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Introduction

A striking characteristic of recent research on capital asset pricing
is the paucity of empirical work on the determinants of the market price of
risk] in contrast to the abundance of work on the interrelationships of the
risk prem}ums among different risky assets. The market price of risk will
in part depend on the utility functions of individual investors and, except for
a special class of functions, on the distribution of wealth among investors.
The relationship between utility functions and wealth of all
investors is obviously basic to constructing an aggregate demand function
for risky assets. However, there are a multiplicity of other important potential
uses, including the derivation of the form of household consumption or
saving functions, measurement of the impact of different government,
fiscal or insurance measures on economic welfare, and assessment of the
problems in extending single-period financial and economic investment
decisions to a multi-period world.
Until recently, most interested economists have seemed to
believe that utility functions of individuals were characterized either by
constant or decreasing absolute risk aversion and by increasing proportional
risk aversion (Section | ). The measure of proportional risk aversion used
in this paper is the same as the elasticity of the marginal utility of wealth.
In recent years, this traditional view of increasing proportional risk aver-
sion has been vigorously questioned by advocates of the log utility function

which, while stil} maintaining decreasing absolute risk aversion, implies
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that proportional risk aversion is constant rather than increasing.
This paper will, for the first time, systematically exploit cross-

sectional data on household asset holdings to assess the nature of households'

utitity functions. The data used are detailed information on assets,

income, and other socio-economic-demographic characteristics for a large
sample of households,

ﬁriér‘to analyzing the survey data, the paper will adapt and extend
existing theory to obtain the relationships between the composition of
household wealth (both human and non-human) and their utility functions.
These relationships are suitable for statistical analyses at both the
micro and macro levels (Section 1l ). Part of the empirical work is
based upon these survey data (Section }i1 Other work analyzes ex post
and ex ante market returns since the latter part of the 19th centdry to
estimate the market price of risk (Section IV  The last part of the
paper synthesizes the analyses of the household and market data (Section
Vi),
Our main conclusions are: First, regardless of their wealth
level, the coefficients of proportional risk aversion for households
are on average well in excess of one and probably in excess of two.
Thus, investors require a substantially larger premium to hold equities
or other risky assets than they would if their attitudes toward risk were
described by logarithmic utility functfcns. | Ceme e
Second, the paper concludes that the assumption of constant proporticnal risk
aversion for households is as a first approximation a fairly accurate description

of the market place. These first two findings imply that the utility function of a



representative investor is quite different from those which have often
been assumed in the literature. However, it should be pointed out that
our conclusion of constant proportional risk aversion follows from our
treatment of investment in housing. Other plausible treatments would
imply either moderately increasing or moderately decreasing propor-
tional risk aversion.

Third, under tenable assumptions, including that of constant
proportional risk aversion, we develop a simple form of the aggregate
equilibrium relationship between the relative demand for risky assets
and the market price of risk. To determine the actual values of the
required rate of return on risky assets, the market price of risk,and
the relative value of risky assets would of course entail the
specification of supply conditions. For a constant physical supply
of both risky and non-risky assets, the relationship developed in this
paper indicates how the required rate of returm on risky assets as a

whole is determined.

Il. Earlier Studies

Economists have generally been convinced that the market utility func-
tion has risk aversion properties somewhere between a negative exponential
utility function, with constant absolute risk aversion and increasing rela-
tive risk aversion, and a constant elasticity utility function, with de-
creasing absolute risk aversion but with constant proportional risk aversion.
The authority generally cited for asserting these bounds for the utitity
function is Kenneth Arrow.2

While no one is likely to argue with the plausibility of decreasing ab-

solute risk aversion, the widely-held assumption of increasing {or at most

constant) relative risk aversion is open to question. At the theoretical



level, the denial of the tenability of decreasing relative risk aversion is
based on the assumed implausibility of a utility function which is unbounded
either from above or from be]ow.3 However, arguments based upon such bounding
conditions may be economically empty. The ultimate justification for

such an assumption must rest on the empirical data. The only direct evidence
we know of that has been cited to support the assumption of increasing or
constant relative risk aversion are the studies which conclude that either
the income elasticity or the wealth elasticity of demand for cash balances
{usually money narrowly or broadly defined) is at least one.“ ¢f this evi-
dence, only the wealth elasticity is at all relevant. Moreover, in view of
the existence of liabilities or negative assets in investors' balance sheets,
it is more appropriate to relate the total of risky assets, rather than the
customary cash balances, to net worth, but this does not appear to have been
done in the relevant literature.

The available cross-section studies based on household surveys cf assets
and liabilities seem to point to a wealth elasticity of liquid assets of well
below, or close to, one if all tangible assets including consumer durables
are Included in wealth and lower figures if tangible assets are exc]uded.5
The aggregate time-series data reflecting changes in supply and demand con-
ditions, including those arising from changes in wealth distribution among
different groups in the population, appear to be much less pertinent than
the cross-section information.

In recent years, the major challenge to the widely held assumption of
a market utility function characterized by increasing relative risk aversion
has been posed by proponents of the log utility function which implies con-
stant relative risk aversion (again associated with decreasing absolute risk

aversion). The log utility function has been justified in this literature



mainly on grounds of the reasonableness of the implicit growth maximization
criterion as contrasted with the alleged unreascnableness of mean-variance
efficient portfolios.7

More recently, a new set of empirical tests of the implications of the
growth-optimum and mean-variance models found that the former performs well
in comparison with the latter ''but the test results are clouded by the close
operational similarity of the two models.”8 Stil) another set of empirical
tests obtained from experimental games suggested that a fog utility function
might characterize individuals with wealth in excess of $200,000,but below

that level increasing relative (and decreasing absolute) risk aversion was

exhibited.

It1. Theoretical Background for the Empirical Analysis

The literature has shown under various conditions that in equilibrium
the market price of risk--the ratio of the expected risk premium on risky as-
sets to the variance of return on those assets--equals the market value of all
risky assets times a function of each individual's measure of absolute risk
aversion, More precisely, this relationship can be developed for discrete
planning periods by assuming either that investors' utility functions are
quadratic or that their utility functions are exponential or logarithmic and
end-of-period wealth is normally distributed.]0 This relationship takes
the form

E(rm -r
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where e is the return on the market portfolio of all risky assets, re is

the return on the risk-free asset, Rk is Pratt's measure of absolute risk



‘aversion for the kth investor, and Vmo is the market value of all risky as-
sets at the beginning of the planning period. Stephen A, Ross has obtained
a similar expression by assuming an infinitesimal planning horizon and no
finite changes in value of any asset in an infinitesimal period.ll

Although the various developments of (1) assumed that the net supply of
the risk-free asset was zero, they can easily be generalized to the sjtuation
in which this asset has a positive net supply. For mathematical convenience,
this generalization will be based upon an infinitesmal horizon model and will
make the same assumptions as those made by Ross. Besides the assumption about the
distribution of returns mentioned above, perhaps the most critical assumptions
include homogeneity of expectations and a frictionless capital market. In a
frictionless capital market, all financial assets--both risk-free and risky--
are infinitely divisible, can be traded with no transaction costs, and can
be sold short with the proceeds available to purchase another asset.

In parallel with Ross's development, the wealth conservation equation

for the kth investor, assuming no taxes, would be12

(2) wk,t+dt =W, 11+ [re + akE(rm - rf)]dt + akcmy(t)/a?}

where o is the proportion of the net worth of investor k placed in the port-
folio of risky assets, C is the standard deviation of the returns on the
portfolio of risky assets, and y(t) Is a standardized normal random variate. !>
By expanding U(wk,t+dt) about wkt, taking expected values and dropping terms

involving dt to the power of 2 or more, one obtains

(3) ELUMW, fpge)] = 004 ) + Ut (W MWy Lre + o E(r - ro)ldt
LI 2 22
+ 2 u (wkt)wktakomdt'

To determine the optimal value of e the derivative of E[U] is set to zero:



= 0.
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Recalling that Pratt's measure of relative risk aversian, Ck’ is defined as

1

kt)], (4) can be rewritten as 15

Wi 20 W, )70 (w

E(rm - rf) ]

(5) G = ———— .
3 02 Ck
m

In the absence of taxes, {5) could be used to estimate the coefficient
of relative risk aversion for investor k given estimates of e and the mar-
ket price of risk. However, if returns from both risky and risk-free assets
are taxed at the same rates in any tax bracket16 and if t, is the average
rate of tax for investor k, equation {2) could be modified to incorporate
the tax effect. Repeating the logic underlying (2} through (5) would yield

the tax adjusted relationship:

E(r - r,.)
(6) a = m f . ]
k "rﬁ - tk)Ck

Since - and F'¢ are measured before personal taxes, the assumption of homo-
geneous expectations assures that if (] - tk)ak is constant over all investors,
Ck will aiso be constant. This observation will be used in the next section
in conjunction with cross-sectional survey data to assess how Ck varies with
net worth.

So far, it has been explicitly assumed that all assets are liquid in
that they can be purchased or sold at no cost in any quantity. This assump-
tion is clearly unrealistic for human wealth. David Mayers has shown in a
mean-variance world of finite horizons how this assumption can be relaxed to
allow for the non-marketability of human wealth. His insight
can be readily applied to the continuous case. To do this, redefine Fo. as

the return on the portfoliq of 1iquid risky assets and &, as the proportion



of investor k's liquid net worth {total! ne: worth less human wealth)
placed in the portfolio of liquid risky assets. Further, define the new
terms: hk as the ratio of the value of tre human wealth of the kth
investor to his net worth and Fpp @s the rate of return on the kth

investor's human wealth.

Under these definitions, the wealth censervation equation adjusted for

taxes, tk’ again assumed the same for ali types of income, would be

-
»
(7) Wi, tde = M1 (=t T = ) g + o (e = r )]+ h E(r,, ) }dt

- _ 222 22 _ 2 ]
+ (1 tk)[(l hk) a0+ hkohk + Zakhk(l hk)Cov(rm,rhk)} y (t)vdt

The covariance term allows for the presence of dependencies between the re-
turns on liquid and human wealth. That beth the variance of human wealth

and the covariances are subscripted by k means that these statistics can vary
from one individual to another. Repeating the logic underlying (2) through
(5) would yield

h
K 5
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where Bhk,m is the ratio of Cov(rm,rhk) to O Thus, Bhk,m can be interpreted
as the slope coefficient of the regression of Fhk ©N P It is interesting
to note that the ratio of @, does not depend upon E(rhk) but only upon the
17
dependence between ro and Chk

Equations (%) and (8) are micro~functions for the individual investor
and are not the same kinds of relationships as (1), which is a equili-
brium condition for the market as a whole--a macro-economic concept. Such

macro*re!ationships can be developed from these micro-functions by forming

a weighted average of the ak's over all investors, the weights defined as

the ratio of the investor's liguid wealth tc the total liquid wealth in the
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market. |f i equals this proportion, if o is defired as the ratic of
liquid risky assets to all liguid assets, and if zl1 assets are liquid, the

micro-relationship {6) would imply

E(r - r,) Y
f k
(9) Iya =as= i ) - .
L7k an] 0 tk)t:k

Relation (9), which is easily solved for the market price of risk, differs
from (1) mainly in that it takes into account taxes, allows the net supply
of the risk-free asset to be positive, and is expressed in terms of relative
rather than absolute risk aversion,

tf one includes human wealth and further assumes that this wealth is
illiquid, a similar macro-relationship to (9) can be derived by averaging
the a 's given by (8). The resulting average is

E(r_ - r.) Y h

(10 ye mas—0 tk)(’}‘ ) T T Sk

c k
m

The macro-relationship {10), again easily solved for the market price of
risk, is quite different from (1) and (9) in that it takes explicit account
of the non-marketability of human wealth.

It should be noted that equations (9} and (10), and the simplifications
of these equations presented subsequently, represent aggregate equilibrium
relationships between the relative demand for risky assets and the market
price of risk. The market priée of risk at the macro level is not given, as
it may be at the micro level, but is determined jointly with the aggregate
ratio (a) of liquid risky assets to all liquid assets. For example, assuming
a constant physical supply of both risky and non-risky assets, o is determined

by E(rm) and Fe- Equations (9) and (10) indicate how E(rm)
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and o are related to C, the distribution of wealth (Yk), tax rates
(tk)’ oi and rf.]8

If an investor's coefficient of relative risk aversion is assumed
independent of Yk and what almost follows immediately that this coefficient
is also Independent of his average tax rate, (9) can be vastly simplified.
This assumption of constant proportional risk aversion on the average
is considerably more general than the assumption that all investors have
the same value for Ck in that Ck can be a function of characteristics of

investors which are independent of Yi and t, -

Specifically, let it be assumed that Ck is given by

L1
(11) E—-'—-C'FE

K ck
where €k is a mean-zero disturbance independent of Y and tk' The symbol
¢ defined by {11) can be interpreted as the harmonic mean of Ck. Let us
first simplify (@) by substituting (11) into it to obtain

E(r_ - rg) Y YKk
(12) a=__’"__i_[]_); k43 °<

o K -t
m

The application of expected value operators to (12) causes the second sum-
mation in the brackets to go to zero. Since the sum of the yk's is one, the
reciprocal of the first summation might be termed the weighted harmonic mean

of (1 -tk). Designating this mean as 1 - t and solving for the market price of

risk, (12) takes the simplified form

(13) —0 T =ac(l - t)
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If in addition to the assumption of constant proportional risk aversion

on the average, it can further be assumed that Bhk m and . @re independent
b

of the level of human wealth of the kth individual, (10) can likewise be vastly
simplified. To do this, note first that the terms d, (Ykhk)/(] - hk) and

Tk/(l - hk) can be rewritten as R/L, Hk/L and Wk/L respectively where H, is

the value of the kth investor's human wealth, wk his net worth, R the total

value of all risky liquid assets, and L the total value of all ligquid assets.

With these identities, the simplification of (10) proceeds by substituting

(11) into (10), taking expected values, substituting these identities, and

solving for the market price of risk. The resulting expression is

E(r_ - r.)
m ff R H
(14) ‘—"—02—— [W* + ma "‘;,':.:]C
m

where W* is & wk/(l - tk) or a tax adjusted sum of all wealth and By 15
defined as E(Bhk,mek)’ assumed the same for all investors.19

a These simple equilibrium expressions are valid if investor's utility
functions are characterized by constant proportional risk aversion on the
average as specified in (11). If valid, (13) and (14) would seem to offer
tractable ways to estimate C from time-series data.20 They also provide
extremely simple forms of the aggregate equilibrium relationship between the

relative demand for risky assets and the market price of risk.



IV. The Analysis of the Survey Data

The micro-relationships just developed lend themselves to the use of
cross-sectional data in ascertaining whether or not Ck, the coefficient of
proportional risk aversion, is invariant on the average to investors' net
worth. After describing the cross-sectional data, the section will first
examine the behavior of Ck employing (6) which implicitly assumes that all
wealth is liquid and then will assess it employing (8) which explicitly
accounts for the non-marketability of human capital.

The cross-sectional data to be analyzed here come from the 1962 and
1963 Federal Reserve Board Surveysof the Financial Characteristics of Con-
sumers and Changes In Family Finances. These surveys, which oversamplied the
upper income groups, collected for more than 2,100 households detailed in-
formation on the value of their assets and liabilities at the end of both
1962 and 1963 and on the sources and amounts of income in both of these years.

From these data, the study constructed three different types of balance
sheets at the end of 1962, The first type included all assets and associated
liabilities with the exception of human wealth and homes.2] The second ex-
cluded only human wealth. The third included not only homes, but also an
estimate of human wealth. These balance sheets, expressed as ratios to the
corresponding measures of net worth, are summarized in Tables 1-3 by net worth
categories. Changes in the definition of wealth will, of course, move house-
holds from one wealth class to another,

In checking the validity and reasonableness of the data, it was observed
that a few households received substantial salaries from closely-held busi-
nessess in which they had active interests. Since part of some of these
salaries might more properly be classified as dividends or return on capital,

any salarles from such closely-held businesses in excess of $25,000 were
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valued as perpetuities at ten percent and added to equity. Tc determine
how sensitive the results are to this adjustment, the subsequent analyses

were replicated on a subsample which excludes any households which own such

businesses. The conclusions were virtually unchanged.22

Also only households with a net worth in excess of $1,000 were included.
Since such households have a predominant impact upon the market for assets,

this restriction would have little effect upon the value of the variables in
the macro-relationships (13} or (14). Yet, it appears to improve the quality
of the survey data by eliminating those households who may have under-reported
their assets or whose assets were temporarily lower than normat.
A crude estimate of human wealth was given by the discounted value of
the average labor income in 1962 and 196323 which was then assumed to grow
at four percent per year. The discount rate was taken to be ten percent.
If a person was less than 65, he was assumed to retire at 65, |If he was
working and over 65, he was assumed to continue to work for four years; if
over 69, three years; if over 74, two years; and if over 7%, one year. The
sensitivity of the subsequent results to this arbitrary method of calculating
human wealth will be examined, and It will turn out that within broad ranges
of discount rates and growth rates the results are substantially unaffected.
'f the micro-relationship {6) were to hold, an estimate of the market
price of risk times the reciprocal of the coefficient of relative risk aver-
sion, [E(rm - rf)/oijck-l, is given by uk(l - tk). The assumption made
in the last section that all investors agree on the value of the
market price of risk means that ak(] - tk) provides an
extimate of Ck—] up to a multiplicative positive constant, so that

ak(l - tk) can be used to assess how Cy ] and, thereby, how C, varie.
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with net wmrth.zl4 Using either of the first two balance sheets, which

do not include human capital, the cross-sectional data provide

estimates of ak(T - tk). Since (6) does not take account of the non-
marketability of human wealth, the analysis based upon (6) will not include
this kind of wealth. |t might be mentioned that virtually all empirical
applications of portfolio theory have ignored human wealth in spite of its
Obvious importance to the demand for risky assets.

In interpreting the meaning of these numbers, it should be noted that
the derivation of (6) assumed that all assets are acquired for investment
Purposes, can be unambiguously dichotomized as risky or risk~free, are
subject to the same schedule of income taxes, and are infinitely divisible.
For analyses of the composition of wealth inclusive of homes, these
assumptions may be so unrealistic as to place serious restrictions on the
validity of (6).

Contrary to the implicit treatment of assets in our model and in capital
asset pricing theory generally, homes are typically acquired by households
for consumption as well as investment purposes. Moreover, the lack of
tax on the {imputed income from owning a2 home as well as other subsidies
make the tax rate assumption highly questionable. Furthermore, a house
invalves a substantial investment and for a person with limited 1iquid
assets, the incurrence of more debt than he might normally want to have.

In the absence of an adequate rental market, the purchase of a Home may

be the only way of obtaining the desired type of housing. Holding utifity
functions constant, these factors would tend to increase the values of a4
for the lower wealth groups relative to those for the upper wealth groups

\ . . . . 2
if the investment in a home is assumed to be risky. >



Since investments in homes are not strictly compatible with the

assumptions underlying (6), homes have been treated in three different vays

in the empirical work--not as an investment asset, as a risky asset where

the relevant investment is measured by the household's equity in the home,

and as a risky asset where the investment is measured by the gross market

vatue of the home. Another possibility would be to assume that households

consider homes to be riskless assets but this seems a less tenable assumption

than the ones we have utilized.

Within the context of the model embodied in (6), perhaps the most
appropriate measure of a household's investment in housing 1s its equity
value. First, if an investor views a mortgage and a house as a package, it may
wel | be that he regards only his equity at risk. Second, the use of
equity is more in the spirit of infinitely divisible assets than the use
of total assets. Nonetheless, the results of alternative assumptions
are presented.

The paper presents in Tables 1-2 averages of the estimated tax adjusted
ratio (1 - tk)ak by net worth classes for varying treatments of housing.

Human wealth is not included. In addition, Table 4 presents the slope coeffi-

cients of the regressions of (1 - tk)ak on the logarithm of net worth.26

The uk's in these tables are ratios of risky and mixed-risk assets to net
worth. Both simple regressions and regressions which control with dummy
variables for the possible interaction between net worth and three socio-
economic factors (age, education and occupation) are‘presented. Whether or
not these dummy variables are included, the slope coefficients on the log-
arithm of net worth are not much different.27

The relationship of (1 - tk)ak to net worth varies according to wheth-

er heusing is included, and if included, how measured. For the narrowest

definition of wealth exclusive of human wealth and homes, there is overall a
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significant positive relationship to net worth (Tabie 4). A closer analysis,
however, indicates that most of this positive relationship stems from house-
holds with net worth of Tess than $500,000 and that for households of greater
means, the ratio shows a slight tendency to decrease {Table 1). This behavior
would be consistent with decreasing proportional risk aversion at least through
net worth classes up to $500,000. This result js not affected appreciably
i f mixed-assets were combined with risk-free rather than with risky assets.
For the broader definition of wealth including housing as a risky asset but
excluding human wealth, the ratio of (1 - tk)ak is practically invariant to
net worth if housing is measured by its equity value, and negatively related
to net worth if housing is measured by its full value (Table 4). These
findings are consistent with constant proportional and increasing proportional
risk aversion respective]y.28 'f housing is included as a risk-free asset,
the tendency toward decreasing proportional risk aversion would be even
greater than indicated by Table 1. -

There are several potentially important biases in these findings.
First, contrary to the assumptions of the model, Individuals do not all
hold the same portfolio of risky assets. Consider an individual whose
portfolio of risky assets is perfectly correlated with the market
portfolio of riskyrassets but is less volatile--that is, has a portfolio
beta coefficient of less than 1.0. Since the risky portfolio of reference
is the market portfolio, the calculated value of o) would overstate the
relative degree of risk in his portfolio. Likewise, if he were to hold
a portfolio of risky assets with a beta greater than one, the calculated
value of @, would understate the degree of risk. The evidence in
M. E. Blume and I. Friend Indicates that households with lower
incomes and presumably less wealth tend to hold portfolios of stocks

with smaller portfolic betas than their richer counterparts although
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their portfolios “e less well diversified.,
Second, life ‘nsurance is not handled satisfactorily in this analysis since
only the immedia<. y realizable portion

is treated as a risk-free asset. Life

insurance does nc conveniently fit into the dichotomy of risk-free and risky as-
sets, and some ot © mode of analysis s required to handie appropriately this
type of asset. k- ~=ver, the net surrender valye of life insurance probably re-
presents a signif  .3nt understatement of the value of insurance as a device for
reducing risk. < ce life insurance is relatively much more important in the lower
than in the upper =t worth ciasses,

correction for this deficiency of the model

would again tend - change the results in the direction of decreasing proportional

risk aversion.

Third, the cz= culated o might differ from its permanent value because of

transitory elemer - If a transitory reduction in net worth left unchanged the
value of risky as:- .S, the calculated @ would be biased upwards. This situation
might apply to ar -dividual who was faced with a temporary reduction in net worth

and because of tre- -action costs chose to reduce his risk~free assets. However,

if he reduced only -isky assets, the calculated oy would be biased downwards.

Since the former c#-€ Is probabiy more prevalent for families of lower net

worth and this type of transitory phenomena is more likely to apply
to these households, correcting for this possible blas would be expected

to change the results in the same way as the Previous bias.

Fourth, the model made the assumption that the tax rate on risky assets was
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the same as that on risk-free assets. In fact, the tax rate on risky assets tends
to be less than that on risk-free assets. While the magnitude of this bias seems

to te small, it results in an understatement of C .29 However, it is not clear

k

how this understatement varies with net worth.

To this point, the empirical analyses have ignored human wealth. The micro-
relationship (8) incorporates such wealth and can be used to examine the behavior
Ck. Rearranging (8) yields

E(rm B rf) 1
(15) '_“_'UT—'—"_ q = (] - hk)(l - tk)ak + hk(] = tk)Bhk,lT!-
m

I'f B, . were known, the right~hand side of (15) could be used to analyze

the relationship of Ck_] to net worth. The variable R , however, is not

hk,m

known, so that some other tack must be taken.
This other tack will be to assume the validity of two stochastic rela-
tionships and use these jn conjunction with {15) to derive an empirically

estimatable regression. For net worth class i, the first relationship takes

the form

16) ™ =€) 4,

where ek is a mean-zero disturbance independent of hk and tk’ and (Ci)-] is
the harmonic mean of the Ck‘s in the ith net worth class. This assumption

is Vike the assumption of constant proportional risk aversion on the average,
as embodied in (i1), except that it only pertains to a single net worth class.

Again for net worth class i, the second relationship takes the form

o
(17) Brk,m = Bhn ¥ Th

. _ . . i iv-1
where nhk !S a mean-zero disturbance independent of hk and tk,and ma is (¢')

the mean of the Bhk m's in the ith net worth class.
H
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The substitution of (16) and (17) into (15) with some simplification

yields the regression

- g! hk(l -t

(18) (T=h) (-t e, B E— ;—. hm

o , ) 2 _ .
where b s defined to be [E(r rf)/Gm]an + hk(l tk) The independent

nhk.
variable, hk(] - tk)’ and the dependent variable, (1 - hk)(l - tk)ak, can be

m

estimated from the cross-sectional data. The constant term allows
an analysis of the relationship of the coefficient of propaitioral risk aver-
sion to net worth class, and the slope coefficient gives an estimate of BQm
it is easily verified that under the assumed stochastic processes, M has an
expected value of zero and is uncorrelated with the independent variable, so
that the estimated coefficients will be unbiased.30

Using the total sample of households, regression (18) was first
estimated for each of the six net worth classes inclusive of human
wealth and with homes measured by their equity value (Table 5).3]
If unbiased, the constant terms indicate that the coefficient of
proportional risk aversion on the average increases with net worth.
The magnitude of the increase is not large, The estimate of (Cf)-]
for those households with net worth in excess of one million dollars
Is 33 percent less than the estimate for those households with net
worth between one and ten thousand dollars. The estimates of B:m tend
to decrease as net worth increases starting at 0.775 for the lowest
net worth class and ending at 0.603 for the highest net worth class.

There are several potentially important biases in these results. The
first type pertain to violations of the assumptions used in developing (18).
The second type pertain to limitations of the survey data. Turning to the

first type, the assumptions implied that uk, which is a weighted sum of the
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deviations of (Ck) I and Bhk,m from their group means, is independent of

hk(l - tk) within a net worth class. This implication probably is not strictly
true. For instance, households in the same ﬁet worth class with a lower propor-
tion of their wealth in human capital might be expected to have lower tax rates
which would tend to induce a correlation between UM and hk(l - tk). The pos-
sibility that the coefficient of proportional risk aversion might vary with socio-
economic factors would only cause a misspecification of (19) if these factors

were correlated to hk and tk within a net worth class. Perhaps the most obvious
socio-econonic factor which might be correlated with hk and probably t, wlthin

a class is the employment status of the members of the household. To determine

the ihportance of this obvious misspecification, regression (18) was rerun on the
sample of households reporting some income from salaries or wages. The results are
not much different from the regressions for the total sample(Table 5). For three out
of six classes, the constant term was larger than before, while for the other three
it was less, and the changes are not systematically related to net worth.

Let us now turn to the second type of biases which stem from limitations of
the sample data. There are at least five principal problems. First, the balance
sheets collected do not contalin any estimate of the value of social security or
pension fund benefits. Second, the value of relief payments iS5 omitted. The
importance of this omission is likely to be significant only in the lowest net
worth class. Third, the value of human wealth may be misstated due to incorrectly
assumed discount rates and growth rates?2 Fourth, there may be transitory elements
in the value of human capital. Fifth, the data do not aliow an unambiguous deter-
mination of the return from closely-held businesses attributable to wages. Taking
the last problem first, (18) was re-estimated for households with no closely-held
businesses. The results were unchanged.33

The first four problems all reduce logically to misstatements of the
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values of hk anc 5hk m In the mode!, social security and pension funds are
assets over whic- a househoid has no control, so that formally these assets
should enter int: a more broadly construed hk and would increase the value

of this term. 19 it is assumed that the return on social
security is uncc-related with the Feturn on the market portfolio of liquid
risky assets, tF= inclusion of social security would reduce the value of a

more breadly def "ned Bhk,m' Since pension funds are generally tied more
directly to wage income, as a first approximation it is probably not too far

from the mark to assume that their inclusion would not change Bhk,m by much.

The use of an incorrect discount rate or the inclusion of transitory elements
would probably czuse a misstatement in hk but not necessarily in Bhk,m'

The total differential of (15) provides a way to measure the impact of
these potential problems. Assuming dtk and duk are zero in that t, and s
derived from the household data, are known, the total differential takes the
form

|- - - - -
(19) d-———j;i———— E; = ({1 tk)ehk,m (1 tk)ock]dhk + hk(l tk)dshk,m'

The coefficients on chk,m can be estimated by net worth class as the means
of hk(l - tk) given in Table 5. Likewise from Table 5, the coefficients on
dhk by net worth class starting with the lowest can be estimated as: 0,179,
0.112, -0.071, 0.003, -0.152, and -0.154.

Replacing the total differentials in (19) by finite differences and re-
calling that hk is measured as a proportion, it is seen that ]Ahkl would have
to be extremely Iarée to have much effect upon the relationship of the mar-
ket price of risk times (Ci)_] to net worth. Thus, the conclusions would

appear robust to large errors in the assumed discount and growth rates.

Correcting for the omission of social security benefits may have an im-
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portant impact and together with the biases previously discussed might easily
change the conclusion to one of the constant proportional risk aversion on

the average. To determine the magnitude of such a correction, let us assume

that the average value of social security benefits within a net worth class in
4
1962 was $}5,000,3 that the value of social security does not change in any pre-

dictable way with changes in the value of the market portfolio, and that the

net worth of the typical household in a net worth class is the midpoint ex-
cept for two million dollars for the class with the largest net worth. On
the basis of these assumptions, the estimates of [E(rm - rf)/cé](ci)-] would
change to 0.609 for the 1-10 thousand dollar c!ass,35 0.583 for the 10-100
class, 0.561 for the 100-200 class, 0.592 for the 200-500 class, 0.521 for
the 500~1000 class, and 0.495 for the class of greatest wealth. These ad-
justed figures show considerably less evidence of increasing proportional
risk aversion on the average. Assigning a larger value to social security
benefits and adjusting for the other biases discussed above might even change

the conclusion to decreasing proportional risk aversion.

To summarize, for what we regard as the mosf appropyiate treatment of
investment in homes and human wealth within the context of our model, the
unadjusted results give some evidence of increasing proportional risk aversion
on the average. Yet, the magnitude of this increase is not great. Cor-
rections for the various deficiences of the theoretical model, the econo-
metric analyses, and the sample data would on balance tend to make the re-
sults closer to constant proportional risk aversion and might even produce
evidence of moderately decreasing proportional risk aversion. Perhaps the
most accurate single statement is: if there is any tendency for increasing
or decreasing proportional risk aversion, the tendency is so slight that for
many purposes the assumption of constant proportional risk aversion is not a

bad first approximation.
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V. The Market Price of Risk

To assess nur-  rical values for the coefficients of proportional risk
aversion, the res. S in the previous section must be augmented

with an assessment Of the market price of risk, namely E(r‘m - rf)/UZ(rm).
This section will =mploy two different techniques to formutate cuch an a8sessment.

The first will ut! ize realized rates of return on stocks and fixed interest ob-
ligations, while t ¢ second will attempt to develop direct ex ante measures.
Common stocks on &t ‘e NYSE (New York Stock Exchange) will be used as the princi-
pal proxy for the arket portfolio of risky assets partially because of the im=~
portance of these -tocks in the actual market portfolio, but more pragmaticatly
because of the lac  of data on returns for most other risky assets. Nonetheless,
the market price ¢ risk will also be estimated using similar techniques with
data from the bond market to confirm the estimates from the NYSE data.

For both indu =rial and all or composite NYSE common stocks, Table 6
shows for the past nundred years, 1872-1971, and selected subperiods, arith-
metic averages of = nnual reslized rates of return36 as well as the standard
deviations of thes= rates. The annual returns, which assume the quarterly
reinvestment of di,fdends, are estimated from the work of the Cowles Commission
prior to 1926 and, thereafter, from Standard and Poor's sources. The re-
turns prior to 192£ may be less accurate. Over the past hundred vyears, the
average annual return for the composite stocks was 9.7 percent and for the
industrial stocks, 11.3 percent. The standard deviations of these annual re-
turns were 0.19 and 0.22 respectively.

Alsc included In Table 6 are corresponding mean annual returns and stan-

dard deviations for high grade corporate bonds. The only differences are

that coupons are rcinvested semiannually rather than quarterly and only the



29

'S43Y304g vouo|eg Ag palepdn ‘fg-ggf -dd (L9311 ‘ssasy
3 msunag M) wBuOH ADUPIS Ag SRy 3ESIINL JO AOVS i Q4L wody DBedoAy AJenigoy A2ldniey Je9i-| spuog a1pacdioy o e

bRrsdsajun Saobiny o

. TALBA1IDECSES tSyD07s TIoaocio)

: 20} QY3 JO suo|ssualol |chuyeod LOS L POALLDD DaT 8 7

CEIOT ULy aanlf 9loundace Uo UMDl o soica |enuue aap cu nrun QL Do ,.:_ R

>
"

! TATISNICW O SUIUSW X[S DUT SATOL UPD1BU|U UYilM puoq B 104 Saepadosd
CLirnse LY UD SYIUOW X8 SUI SO PUD DU Y0 8,003y 4 panputls AQ uaAlG A3 )anlcw o3 PLOLA DYl pue 9 D1ed uednod Byl Bursn ne 1
Termng ansodaog 2 KU 20) s, an0y g PAEPURIS AQ LA LD AYiamite 01 pintA oy3 ose poio [378 50 9 0rd uodnod Dy teyd |
331 pue dud e plos pueg JedA gz mou £ uo TiTa usdnao AL 5[ 2AdNM 001 /0T + d) se pajew(lso ouom 524110122 (enuuegeog

PALIIT|DL 28DYY 4o sualed Darssooons Burh|dran

nin

WAN10a Aaellenb anoy syt o 3anpoad oyl

PRIAITD APTA DY U0y wanyod P41 pun aoluend jo pud ac PLPLA pudpIALp pRzpienuue pun 2atad ¥o01s 24e _a\Ho pue Hm Idaym

4,
n._
3 941 doy earie(os oy

29 Q1 UINEY 57M JB0DA Luu 243 Jo Jo1denb IS4y oy
*soanfly Buidde|aero Buyisnlpe Aq 9Seq 5,404 2 purpuelg

aur oo S2UMOY Byl *(BE6L *toup ssouy eidpouyay TUTIpUT fuoabutweo|g) wollipa puz ‘52 WOUSDY Uy youdeasoy 404 VOISEII0] s3]m0
T4 A Lol DAt eITp Dyl 'saeod oy jsoo 04 UsSTEDNU] YI015 5,100y 3 pdepunig SYI wol) poivurlca s BYT 'orgy Loty
[ee-¢ sTiLrd 97,76 LTAS ] Leet-zien
TR =Ta% £050 zETo0 oTho e 1g%0°e HET'0 EXTAR Y [AY AR G510 1£51-925;
TLLTT | S 0Lt GhyEoro £L0°0 L5500 9500 GHT0 LTLo 90z 0 69010 lL51-Te8!
LrltE R UL TTe0*0 [A4000] £y o 614070 €9z 0 09tL0 2IlT0 RZLLO 1851-I086
A Tl TLET Z150'0 Lo 652970 61D 6l40°0 ogLUe o000 1451-0281
T o S50 sifoto 50070~ LL130 €070 6521°0" 69170 50270 1751-185;
B =ity SL977 £zioto £53°3 9Z0°0 S2L0 16310 SE1t0 5TLLC0 156, <7851
DR £ .50 SLETe BLl0°0 igote TL500 e R AR 3270 9930°Q 1561-TE6t
TG N cL0°0 Ltqe g 10972 Tiontg 6920 201170 52000 czal e LE51-TT5:
T N L2370 6400 ELLM0 T 0 ST oeLlte {500 i
Tl Tl CTIC &oR0"0 AR gLeg ltro NS A] hELD D
€210 £Llom0. gL 0 645070
FANR 0200 0E1°0 52800
67170 ¢zgoto Lo £5€%°0
L : ' ot edinog ring LOIITIADG uanioy unlietang 39y Uoy3TIADg variey :
sputs © 5 LPuog TRUDIS | Tnuuy ursy pAzaeyg [Cruuy ueay plepursg |enuuy upay
21ry |[vraisnpuy Q1150Cuan
i L P45y pputyg o cdedaey SpiIy Ty QDUEYINY %3055 Hdoy, Moy Fotday

N3 ._.(5., HY 40 SNOILYIAZD Q¥vonvLis

O STUYY JiLIwWHLIvY Synnny IOYHIAY-9 3TEvL



30

tast seventy years are covered. The mean annual return on these bonds over
the years 1902-71 was 4.0 percent which compares to a range of 10.7 to 12.8

percent for common stocks over the same period. In fact, in every one of
the seven decades covered, stocks beat bonds and sometimes by substantial
margins, However, the standard deviations of annual returns on bonds were

always less than on stocks.
As a further check on the relationship of the bond and the stock mar-
kets, the semiannual returns for the bonds were regressed upon the corres-

ponding returns for the NYSE composite stocks.37 The slope coefficients or

beta coefficients are displayed in Table 6 and indicate that

the returns on bonds usually tend to fluctuate with those on stocks except
in the 1952-61 decade when the coefficient is negative. Over the entire
seventy-year period, the beta coefficient is 0.078 which would imply, if the
capital asset pricing model held, that the expected risk premium on bonds is
7.8 percent of that on stocks.

Using the mean annual returns and the standard deviations calculated in
the corresponding period, estimates of the market price of risk were derived.
These estimates--as well as the risk-free rates--are contained in Table 6.
The availability of a reliable series for the risk-free rate confined these
estimates to the period after 1902. The estimates of the market price of
risk over the longest period 1902 to 1971 were 1.7 for the composite stocks
and 1.5 for the industrials,with not much different values for the 1302-61
period immediately preceding the date of the FRB survey. The estimate for
the bond market was 2.3. It might be argued that these estimates are biased
downwards because the variance of returns is estimated from a segment of the
market of risky assets which would not reflect the full benefits

from diversification. Additionally, assets which are both more and less
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risky then NYSE common stocks have been excluded in deriving the average risk

premiums. It is difficult to 999635 the bias associated with thase exclus!on-.,j3

The sampling errors in these estimates are undoubtedly large. To obtain

some idea of the magnitude, the estimates of the market price of risk might
be conceived of as drawings from some underlying probability distribution.
Using this approach, the average of the seven decade estimates for the com-
posite stocks is 2.4 which is somewhat larger than the estimate derived from
the total period reflecting the large sampling error and possibly some non-
stationarities in the distribution over time. The standard deviation of

this average is 1.2, If the market price of risk were normally distributed,
this would mean that there is an 0.88 probability that the true value of this
parameter is greater than 1.0. The corresponding average and standard devia-
tion for the industrials are 3.2 and 1.9, respectively.

An alternative way to assess the market price of risk is to develop ex
ante measures of the expected returns on risky assets and the variance of
those returns. To this end, &x ante measures of expected return were deve-
loped by adding the current yield to an estimate of the future growth rate
of earnings per share.h0 The future growth rate was estimated by the arith-
metic and by the geometric meanlof the annual growth rates over the prior
ten years.ql For the seventy vyears ending in 1971, the mean estimate of the
expected annual return for the composite stocks ranged from 13.0 to 9.0 per-
cent, depending upon the way in which the future growth rate of earnings
was estimated.qz It might be recalled that the corresponding mean of annual
realized returns was 10.7 percent. For comparison, the yield to maturity on
high grade corporate bonds is also given in Table 7.

Using these estimates of expected rates of return for composite stocks,

the paper derived an estimate of the market price of risk for each of the
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70 years fror "ZT1  urough 1971, Subtracting the risk-free rate appropriate
to the year fram -+ .. ¢ expected returns yielded 70 risk premiums, which were

then divided t, e:- mates of the variance of the return for these stocks.

These variance: wzr - estimated from the ten realized annual returns immediately

preceding the yez- “zr which the expected return was assessed, Table 7 pre-

sents the averege 7 these 70 88timates of the market price of risk as well

as averages fcr sz =Zted subperiods. The average covering the 70 years ending
in 1971 was 3.1 L: 1z the arithmetic estimate of ex ante expected return and
2.0 using the geor=-~ic, which are 8gain greater than 1.0 though somewhat
higher than the fizi-es derived from realized returns.

To obtain sor= Teeling for the magnitude of the sampling errors associated
with these averagec “or the Ooverall period, the standard deviation of the mean
was calculated usir: every tenth estimate of the market price of risk from
1901 through 1971. -sing every estimate instead of every tenth would have re-
sulted in a downwarc biased estimate of the standard deviation unless explicit
account was taken o the fact that successive estimates are based in part upon
the same data. The stancdard deviation of the mean was 0.99 for the market
price of risk based upon the arithmetic rate of growth in earnings and 0.87
for the geometric rate of growth. Assuming these standard deviations of the
mean can be applied to the means of the 70 annuatl estimates (though there is
reason to believe the true standard deviations would be less), the probability
that the market price of risk using arithmetic rates of growth is greater than
1.0 would be 98 percent. The corresponding probability for the market price
of risk based upon geometric rates of growth would be 87 percent.

This section has used severgl different approaches to estimating the mar-
ket price of risk. All of these methods indicate that the market price of

risk is greater than 1.0. The probabilities attached to this conclusion were
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assessed and, while not always at the frequently cited § percent level of

significance, were consistent with & high level of significance. To the ex-

tent that there is some independence among the various estimates, the probabil-

ity that the market price of risk is greater than 1.0 would be considerably

larger than those reported for each of the Individual est!mates.

Vi. The Synthesis

The empirical results in Section IV indicate that the assumption of
constant proportional risk aversion for households is a fairly accurate
description of the market place. More specifically, the study found that
with a plausible treatment of investment in homes the net worth of a house-
hold had littte value in explaining the level of its coefficient of rela-
tive risk aversion. Before taking account of potential biases, there was a
slight tendency of this coefficient to increase with net worth. After adjust-
ing for the biases, little such tendency remained.h3

The main exception to this finding of constant proportional risk aver-
sion occurred in the analysis based upon an extremely narrow definition of
wealth which excliuded homes, the associated mortgages and human wealth. In
this case, there was evidence of decreasing proportional risk aversion. This
tendency would be more pronounced if homes were considered a risk-free asset.
Since an investor probably considers the value of his home and at least to
some extent his human wealth in formulating his investment decisions, the
analyses based upon broader definitions of wealth are more pertinent in assess-
ing how the coefficient of proportional risk aversion varies with net worth.

In addition, Section IV derived various estimates of the product of the
market price of risk and the reciprocal of the coefficient of proportional

risk aversion. Regardless of how broadly wealth was defined, the estimate
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of this product was, with one unimportant exception, always less than 1.0.
Though the value obtained depends on the definition of wealth, the product
of the market price of risk times the reciprocal of the coefficient of pro-

portional risk aversion appears {9 bg between 0.5 and 0.8,

Coupling this conclusion with an estimate of the market price of risk
allows an assessment of the coefficient of relative risk aversion. The
evidence in Section 5 showed with a high level of significance that the mar-
ket price of risk fs fn excess of 1.0. The Implication is that the coeffi-
clent of relative risk aversion for the typical household is in excess of
l.0--contrary to the properties of the log utility function. Since the mar-
ket price of risk is probably around 2.0 or more, the coefficient of propor-
tional risk aversion is more likely to be in excess of two.

Households, of course, only represent part of the demand for risky mar-
ketable assets. The aggregate demand function would have to take into account
the impact of other investors such as eleemosynary institutions and financial
intermediaries. Regardless of how their utility or more accurately decision
functions are derived, the fact that the ratios of risky assets to net worth
for these institutions are usually less than 1.0 and not uncommonly consider-
ably less than 1.0 wouid seem to imply that their coefficients of relative
risk aversion would tend to be at least 2.0. If, as is probably correct,
the riskiness of institutional portfolios as a whole has remained less than
that of households, their coefficients of relative risk aversion would tend
to be greater than those of househoids.

In concluding, it is worthwhile to review some of the more important
limitations of the models under which the empirical data were interpreted.
Such limitations point the way to further work. First, the model made no

adjustment for inflation. The presence of unanticipated inflation would mean
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thet nc asset denominated in nominal dollars could be considered risk-free,
Seccnd, the model, in assuming that the changes in the value of an asset
were continuous, could not properly incorporate insurance. Third,

the model did not fncorporate adequately the unique characteristics of
housing. Fourth, the model assumed that an investor made his portfolio
choice in a one-period context. Thus, the model, in contrast to g
multi-period model, is not rich enocugh to capture the possibilities of
hedging against future changes in the investment opportunity set.l45

For households, perhaps the most widely available hedges are homes which

protect against future changes in the cost of housing.
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Footnotes

*Richard K. Mellon Professor of Finance and Economics and Professor of
Finance, respectively, University of Pennsylvania. The authors wish to

thank the National Science Foundation and the Rodney L. White Center for

Financial Racaspak for their Flnanclal support.

]The market price of risk is the difference between the expected rates
of return on the market portfolio of risky assets as a whole and on a risk-
free asset per unit of risk of the market portfolio. For purposes of this
Paper, it turns out that the relevant measure of risk is the variance of
returns.

2For example, see S. C. Tsiang.

3See K. J. Arrow.
lbid.

5For example, see J. Crockett and |. Friend, pp. 37 and 55-57.

Even the time-series analyses are not consistent in indicating a
wealth elasticity of cash balances, broadly defined, equal to or greater
than one in the period following World War Il. See A. H. Meltzer, p. 236.

E. g., H. A. Latane; N. H. Hakansson; and H. Markowitz. For 3 dif-
ferent theoretical position, see P. A. Samuelson and R. Merton.

85ee R. Roil.

9See M. J. Gordon, G. E. Paradis and C. H. Rorke.

OSee J. Mossin; J. Lintner; and A. P. Budd and R. H. Litzenberger.
]This assumption is non-trivial and would exclude such distributions of

returns of individual assets as non-normal stable.
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12 )
An intuitive rationale of why the standard deviation enters with vdt

rather than with dt is that if a time period is subdivided into n subperiods

each of duration 1 = 1/n, and if the returns over each of these subperiods
are independentty distributed, then the variance of returns over T, GT, is

2 . e .
equal to 1/n times the variance of returns g over the initial period. As

n approackes =, 1/n approaches dt, so that 0, approaches o /at.
]3Equation (2} implies that the kth individuaf inQeéts o of his assets
in risky assets and ] - o in the risk-free asset. In the type of continu-

ous time mode! used in this paper, the separation theorem holds.

14

This measure of relative risk aversion can also be interpreted as the

wealth elasticity of the marginal utility of wealth as indicated in Section |I.

15
Samuelson has obtained a similar expression for the individual

investor,
This assumption is tantamount to assuming that capital gains and ord-
inary income are taxed identically and abstracts from the special tax treat-

ment of homes and tax-exempt securities, However, see footnote 4.

7Since the dependence between - and rhk is a factor in determining the
optimum ratio of risky liquid assets to altl liquid assets, it would be anti-

cipated that an investor might be able to improve his expected utility by

plicit in the market portfolio to take into account differences in the values
of the covariances of human wealth and individual liquid assets in the market
portfolio. The work of Y. Landskroner indeed shows this to be the case.

Whether (8) results in an expected utility close to the optimum depends upon
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the correlation of the optimal portfolio of risky liquid assets ang the mar-
ket portfolic. If this correlation were very close to 1.0, for instance, it

would be possible to construct a portfolio of the market and the risk-free

asset which would have a probability distribution very similar to the opti-
mal portfolic of liquid assets. Numerous empirical studies have demonstrated
that the returns on portfolios of a large number of securities are highly

correlated with the market portfolio.

]8This can easily be seen by writing in a one-period model
E(R ) E(R )} F
o= — M n
1+ E(rm) 1+ E(rm) 1+

where E(Rm) represents the expected dollar return over the period on the
available supply of liquid risky assets at the beginning of the period, and
F represents the corresponding known dollar return on riskless assets. The
constant physical supply of liquid risky assets and risk-free assets are

measured by\E(Rm) and F, respectively.

]9Though (14) was developed under the restrictive assumption that the
sole decision of the individual was how much of his liquid assets to place

in the market portfolio of liquid risky assets, Landskroner has shown

that if r_, the return on an asset uncorrelated with the return on the

market portfolio of risky assets,is substituted for re and is also
uncorrelated with the return on human capital, (14) holds in the more
general case where an investor's decisjon variables include not only how

much to put into risky liquid assets, but also how much to place into each

risky liquid asset.

20To utilize (13) in a time-series, the weighted harmonic mean of (1 - tk)

might be approximated by the ratio of total disposable income to total ad- -

justed gross income. For the survey of households to be examined in the next

section, the weighted harmonic mean would be 0.787 while the ratio of total

disposable income to total adjusted gross income would be 0.859 which is close
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if this harmonic mean is representative of the population, the ratio of total
dispocable imesme t8 total adjusted gross ncome would be about 10 percent

§Peater than the harmonic mean. This figure of 10 percent might be useful

in adjusting the time-series available from the Statistics of Income to that

required by (13).

With homes are included automobiles which except possibly for the lowest

wealth groups represent only a minor proportion of assets.

ZZCF. footnote 28.

K it is not

necessary that E(Ck) would increase. Yet, if the distributions of C, given Wk,

2jlf EE?k"f] were to decrease with increases in net worth, W

P(Ck[ka remain unchanged as wk increases except for location, it can be shown
that E(Ck) would increase with increases in wk. This proposition follows from

. . . ' -1 . =1
noting that if for fixed € [E‘Ck) + eg} > (Ekck) + sé] >0,

E(Ck) + g < E(ck)' * e Since P(Cklwk) is unchanged except for location, the
distributions of € will be the same at each level of wk. Taking the definite
integral of these two inequalities with respect to the distribution of €, yields

the desired result.

2i‘l-iousing presents other difficulties in applying the micro-relationships
developed in the last section. First, since an investor values a house not
only for its monetary rewards but also for its consumption value, it may
be difficult to aggregate returns from housing with those from other assets.
Second, the purchase of a home with a large mortgage permits an investor to
hedge against changes in housing costs and in the costs of borrowing funds.
25!n the first attempt at running these regressions, the sampling pro-

bability associated with each household was used to adjust for hgterosce-
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dasticity on the assumption that the reciprocal of the sampling probabilities
in each stratur was picked to be negatively related to the variation within

the stratum. The correlations of the absolute value of the residuals with

these reciprocals revealed that there was substantial heteroscedasticity

Present in the regressions. Aj] regressions reported in the paper are

unweighted and exhibited little evidence of heteroscedasticity.

~

£6Though these comparative results indicate that the socio-economic fac-
tors are roughly orthogonal to the logarithm of net worth, this does not mean

that C!

K could not vary with these factors.

27The qualitative results are unchanged if households with closely-held
businesses are excluded. For instance, following the same order as in Table
b, the estimated coefficients on the Togarithm of net worth would be: 0.076,
~0.004 and -.250 with respective t-values of 8.4, -.61 and -11.48. These
coefficients are roughly the same as those reported for the full sample. The
regressions were also rerun with dummy variables included for age, education,
‘and occupation. There js little change in the estimated coefficients on the

logarithm of net worth.
Z‘Tf. footnote 43.-

29 The formula for H would on the surface suggest that (19) suffers from
some form of heteroscedasticity. Though this is true because of the way in
which (17) and (18) were defined, it would be easy to redefine the variance
of Nk @S @ function of hk(] - tk) S0 as to make (19} homoscedastic. Thus,
the apparent heteroscedasticity of (19) is artificial. Further, the discus-

sion of (19) at this point abstracts from measurement error in h,-
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I'f housing is measured instead by market value, the results are

not much different. From lowest to highest net worth class, the constant

terms would have been 0.810, 0.793, 0.63L, 0.623, 0.530, and 0.500.

BIThe calculation of the value of human wealth made no adjustment for
the probability of death before normal retirement. Formally, this is equiva-
lent to assuming an incorrect discount rate and will be subsumed under this

problem.
32 . .
From lowest to highest net worth class, the constant terms were esti-
mated respectively as 0.71%, 0.635, 0.541, 0.580, 0.522, and 0.449,
33This estimate of value is based upon the following assumptions: The
average household is headed by a person 45 years old and consists of a

spouse and two children with average age of 10 years. Using the 1941 ¢Sc

table as in CRC Standard Mathematical Tables with a 2.5 percent interest

rate and assuming maximum benefits with no increases in the future, the
retirement portion was estimated roughly to be $13,000 which represents

an overstatement in view of the assumption of maximum benefits. The an-
cillary survivorship and disability benefits are more difficult to estimate
but seem well under the 50% of retirement benefits as shown in government
compilations. As ga result, we have used an overall, probabiy somewhat con-
servative estimate of $15,000 for the combined value of retirement and an-
cillary benefits. The use of 2.5 percent interest rate is consistent with
the maintenance of the real value of the benefits over time.

31+This number was calculated by noting that the inclusion of social
security benefits would cause an increase of 0.487 in the value of hk and
a decrease of 0.690 in the vatue of ma. Applying these changes to {(19)
results in a decrease of 0.133, which when subtracted from 0.742 gives

the adjusted estimate in the text.

b5
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fhese average rates of return would represent unbiased estimates of one-
period holding returns if stationarity is assumed. To assess the sensitivity
of these numbers to different horizons and since the arithmetic mean raised to
the appropriate nth power to obtain an n-year return can yield a seriously up-
Ward biased estimate of expected return over an n-year period (see

M. E. Blume, 1974), an average of five year returns over the 1872-1971 period
(vielding a return relative of 1.587 for the composite index) was compared with
the fifth power of the average annual returns (1.592), with little difference

in results.

36

For a discussion of the specification of this type of regression, the
reader is referred to Blume (1970).

37Over the 1302-71 period, the average annual risk premium on NYSE Compo~-
site Stocks was 0.0720. Multiplying this figure by 0.078 would yield an ex-
pected risk premium for bonds of 0.0056, which compares to the actual average
annual risk premium on bonds of 0.0047.

8The market price of risk was also estimated using, instead of variance

of returns, the variance of the difference of the annual return and the risk-
free rate. If the risk-free rate were constant over time, the two variances
would, of course, be the same. These alternative estimates were marginally
lower. For the period 1902-71, this alternative estimate was, for instance,

0.04 smaller for the composite stocks than that presented in Table 6.

39Implicit in this formulation are the assumptions: (1) Earnings grow

at a constant rate in perpetuity. (2) The payout ratio and discount rates
are constant,
Lo .
Estimates using only five prior years of data gave unreascnably low
rates of return in the early twenties and middie thirties which with the
appropriate dividend vield would have implied expected returns as low as -22

percent. As long as cash is available, no investor if he really held this

belief would hold stock. Using ten years of prior data yielded negative es-
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timates of the expected market return in only a few cases and then only

with the geometric.

]
This range is consistent with that found in a survey of stockholders

by W. G. Lewellen, R. C. Lease and G. €. Schlarbaum,

2These conclusions do not preclude the possibility that the coefficient

of proportional risk aversion varies with socio-economic factors which are

uncorrelated with net worth.

This conclusion is based upon the assumption that the tax rates on all

sources of income are the same when in fact tax rates differ. The effect
is that the estimates of the coefficients of propertional risk aversion re-
ported in the text are downward biased, although the bias is not large and

does not vary much among net worth classes.

With differential taxes and not including human wealth, an estimate of

aka would be

(- e DEr) = (1 - tp)r,
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Where tm is the tax rate on risky licuid assets and t]c the tax rate on risk-

free assets. Assuming the same tax rate on both kinds of assets, the esti-

mate of aka would be given by

E(rm) " re

2
(-t )a
where t. is @ welghted average of ty and t,+ Noting that (1 - tm) > (1 - tf)

and E(rm) > Tes the following inequality holds

(T -t)0-1t) (M-t )0 - te)
- f ) )2 m E(rm) - a f . )2 rF > E(rm) - rf.
m m

Upon dividing by (1 - tc)ci, the inequality shows that the estimate of o, Cp
derived under the assumption of the same tax for both kinds of assets js
biased downwards.

If human wealth is included and assumed taxed at the same rate (thw) as
risk~free assets, aka would be given by the same formula as the first one

in the footnote times the quantity

h T -t
_ k f -1
[T b))+ e et Ehic,m]
k m
If the same rate s applied to all assets, aka is given by the second for-

mula times the quantity

h -
[(0-h)+—K£., h
k 4

hk,m]
Since {1 - tf) < (1 - tm), not taking account of differential taxes will re-
sult in a downward biased estimate of the second term in the product. Since
the first term s subject to the same biases as before, the net effect will
be that estimates of Ck which do not adjust for the differential taxes as-
sociated with human and risk-free wealth will be downward biased.

Under reasonable estimates of the relevant variables, it can be shown

that the assumption that tax rates on all sources of income are the same

biases downward the coefficient of proportional risk aversion for the broad-
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est definition of wealth by about eight percent for the $10,000-$100,000
net worth class.and by nine percent for the $500,000-%1, 000,000 class. These

results assume: E(rm) = O.IO,rf = ,05, and oi = .025 for all households; for

the low net worth households, t, = ¢

£ hw = 10, tm = .02 in view of the heavy

weight of housing in the marketable risky assets of this group, and t. = .08;

and for the high net worth households, te = Lo = .35, t = .25 in view of

the heavy weight of unincorporated business and the small weight of housing

and tax-exempts.
Merton has developed a theoretical multi-period model which does in-

corporate continuous changes in the investment opportunity set. E. F. Fama and

J. D. MacBeth have developed some preliminary tests of the economic content

of Merton's model. It might be noted that a utility function characterized
by constant proportional risk aversion is consistent with myopic behavior

so long as investment yields in different periods are serially independent.



