —2 ] (5 ) (13)

The major differences between {12) and (13) are first in the covariance terms
with rate of inflation which appear both in the market price of risk and in
the measure of the asset's risk, and second in the separate o term which
would differentiate the two equations even If Tnvestors were risk neutral.

These terms show the effects of uncertain inflation on the pricing of capi-

9

tal assets.



3. Theoretical Analysis: Nonmarketable Assets

In this part we extend our model to include nonmarketable assets, speci-
n

fically human capital, as well as marketable assets, 1t is assumed that

i imi urn on
the rate of return on human capital, similar to the rates of ret

g f c .

th :.vestor's human capital is of the form

: (14)
dt = Ef{r Ydt + o, ¥ /dt
h kh K - fqliﬁlh.uu ur Tne investor's total

The return dynamic for the k

"k

wealth invested in human capital, which is assumed to be exogenously given
because it is largely independent of the investor's decisions; and ujk

redefined as the proportion of the jth marketable asset in the marketable
wealth of the kth investor. As in Part 2, differentiating E[U(wk t+dt)]

with respect to a yields the first order conditions for a maximum,

(E(ri-rf)dt+oiyi/a€7

W \ & =0 i=1 n (16)
+ s e n s
,t+dt’ Tk, t r_dt J\

I
E|uU (wk

Expanding the marginal utility function in a Taylor series, taking expecta-
tions and eliminating higher order terms vields

-r. - = - - 17,
Er)org o= e [(oh)Ra o s oy - oy ] (17)

where Gi,kh = cov(ri’rkh).

Aggregating (17) over investors, we obtain the equilibrium relation

for the ith asset

h -1
E(ri)“rf - Gi'ﬁ'= O!.C[(f-h)dim + E.O‘Ih o gi'ﬁ] . (18)



Now aggregating (18) over all assets we can derive explicitly the market
price of risk under the extended definition of wealth and adjusted for unr
certain inflation:

E(r)m—rf-cm“

2 h m
- + — - L
(1 h)Um o Umh o

where h is the proportion of aggregate human capital to total wealth, L is

the aggregate return on human capital, and Omh = cov(rm rh). Substituting
th

(19} into (18) and allowing for taxes, the equilibrium relation for the |

asset in a form similar to the traditional CAPM becomes
E{r) -r_.-o g.

E{r.) = r .+ 0. + m_f (1-h)o. + Mg - 7 (20)

i fooim 3 h o im o ih a(1-t)

(l-h)om + =g =

mh L (1-t)

As in Part 2, the return differential on a risky asset E(ri-rf) is determined
by the market price of risk, the first term in brackets common to all assets,
by the systematic risk of the asset, the second term in brackets,and by an in-

flation adjustment factor (Giﬂ). The additional effects here are those in-

volving human capital, i.e. %h and Uih.]1 It is interesting to note that

E(ri) does not depend upon the covariability of r. and -
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L. Implications of Findings

The analysis in Parts 2 and 3 shows that the traditional capital asset
pricing model (CAPM) understates the market price of risk {(MPR) if an un-
certain inflation is expected and if there is a positive correlation between
the rate of return on the market and the rate of inflation, i.e. pmﬁ> 0.

Thus, in the simplest case where it is assumed that a risk-free asset in

nominal terms exists, all assets are readily marketable and there is no tax-

E(r -r.)
ation, the MPR is changed from MPR1 = ———miu——- under the traditional CAPM
E(rm-rf)-cmﬂ “m
to MPR2 = 5 under inflationary expectations, where it will be
2 m
gt -
m o

recallted - is the covariance between the rate of return on the market and
ro the rate of inflation, and o is the ratio of risky to total assets. Then,
MPR2 > MPR1 since E(rm—rf) is known to be In excess of Gi {i.e., MPRI > 1)
and since o < 1, Relaxing the simplifying assumptions does not change the
qualitative relationship between MPR1 and MPRZ.

Again using the simplest case for convenience, it is easily seen that
the traditional CAPM overstates the risk of the ith asset if uncertain in-
flation is expected and if Pig > 0. Thus, the asset's risk under the tradi-
tional CAPM, which is measured by Gy is transformed into Oim ™ ;iﬁ. under
inflationary expectations,

The required rate of return on a risky asset under these assumptions is
the sum of the risk-free rate, the covariance of the return between the re-
turn on the risky asset and the rate of inflation, and the product of the
asset's risk and the MPR. Substitution of the above expressions for the MPR
and the asset's risk into Equations (12) and (13) shows that the relation-

ship between the required rates of return without and with inflationary ex-

pectations (E](ri) and Ez(ri) respectively) depends on the values of the
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correlations between the rate of return on a risky asset and the rate of in-
flation (piﬂ), between the rate of return on the risky asset and the rate of
return on the market (pim)’ and between the rate of inflation and the rate

of return on the market (pmﬂ). Specifically if all p's are positive, and if

g
2 mm . >
MPR] > o and o = both of which are known to be true, E](ri) z—Ez(ri)
. >
depending on whether Pi < PinPrme

Of these results, the first relating to the effect of inflation on the
MPR, and {as a result) the third relating to the effect on the required rate
of return on a risky asset, may appear surprising. Indeed as will be shown
below they have led to some confusion in the literature. it may be useful
therefore to clarify the meaning of the first finding that, under inflationary
expectations and a positive covariation between market return and inflation,
MPR1 < MPRz. This finding simply means that under the indicated circumstances
the traditional measure of the MPR understates its true value. It does not
mean that the MPR is raised by inflation so long as the covariation between
market return and inflation is positive, since the nominal values appearing
in MPR1 without inflation are not the same as those in MPR2 with inflation,

Two other implications of our analysis are of some interest. First, under
equilibrium conditions, the results in Equations (11) and (12) imply that if
investors are risk neutral (so that =0),the expected rate of return on a
risky asset (E(ri)) is not equal to the risk-free return (rf) but to the
risk-free return plus the covariance (Giﬂ) between the return on the risky
asset and the rate of inflation. Second, for a log utitity function (where
C=1) the expected rate of return on a risky asset is independent of the co-
variance between the return on that asset and the rate of inflation.

As contrasted with the conclusions reached above, Chen and Boness (131)

?

assuming a quadratic utility function, have drawn conclusions from their
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infla-

| i uncertain
analysis of the expected rate of return on 2 risky asset under

i ous to those
tion which are quite different even though their results are analog

q B i ]

oT the approximation procedures they follow, they lose two terms in Equation
(12) (the 0., In the second term on the right-hand side of the equation and
the O in the numerator of the market price of risk) but properly interpreted
their findings would lead to the same qualitative conclusions as ours. How-
ever, their interpretation of their results is incorrect. They state that
"the traditional capital asset pricing model overstates the market price of
risk if an uncertain inflation is expected; and it understates the market
price of risk if an uncertain deflation is expected" {(p. 474). As indicated in
Equation (11), the reverse is true in theory (disregarding the terms they omit).
The reason for the incorrect conclusion by Chen and Boness is that they
assume in maximizing expected utility of terminal wealth that the coefficients
of their quadratic utility function are the same regardless of whether wealth
is measured in real or nominal tgrms. Thus, in their utility function with
real wealth as the argument, UY(gk) = ?k - Ck;kz where Y is real wealth. They
then assume that, under the traditional version of the capital asset pricing
model which has not explicitly taken account of uncertain inflation,

U (Zk) = Zk - Ckaz where Z is nominal wealth. They state that the market

MPRY = [T T ZEk(Yk)] with allowance for inflation and
kk k k
1 - -1
MPR, = [Z 52— - ZE (Z )1 without such an allowance, thus concluding that
z 2C k*“k
k "7k k
MPRZ > MPRY with positive inflation since then Zk > Yk' In fact,
SN L322 Ty LTz L )
UZ(Zk) = Zk Cka rﬂY CkrTT Y™, and it is no longer possible to draw

their conclusion which is based on the assumed identity of the nominal and

real wealth coefficients in U,(Y

v and UZ(Zk).

K

't is interesting to note that in commenting on these results, Hendershott
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(171), p. 506) similarly (and incorrectly) concludes that with a positive co-
variation between rates of return on risky assets and the rate of inflation
"the traditional capital-asset pricing model that ignores uncertainty regard-
ing inflation.,.overstates the market price of risk when (uncertain) inflation
is expected and understates the price if deflation is expected. These are
interesting and important results."

To conclude our analysis of the effect of inflation on the demand for
risky assets, the magnitude of the difference between the true MPR in the
presence of uncertain inflation and the MPR as usually measured will depend
largely on Om? with the rate of return on the market (rm) customarily
measured from returns on New York Stock Exchange stocks; The magnitude of the
difference between the true required or expected rate of return on an indivi-

dual risky asset and the rate as measured by the CAPM will depend as well on
Oyt
According to competitive economic theory, with rising prices the corre-
lation over time between E(rﬂ) and both E(rm) and E(ri) generally should be
strongly positive and, unless o is negligible,]2 the value of S and T
would be expected to be substantially greater than zero. In fact, the corre-
lation between actual annual or quarterly rates of inflation and actual con-
temporaneous returns on New York Stock Exchange stocks as a whole for any
extensive period tested back to the latter part of the 19th Century is either
statistically insignificantly different from zero or more commonly slightly

(though significantly) negative.]3

As a result, the o term in Equations (11) and (12) is negligible

T
in retation to the 0; term (and even more so in relation to E(ﬁ“— rf)) S0

that the usual measure of the MPR s virtually unaffected by inﬂation.‘HF

it should be noted that this result largely reflects the effect on stock re-
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turns of unanticipated changes in the inflation rate, and that inflation may
be better anticipated in the future.

The fact that the usual measure of the MPR would not be appreciably af-
fected by an adjustment for inflagion does not mean that the market price
of risk estimated from other risky assets such as bonds (or, preferably,
from all marketable risky assets combined) would be similarly unaffected.
Since o measured from bond returns is much smaller than the corresponding
oi measure from stock returns (Friend and Blume [6]) while Py, May be sub-
stantially negative for bonds unlike the virtual absence of any correlation

15

for stocks, an adjustment for inflation may greatly affect the MPR estimated
from bond returns. This may help to.explain at least in part the higher
estimates of the MPR which have been obtained from the bond than from the
stock market,

Thus, estimating the MPR from corporate bond data for 1902 to 1971,
without any adjustment for inflation, points to a figure of 2.48 as com-
pared to 1.70 obtained from the data for st:ocks..]6 The MPR estimate from
the stock returns would be virtually unaffected by an adjustment for infla-
tion while that from bonds would be reduced substantially. The revised
MPR estimates are 1.66 for stocks and 2.07 for bonds.

The above results may also help to explain the fact that if a tradj-
tional CAPM is tested by relating empirical {cross-section) data on the risk-
free rate, rates of return on bonds and rates of return on stocks to the
asset's non-diversifiable risk, the relationship is not linear as it is for
stocks alone (Blume and Friend [2}). The risk-free rate and the returns on
bonds are generally significantly below the level which would be impiied
by the linear relationship (both observed and predicted by the CAPM) between

return and risk for stocks. While the MPR--the factor in brackets in Equa-
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tions (12) and (12a)--might not be affected appreciably by inflation if r

were measured, as it shouid be, from the entire portfolio of marketable risky

17

assets, the observed non~linearity in the traditional fitting of the CAPM
to all classes of securities might reflect a positive correlation between
o, and o, in the CAPM corrected for inflation (Eq, (12) or (12a)). Thus,
in the presence of inflation the usual beta measure may be an understate-
ment of risk for low beta assets and an overstatement of risk for other as-
sets, helping to explain at least part of the observed non~linearity in the

18

relationship between return and non-diversifiable risk.
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"Richard K. Mellon Professor of Finance and Economics, Assistant Profes-
sor of Finance, and Ph.D. student in Finance, University of Pennsylvania,

]Friend [51; Friend and Blume [6]; and Landskroner [8]. All these
papers assume homogeneous expectations. An extension to the case of
heterogeneous expectations appears in Blume and Friend [2].

2Chen and Boness [3]. Hendershott [7] in that same issue of the
Journal (p. 506) agrees with the Chen-Boness conclusions. Roll [14] alse
explores the effect of inflation on the CAPM, but 1ike Chen and Boness uses
a quadratic utility function and further makes the restrictive assumption
that a riskless asset in real terms exists. Long [10] has studied the ef-
fect of inflation on capital asset prices in a multi-period framework.
Fischer [4] derives the demand for index bonds under uncertain inflaticn,
using a continuous time model.

3For a discussion and previous economic application of the Wiener process
see Merton [12] and Ross [15]. It should be noted that the use of Itd's
lemma (see Merton) would allow for a somewhat more sophisticated derivation
of the results given below.

The rate of inflation rﬂdt =-§E where p Is the general price level.

5Equation (3) is obtained from the definition

Mt dr = Yt [] topRedt + 1 “ijjdt_'

where Rj is the real rate of return on asset Jy i.e.
o)

j +
J 1 r'Tr

R

6An alternative form of the CAPM adjusted for inflatjon is

E(r ) - r_"0_~
_ m f mm _
E(ri) = o+ Sin + > (uoim Giﬁ).
ag - o

mir

Here the definitions of the MPR and the systematic risk of the individual asset
are slightly changed. This, however, would not affect our results in compari-
son to the original CAPM,

-1 -1
= [ZY /(1-t is a weighted harmonic mean of investor tax rates

H = ) ‘
t, . With are ative%y small effective tax rate € My = (1*t), where t is
the weighted average personal tax rate., Thus,

- _1 _]
2 .
H, [ka(]+tk+tk + 1‘ ~ [EYk(Htk)]

(1)1 = (1-1).

i
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8The CAPM in the absence of a risk-free asset, i.e. where a zero
beta portfolio replaces the risk-free asset, seems of quite limited economic
usefulness once inflation is explicitly allowed for.

9A third equilibrium relation, the demand for risky assets by the kth
investor, can be obtained by aggregating (9) over all assets and adjusting
for income taxes

i E(rm)' T¢ 7 Y {L)+ o
ak(I-tk) - 2 \Ck 02
c
m m

where t is a personal income tax rate assumed to be applicable to - and
Fe The results of the explicit consideration of uncertain inflation here

are the additional terms on the RHS, which again involve the covariance
of the inflation rate S

1OA first step in this direction was provided by Mayers [11] who derives
the CAPM inclusive of nonmarketable assets.

]]Aggregating (17) over all assets, adjusting for taxes we obtain the
equilibrium demand retation

_E(r)m~rf—cmw 1 hk(T_tk) Ukh,m O
o (1-t) = —Fmn Ly - +
(i-hk)gmk,m k (1—hk) Gmk,m (]_hk)gmk,m
where o =covir_ . r ), r is the rate of return on the kth investor's
mk ,m mk ' m mk

portfolio of marketable assets. This expression is substituted for 02

in the equation in footnote 9, since when nonmarketable assets are iwcluded
the separation theorem will no longer hold, i.e. investors will not be ex-
pected to hold the same portfolio of risky marketable assets. See Mayers [11]
and Landskroner [8].

¥
=

o is known to be substantial. See Friend and Blume [5].

13, . .
Lintner [3]; Oudet [13]. This does not mean of course that invest-
ment in stocks has not proved superior to investment in bonds as a hedge
against inflation.

T‘!*Unpublished work by Blume and Friend suggest that when past as well
as current rates of inflation are allowed for, the overall correlation be-
tween inflation and return on stocks becomes positive, though weakly so, and
stock risk inthe longer run is somewhat reduced by inflation.

]5The correlation between quarterly rates of inflation and the con-
temporaneous returns on outstanding bonds has been ~0.70 for the USA in
the period after World War I1I.
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]6These estimates are based on the annual data for stocks and bonds sum-

marized in Tables 6 and 7 of Friend and Blume [5], a covariance of -.0009 be-
tween the rate of inflation and return on bonds in the 1902-1971 period, a
covariance of -.0017 between inflation and return on stocks, and an estimated

o of 0.9 and (1-t) of 0.9 in Equation (12a). The MPR from corporate bend data
without an adjustment for inflation is estimated by deriving the risk differ-
ential on the market (E(r )-r ) from the CAPM where the yield to maturity on
bonds is E{r.) and B, on bonds is estimated by regressing bond returns (F;) on
stock market returns,  Thus the MPR without adjustment for inflation is esti-

E(r.)-rf )
mated as ————uo>0 where 0. = 8_ ¢° | With adjustment for inflation, the
Gim Im Im m
E(ri)-rf -0,

MPR from bond data is estimated as

i
im ai]-ti

1 . . . . . .

7Thl5 assumption seems plausible since g is probably quite close to
zero, and small when compared to E(rm- re) and™" o2, The sign of p is not
clear., Thus, Ponr estimated from stocks is normally slightly negative; for

bonds it is more substantially negative; and for houses it is probably moder-
ately positive,

It is planned to estimate o and Oim for stocks only, over various
time periods, so that we can test how much of the observed non~linearity in

the relationship between return and non-diversifiable risk is explained by
our modified CAPM,
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