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The purpose of these notes is two fold. First,a very simple and straight-
forward approach to the CAPM will be taken. Essentially we will show that
all of the familiar results follow directly from the cbservation that the
market portfolic, o |, is mean-variance efficient. Second, we will apply
this viewpoint to gather Together and hopefully resolve a number of desultory
questions and problems that have arisen from consideration of the original
CAPM of Sharpe [1964] and Lintner [1965]. This will enable us to better

understand the strength or robustness of the CAPM.

(1) It should be clear that, irrespective of the form of market institutions,
1f the market portfolio is mean-variance efficient then the CAPM results hold.
(In what follows V will denote the covariance matrix of risky assets and
B the vector of expected returns.) Since all assets are held in positive
amounts in the market portfolio, efficiency implies satisfaction of the first

order conditions for maximizing return at a given variance level,

- 5 5 = 2
E, = 8+ Kcov{xi, xm} =9+ g, (1)

where 6 and A are Lagrange multipliers, ii is the random return on the
ith asset and im is the random return on the mavket portfolio. The first
order conditions, however, merely restate the CAPM. Rearranging yields the

familiar form

E, -8 = a2 , (2)

or since for the market portfolio,



E -8 = X2 |,
we have
o2
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Thus, efficiency implies that the security line equation of the CAPM (3)
holds. Conversely, if the market portfolio is inefficient the CAPM will not
hold. Tn other words, the efficiency of the market portfolio and the CAPM

are equivalent,

(2) It follows that the route to establishing the CAPM lies in simply proving
the efficiency of the market portfolio. With this guide we can considerably
wezken the usual assumptions and simplify many proofs. The following sections

will illustrate this approach.

(3} Consider the CAPM without a riskless asset. Now, each individual port-

folio, &Y , is efficient and indexing agents by v = I,..., n we have

(u)

Letting «Y be the proportion of wealth held by the vth agent, the market
portfolio is simply a convex combination of the individual portfolios, i.e.,

o = X w o
v

Hence, aggregating (4) yields
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where
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and
6
6 = [fo’ 1] £ Y (8)
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Of course o is indeed a portfolio and (6) simply vestates the CAPM.

Notice, too that if o is any portfolio uncorrelated with the market portfolio,

(3)
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so that @ can be interpreted as a zero-bets portfolio as in Black [1973]
or Ross [1973]. With a riskless asset it is easy to see that 8 is its

rate of return.

(4) Now suppose that we do no* permit short sales except on a single risk-
less asset. A geometric approach is best here, see Figure 1. Since all
feasible risky portfolios are convex combination of assets, the feasible
mean-variance set attainable solely by investments in risky assets must
still be convex, It follows that separation obtains and all agents can
achieve the efficient frontier by borrowing and lending against (in general)
a single risky portfolio. In the familiar fashion, then, this single
portfolio must be the market portfolio and since it is efficient the CAPM
holds. Notice, of course, that while all assets are not necessarily
represented in efficient portfolios of risky assets, with short sale restric-
tions they appear in positive amounts in +he market pertfolic and, there-

fore, the interior first-order conditions (1) must be satisfied.

(5) This naturally suggests that we might try verifying the CAPM if there
exists one risky asset which can be shorted. Unfortunately, the following
counterexample shows that this is not the case. Assume that the first asset
may be freely shorted (observe, though, that no one in this example takes

advantage of this possibility).
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(Tt is easy to verify that V is positive definite and, therefore, an
acceptable covariance matrix.) The first order conditions for optimality

for an efficlent portfolic with mean return 3 are given by
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83 + 1/2 84 =0, + 33

1/2 (Sl ¥ 82 + 83) + Bu = Bb + uab .

which imply that

1 3 5 5
Br =15 By = 10 By =y By =gy
and
Bb = 3/28 Ab = 1/7 .

Now let the mean return be instead 2 1/2. The first order conditions are

satisfied by
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the first order conditions guarantee that expected return is maximized at

the respective variance levels. From Kuhn-Tucker conditions we also require

1

= + >

5 (al + o, + as) 0 ea + MAa
or

1 2

2 7 13
to insure that o, = 0 is optimal.

To construct an example violating the CAPM we only have to verify that
the efficiency conditions, (4), are not satisfied by both portfolios. The
8 portfolio contains all four assets and the ao portfolio only the first

three, TFor B8

V1B - VeB By -, 1 F1 - B
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i.e., the B portfolio will satisfy (4) with the multipliers 8 and A

eliminated. On the othenr hand, while
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so that the o portfolioc does not satisfy the efficiency conditions (u),

Also, note that even for assets included in both portfolios
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In general, with short sales constraints the fivrst order {Kuhn-Tucker)

conditions take the form
Via = 8+ AE, + Yi s (10)

where Vi is ith row of V and

Y, > 0 implies that o,
i 1

i
O
-

and

1
O

a; > 0 implies that Ys

If for asset i , o, = 0 and ¥; > 0 , then the linearity relation
does not hold. In fact, it is precisely because it fails +o hold

that asset 1 is not included in the portfolio.

(6) What happens if there is 2 riskless asset, but like other assets

it cannot be shorted? Now the velevant figure is shown in Figure 2.
Cbviously, if all investors are long in the riskless asset the situation is
as before and the CAPM holds. TfF not, then the range where the efficient
set is not necessarily linear is relevant. We could now construct a
counterexample +to the CAPM Sust by adding to the example given above a

riskless asset with a sufficiently low rate of peturn.

(7) Suppose now that short sales are not absolutely excluded, but rather are

penalized as in the "real world". Ve fortunately don't have to be too
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specific about the exact nature of +he penalty; once again it may induce
agents to hold portfolios that do not contain all assets. However, the
analyses above remain valid and if, for example, there is a riskless asset
that can be freely shorted, then separation obtains and as in (4) the CAPM
holds. If the riskless asset can be shorted but only at a higher "penalty"
rate, then the efficient frontier has +two linear segments and the CAPM will,
in general, fail. This case is treated in Blume and Friend [1973] and

illustrated in Figure 3.

(8) One final case is interesting and worth treating. Suppose that veturns
are generated by a single factor market model with many assets, as in Ross
[1973]. 1In this case nearly all well diversified portfolios will approx-
imately be efficient and the CAPM may be expected to heold in an approximate
sense. The area of approximation contains an important class of problems
with genuine empirical significance, but they are beyond the scope of these

notes.  Some results may be found in Ross [19731].
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