An Application of the Decomposition
Principle to Financial
Decision Models

by
James R. Morris*

Working Paper No. 14-73

RODNEY L. WHITE CENTER FOR FINANCIAL RESEARCH
University of Pennsylvania
The Wharton School

Philadelphia, Pennsylvania 19174



SECTION I. INTRODUCTION

Linear programming models of specialized financial decision proklems
such as working capital management [20], short term financing [21], ox
capital budgeting [23] are deficient in that they may lead to decisions
which are suboptimal with respect to the firm as a whole. Each model
attacks a single decision problem and neglects its interaction with the
other activities of the firm. On the other hand, a model which reflects
these interdependencies and interactions by including the various
financing, investment and operating decisions in a single model tends to
become excessively large and inefficient to use, What is needed iz a
model which incorporates the efficiencies inherent in smaller, more special-
ized models which can be utilized on a decentralized basis, and simultaneously
lead to decisions which are optimal for the firm as a whole.

1t has been shown ([1], [13], [14], [lé], [24], [25]) that if a set
of transfer prices are used which reflect the relative demand and supply
of the organization's resources, then global optimal decisions can be made
by decentralized decision makers who maximize their own "divisional"
objective functions. This paper will utilize the theory of transfer pricing
and decentralizatiom, in the context of a linear programming model, in order
to develop a scheme of transfer pricing for fimancial resources.

The approach to be used will be to apply the Dantzig-Wolfe [9]
decomposition principle to an integrated linear programming model of the
firm.l This large model will be decomposed according to functional areas
(investment, financing, and production) into component models which make
decentralized decisions. Any interaction between decisions made in different

decision centers will be reflected in a set of prices for resources which



are shared by the various decision centers.

The focus of the paper, and its primary contribution, is te explore
the implications of this mechanism for internal pricing of financial
resources. The pricing scheme will yield considerable insight into the
interaction between dividends, equity financing, and capital budgeting.

It is shown, for example, that under conditions of capital rationing
capital budgeting decisions should be made independently of financing
and production decisions only 1f the "conventional' cost of capital
discount factor is modified by an internally generated price for funds
which reflects the internal supply and demand for funds. In additionm,
an explicit decision rule is developed which states the conditions under
which it is appropriate to utilize new equity firancing.

Section IT will briefly review the decomposition principle. Section I1T
will develop a simple model of the firm which involves production, financing,
and investment decisions, with an emphasis upon the development of the object-
ive function. Section IV applies the decomposition principle to this
integrated model so that we can explore the implications for internal

pricing and decentralization of decisionms.



SECTION II. A REVIEW OF THE DECOMPOSITION PRINCIPLE

Dantzig and Wolfe [9] have shown that certain linear programming
problems can be separated, or decomposed, into a number of smaller subproblems,
each of which is solved independently.2 This is advantageous for particularly

large problems which, due to their size, are difficult and inefficient to

solve as one problem. Whether or not a problem can be decomposed 1is

dependent upon its particular mathematical structure.

Consider a linear programming problem of the form

max V = py¥ + P,y (1)
x,¥

subject to Alx + Azy ¥ do (2)

Mlx £ dl 3)

My < d, (4)

where, for j=1,2

..

Pj is a vector of dimension nj
A. is an mo X nj matrix of coefficients:
d is an mo vector:

M. is an m, X nj matrix of coefficients:
d. is an m,; vector:

J J

x and y are vectors of decision variables.

Expression (2) represents the set of constraints which involve both

sets of decision variables x and y, whereas, expressions (3) and (4) are



constraints which involve just one set of decision variables, x or y, but
not both. Tf we think of this problem as (say) a firm with two divisions
maximizing profits, subject to resource and technological constraints,
where x is the vector of decision variables associated with division 1 of
the firm, and v, the decision variables associated with division 2, then
constraint (2) represents the interactioms and interdependencies of the

t70 divirions; vector d0 could represent the available amounts of resources

which are shared by the two divisioms. Constraints (3) and (4) represent

technological relations which are unique to divisions 1 and 2, respectively.
Problem (1-4) can be solved as omne centralized decision problem, or,

it can be decentralized so that each division makes declisions so as to

maximize a divisional objective function. This decentralization can be

accomplished by formulating the problem as a single "master program'' and

a subprogram for each division. For our two division problem these are

expressed as follows.

R B n 1.1
The Master Program: max V= L 61A1 + I szz (5)
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The Divisional Subprograms:

Division 1 Division 2
n n
max 9 x max g,y (9
v 2
X
Mx =< d M.y <
¥ 29 ¥ 29y (10)

The terms are defined as follows.

Aj is a weight (Oélisl) attached to the proposed soluticon of division
j on the ith iteration of the decomposition algorithm. Throughout
this section, the subscripts denote the division, and the superscript
denotes the iteration.

8; = pjxl, the contribution of division j to the value of the firm's
objective function on the ith iteration, where xl denotes the optimal
solution to (9}, (10) for the division on the ith iteration. 6. is
a scalar value.

'E; = ijl, the amount of common resources used by division j in the
.th . i, .
i~ proposed solution. Ejls a vector of the same dimension as do'
i i-1 . e .
qj - Pj— Y Aj, the vector of coefficients for the division j

objective function on the ith iteration. Yi-l is the vector of
provisional dual variables (simplex multipliers) computed on the
(i—l)th iteration. These are the dual variables associated with
constraint {6) of the master program, and Yi_ Aj is the opportunity

cost of using the resources which are shared by both divisions.

As is obvious from our definitions, the decomposition algorlthm is



is an iterative process, where each iteration is a single step (pivot
operation) of the simplex algorithm applied to the master program. This

iterative process would proceed as follows.

Iteration 1 (i=1): Each division presents to the master program, a
proposed basic feasible seclution to its divisional subprogram ($-10),
The only details of the jth division's proposed basic feasible solution

disclosed to the master are (a) the resources required to implement this

1
X 1 . . .
program: j-= Aj x~, where the superscript denotes the ISt iteration; and

(b) the divisional contribution to the value of the firm's objective
. 1 _ 1 i .1 . .
function, ej = pjx . The values Ej, Gj, j = 1,2 are used in the master

program which tests for feasibility (i.e., demand for resources does not

exceed supply) and optimality. The provisional values of the dual wvariables,

1 , s . s
v, are computed and communicated to the division. These provisional dual
variables are to act as prices of the shared resources, and are, therefore,

used to modify the divisional objective functions on the next iteration.

Iteration 2 (i=2): Using the provisional dual variables, Yl,
computed on the first iteration, each division revises its divisional
objective function to take account of the value of the common resources it
uses. With the revised objective function, it computes a new solution to
the divisional problem (9-10). For example, assume divislon j has two

decision variables, Xy and Xys and the coefficients in the original objective
function (1) are Py and ij' There are two resources shared with other
g

divisions, thus - -
L . lu 412

] a a

21 221,



and the provisional dual variables associated with the shared resources are

Yl = (Yi, Yé)' The division's objective function coefficients would be
. 2 2 2 . 1
revised to . . . ) = P -
a; (qu » Ay Py ]
2 _ ool U1 a
1 Pig V1 %1 7 Y2 R )
2 1 a . - A
92 Pog 7 Y1 %21 7 V2 Tax
The new division j problem is
2 2 (o
mgl{x qu x1 + qzsz (9"}
subject to, for example, the independent divisional constraints:
2
mpp¥s hompp¥, 2 dyy
m,.X + m,.x '
2171 2272 < d2j (10")
MyXyp Fomp¥ < g

The divisional constraints (10') are the same as (3) in the original

problem, but the division need not directly consider how its decisions
interact with other divisions (it ignores constraint (2)). Rather, it

revises its objective function, so as to take account of its use of resources

shared with other divisions, by using the provisional dual wvariable

v as a price for shared resources. Thus, for example, in (11), - Yé a5y

represents the charge (per unit of activity #1) for use of resource #2,

since Y; is a shadow price of resource #2, and 2,1 is the number of units



of resource #2 used per unit level of activity #1.

d

2 .
Lecting xi, %, dencte the optimal solutiem to (98'-10") for the 2"

iteration, division j tells the master program its requirements for resources

. o, _
1 and 2: _ - r
2 I 2 2
®13 anx oA
) i
Ej - = | (12)
2 2 2
+
€93 (8y1%1 822%2
S — —
and its divisional contribution to the value of the firm's objective function:
2 2 2
= + .
Gj pljxl pzsz (13)

The values B?,E? , for j = 1,2 are included in the master program (5-8)
which computes new weights A and new values for the provisiornal dual variables,
including Y2 associated with comstraint. (6). This sclution is tested
for optimality; if an optimal solution is indicated,the divisions are told
to implement a weighted average of their previously proposed solutions,
where the weights are the XA values. If the present solution is not optimal,
the divisions are to use the new price for shared resources, Yz, to revise
thelr divisional objective functions for the third iteration. This process
continues until an optimal solution is found. On each iteration, the
divisions use new provisional dual variables as prices in their revised
objective function. Thus, the master program is acting as an auctioneer,
setting prices for internally shared resources so that supply equals demand.
The deccmpousition algorithm creates an internal market for resources

which are shared by different divisions, and the dual variables are used as



internal prices. So long as transfer prices are properly formulated,
individual decision making units can make decentralized decisions which
result in a global optimization for the firm. In this case, the transfer
prices are set so that internal supply and demand are equalized, and the
resources are allocated to the most efficient decision making units.

Each division formulates its objective function (9) so that it is penalized
according to the amount of a scarce resource it uses, and it is rewarded

if it supplies a resource which can be used in other activities.

SECTION IIT1. AN INTEGRATED MODEL OF THE FIRM

In order to explore the application of the decomposition principle
to financial decisions, we will first develop a model which combines the
operating (or production), investment, and financing decision prohblems
into one integrated, although much simplified, model of the firm. The
purpose of this integration is not to attempt to solve all these decision
problems, rather, it is to show how these decision problems interrelate,

and subsequently, how they can be separated or decentralized.

The Objective Function

The objective of the firm's decisions should be to maximize the current
value per share of common equity. The model of valuation, and thus the
maximand to be used here is of the form

T
b= I D¢ _1 + ' 1
= »,
LR Wt Np (1+8) T

(14)

market price per share of common stock at time O;

3]

=2
o
]
o
o

Q

n

e
il

aggregate dividends paid at time t;

<
L]

aggregate market value of equity at the horizon date, time T;
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=
1l

the number of common shares outstanding at time t;

(=)
1}

the rate of return on equity required by the market for a
£iem of its rick elase, which for simplicity, we will assume
is independent the amount of debt.

If our decision problem involves financing decisions, then the number

of shares, N, is a decision variable, and our objective function is non-linear.

It has been shown & that (l4) can be written in linear form as

T
P, =iy D, - S¢ 1 .+ Vp 1o
N, (1+8) N, (1+8)
(15)
T t
or VO =t;1 (Dt - St) o+ VTQT s

where St = the amount of new equity issued in period t, before deduction
of flotation costs, and

pt = 1

Ti;gjt .
The reason that new equity, St’ is subtracted out of the objective function
is, as Miller and Modigliani [18] point out, that the benefit derived from
the inflow of new equity funds in period t is exactly offset by the effects
of dilution of owmership in future periods.

Since dividends and new equity are not the only relevant decision

variables, we want to develop (15) in order to express our ocbjective function

in terms of more basic decision variables. First, we express (15) in terms
of the relevant cash flows to the firm. Let

0t = operating income, before deduction of depreciation or

interest, received during period t;

LD
I

depreciation charges during period t;

(o]
Il

interest paid at time t;
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corporate tax rate

(@]
i

o]
H

Ot(l—T)+TQt - It(l—T). (16)

the flow of funds from operations, after interest and taxes,

11

The firm's sources of funds are: (a) from operations (Ct), (b) funds

provided by the flotation of new equity, net of flotation costs (St(1~f), where

f denotes the proportional flotation costs), and (¢} from net increases in

debt (ABt). The firm's uses for funds are dividends (Dt), and new investments

(Yt)’ where Yt denotes gross investment, including replacement of depreciated

assets and increases in working capital. ABt is the net increase in debt,

so0 that ABt<0 indicates debt repayment, a use of funds. Letting total

sources of funds equal total uses, we have

-f) = +
¢, + 0B (1-f) D+ Y,

which yields

Dt = Ct + aBt + St (1-f) - Yt. (17)

substitution of (17) for Dt in (15) yields our valuation mode1:5

[l
e 3

t T
+ - + -f) -
v [ct ABt Yt st (1-£) St]D +VTD

0 t=1

. t T (18)
[c, + B, Y, fSt] o+ Voo

]
e =3

t



substituting for Ct from (16) we cbtain

. £t Al
¥ - - - -y - +v
[Ot(l T)+TQt I1{1 T)+ABt Yt fSt]D Tp (19)

1l
B 13

=1

We must now define the relevant decision variables and show how they relate
6
to (19).

For our model we define five general types of decision variables:

investment, borrowing, equity financing, dividends, and production.

Investment: The firm is presented with a set of investment opportunities.
Although we will explicitly consider only capital investment projects, these

8
opportunities can include short term investment and lending. Let Yy be
the decision variable associated with project K, where yk =0, or 1,

denote rejection or acceptance of the project. Let Cok be the cash inflow

(before interest and after taxes 9) from project k in period t. The

coefficient (in the objective function) of decision variable yk is

i1 3
o
-

t

10 ]
which is the net present value of project k, where the discount rate is the
required rate of return on equity. The capital investment portion of the

objective function is

t
m@x E E Ctkp Ve (20)
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Debt Financing: The firm obtains part of its financing by issuing debt

securities. For simplicity we will not distinguish between long and short
term debt, we will assume all debt is issued in perpetuity, and can be
repaid at any time. We will also maintain the simplifving assumption that
the required return on equity, &, is independent of the amount of debt.

Let Bt denote the amount borrowed, and Rt the amount repaid at time t.

The debt financing portion of our objective function will be

5 -— =
BE 5B PR

RS [ptﬁgt=lrpn]3t - E[pt*g=t+l rpﬁ]Rt’ (21)

where r is the after-tax rate of interest, and we define
t T -1
= T— o . 22
bt P n=t£l P (22)
“he first term, ot is the present value of the $1 inflow when debt is issued,
and the second term is the present value of all subsequent interest payments

until the horizon date.

Dividends and New Equity Financing: Dividends, as a decision variable,

do not appear in our objective function, even though our model will determine
the dividends to be paid. Since our valuation model (19) is expressed in
terms of all sources and uses except dividends, dividends are determined
as a residual, when all other variables are determined. Dividends will be
shown in some of the constraints.

As is shown in (15), the coefficient of the new equity variable, St’ is
—fpt, the present value of the flotation costs.

The dividend and new equity portion of our "firm-wide" objective function
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is,

max % (—fpt)St. (23)

Eggguction:llThe firm has certain existing production and marketing
facilities. The current decision involves the activity level at which these
facilities are to be operated. Let the decision variable X g denote the
activity level at which process i is to be operated in period t, and let the

coefficient Py represent the present value of the after tax cash flows associated

. . , . . , 12 .
with the operation of process i at unit level in period t. The portdon

of the firm's objective function associated with the production decisicns is

max
X

(24)

The Objective Function: Combining expressions 20,21,23, and 24, we

write the complete, firm-wide objection function as

max . . (25)
é’i’R V= o Y TERSB, - o R, - RS+ I Pei¥es -
3

The Constraint Equations: As previously stated, the primary purpose

of this paper is to explore the implications of the structure of our L. P.
model, rather than to develop a detailed model of the firm. Thus, only those
constraint equations regarded as basic to the structure of a model of the
firm will be developed, while other, less basic, constraints will be ignored
or referenced in only the most general terms.

Every financial planning model must include one set of constraint
equations which are of overriding importance: a set of equations expressing

accounting identities which tie the system of variables together. We will
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consider as typical the equation: net cash inflows = net change in cash

balances.
Let K0 = cash balance at t=o, the firm's initial balance;
Kt = cash balance at time t, a decision variable;
B0 = debt outstanding at the beginning of period 1.

a_,= net cash inflow in period t per unit operating level of

production process i.

Ft = net cash inflows in period t which are exogenously determined.

Letting net cash receipts equal the net change in cash balances from
the start to the end of the period, for period t=1 we have

Eeq ¥k ~ B, +ByR, +(1-£)§,-D +fa, . x, +F, = K X .

1i 71 1
Rewriting with the constant terms on the right, and reversing the signs
80 as to show cash outflows as positive and inflows as negative, we have

"R B TRy (A-E)8, 4D, Ay ix) Ky = K HF

1 —rBo. (26)

1

Similarly, for any period t, we have

t-1 t-1
- _ - - - -— - . =+ - = -
ﬁctkyk + ngern Bt nél 1Rb+Rt a f)St Eatixti Dt Kt-1+Kt Ft rBo’

t=2,...,T
(27)

The cash flow equatiomns, (26) and (27), are particularly important
since they show all the relevant decision variables, including net new
equity, (l—f}St, and dividends, Dt' In addition, they tie all the variables
together in a "definitionally" consistent manner, and link various account
balances together from period to another. Since the cash flow equations

reflect the linkages between different decision centers, and they involve
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all decision variables, these equations will be part of the inter-divisional
equations represented by expression (2), and cash will be regarded as a
resource used jointly by all divisions. Thus, in cur decomposition algorithm,

the coefficients in (26) and (27) correspond to those represented by the Aj
matrices of (2).

Debt Capacity Constraints: 1In order to limit the use of debt financing,

we impose the policy constraint, Total Debt < a{Total Assets}, O<axl,
We write this constraint, for period t, as

rtp -zt

<
oo n a=1 Rn — u{E ngl hnkyk + %gixti + Kt + H }, t=1,...,T,

t

where
hnk = assets purchased in period n for investment project k;
84 = investment in working capital associated with production process i;
Ht = assets at time t which are determined exogenously to the model.

To show the constant terms on the right, we rewrite as

£ B

- - E - - - =
Eonf1 OBy - agRg ok By bR - ek <am By &=l T (28)

We will refer to this set of T constraints as debt capacity constraints,

since, at any peint t, the availability of additienal debt financing is
determined by oﬁr past borrowing and the total assets available to support
this borrowing. Note that the debt capacity constraints (28) involve all
our decision variables, and thus, are another part of our model which inter—
relates, or links together, the different divisions, or decision centers

of the firm.
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The set of "firm-wide" constraints represented by expression (2)
would now consist of all the cash flow equations (26-27) and the debt
capacity constraints (28). We will assume that these are the only constraints
that involve all decision variables, and thus, reflect the interactions of
the various decision centers. To the extent that we cap say there are
resources shared by all division, these resources are cash and debt capacity.
In order not to get lost in a forest of constraint equations, we will
assume that all remaining constraints are specific to individual decision
centers. We do not need to develop the complete set of conatraints in order
to analyze our model, although, we will develop additional detail as we
proceed in order to emphasize a specific point. We will represent the con-
straints specific to a particular decision center j, in matrix form as
M.x, <d,,
Y B |
where xj is the vector of decision variables controlled by divisien j,

Mj is the matrix of coefficients, and dj’ the vector of constants.

A representative list of the types of constraints envisioned in a more

detailed model is in Table I.

The Integrated Model; Our integrated model of the firm would have the

objective functien (25), and the constraints reflecting interdependence of
decisions between divisions would be the cash flow equations (26-27), and
debt capacity constraints (28). In addition, there are constraints

ijjjdj, for all decision centers j, which are independent of the operations
in other divisions; these are typified by the tvpes shown in Table I. Im the
next section we will coumsider how the firm will decentralize their decisions,

and we will explore the implications for internal pricing of the shared

"resources'": cash and debt capacity.
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SECTION 1V.

THE DECOMPOSITION OF THE INTEGRATED MODEL OF THE FIRM

Having developed a simple model of the firm which includes the major
operating, investment, and financing decisions, we will now apply the
Danteig-Wolfe deccmposition principle to the model in order to analyze it
in terms of opportunities for decentralization of decision, and to explain

the objective functions for the decentralized decision centers.

The Master Program: In our model, the cash flow and debt capacity

constraints reflect the interaction of the various decision centers in
consuming or supplying "resources" that are common to all divisions: in
this case, the resources are cash and debt capacity. The master program
must set internal transfer prices on these resources in order to allocate
the resources among competing users. The prices used will be the values
of the provisional dual variables associated with the cash and debt con-
straints in the master program.

On the nth iteration of the decomposition algorithm, the master

program, for our four division model, is written as

4 o i i
max I T @7 A, (29)
S
£OETAT < d (30)
i.]J “D
RS ol S Y (31)
ji 43 0
- o1 .
z Aj =1, 3=1,...,4 (32)
Ao 0;
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where,
Oj is division j's contribution to the current market value of
] . .th | .
the firm on the 1 iteration;
i i i i .
E, ={e ., e .ynees2_.), is the T component vector of net cash outflows
j 137 723 Tj
. s . .th | i,
from division j on the i~ iteration. Element etj is the net cash
outflow during period t of division j-
do is the T component vector of the firm's cash flows which are exogencusly
determined;
Li = (Qi zi gi ), is the T component vector where element 21 is
3 137 "23°7 Ty t]
division j's utilization of debt capacity in period t in the it‘n
proposed solution;
oy . . :
dg is the T vector of elements representing the firm's exogenously

determined debt capacity, for each period t=1,...,T.

Note that constraints (30 and (31) correspond to the cash flow and debt
capacity constraints (26-27) and (28) respectively.
On each iteration i of the decomposition procedure, each division j

n

tells the master program (a) the net cash outflows for each period, L?,

(b) the divisional utilization of debt capacity in each period, L;, and
N
(c) the divisional contribution to the market value of equity,e;. The

master program (29-32) is solved for weights A;, and the provisional dual

variables associated with (a) the cash flow constraints (30), denoted by

i

o t=l,...,T, and (b) the debt capacity constraints (31), denoted by

¥

i
mes t=1,...,T.
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Capital Budgeting: The decentralized capital budgeting problem can

be formulated as

max ﬁ q; Vi (33}
y

(34)

where Ml is the matrix of coefficients from the independent constraint
equations concerned with (for example) mutual exclusion and interdependencies

t
of projects, and constraints regarding Vi < 0,1; and where, on the i b

. , . . . _ . i .
iteration, the objective function coefficient is Q3 and the subscript 1
is to denote "division #1'", the capital budgeting division,

According to expression (11), the coefficient q; is calcuylated as

1 "ePek (35

|
[ R |
=

o

i
1 =3

where Py is the coefficient from the original objective function (25),
i is the coefficient from the cash flow constraints (27) for period t,
and btP the coefficient from the debt capacity constraint (28) for period t.

Applying (35) to the capital budgeting problem, we have

T
t
P = L e P, from (2Cyor (25);
k e=1 tk
S R frop (27); and
btk = —ahtk from 283 . o
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Sk is the cash inflow (ctk<0, an outflow) froem project k in period t,

htk is the capital expenditure for assets for project k in period t
and o is the proportion in the constraint, Total Debt < o{Total Assets!.

Thus, the coefficient 9 is

i £ i 1
g = I S - Zyt( Ctk) ) wt(—qhtk) (36)
t t t
Z?_ ( RN . ah {ﬁ (37)
Lctk © e £k J '
L

The decentralized capital budgeting objective function function, for the
ith iteration becomes
4
B G+ vh) +alan |y . (38)
tk t t Ttk |k

max ¥ I
y k t

This objective function will make sense after we interpret the various
terms used.

The discount factor pt + 1/(1+c5)t measures the external opportunity
cost to the stockholders (evaluated at time o) of funds in period t, in
the sense that the required rate of return, &, is the highest rate of
return, at a given level of risk, available to stockholders from alternative
external investments. Thus, pt measures the stockholders valuation of cash-
flows relative to external investment oppcrtunities.

The provisional dual variable Y, measures the change in the current
market value of equity resulting from an additional dollar of cash available
at time t, and used in its most productive internal alternative use. That is,

. . | S
Y, is a discount factor which measures the increment above o0, in the
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current value of equity, derived from an additional dollar utilized by

the corporation in an optimal manner, at trime t. Thus, Qt is an external
oppartunity cost, and Yt is an internal opportunity cost. If productive
internal uses for funds have been exhausted so that there are no investment
opportunities with a rate of return above the required rate of return ¢,
then yt=0, and the relevant discount factor applied to funds at time t

is pt, an external opportunity cost. If there are investment opportunities
within the firm, with rates of return in excess of ¢, which are foregone

due to a shortage of available funds, then Yt measures the opportunity

. t . -
cost, 1n excess of p , of foregoing these opportunities, Under these

circumstances, the full opportunity cost of cash in period t, to the
. . t
stockholder, in terms of current market value, is p +Yt.

Given this interpretation, the term -f v (-c . ) = I v ¢
t

ot ek S v 56

represents the internal opportunity cost of cash flows asscciated with project
k. For ctk>0, Y ¢, FePresents an internal payment, or "subsidy" to project

k for providing funds in period t. If ctk<0, then ?tctk<0 represents a penalty to

project k for absorbing funds which could be utilized in alternative productive

opportunities, Thus, Iy ¢

Crk represents o charge for the shared resource,
t

cash, where Yt is the internal transfer price for cash at time t. The

full opportunity cost to the stockholder would be E(pt + Yt)ctk'
t

The term Eﬂtahtk in (36) represents the opportunity costs, associated
t .

with project k, of "absorbing debt capacity."” The debt capacity constraints

(28) allow the firm to add o dollars of debt for each $1 increase in assets,



24

and the dual variable ﬂt measures the increase in rhe market value of

equity which would result if the firm could get an additional dollar of

debt financing. Since htk is the increase in assets in period t associated

with project k, then adoption of project l adds aht dollars of debt

k

capacity to the firm in period t. Thus, Euhtknt is the change in the
t

market value of equity which results if project k is adopted, and ahtk

dollars are borrowed and put into their most productive uses. The dual
variable ﬁt is being used as an internal transfer price for debt capacity,
and since acquiring assets adds to debt capacity, the project k is subsidized,
or rewarded, to the extent that it enables the firm to obtain additional
debt financing.

Thus, the capital budgeting division's modified objective function
recognizes a project's effect on the value of equity as coming from three

sources. First, there is the direct effect of cash flows from the project

t

upon the firm's ability to pay current dividends, as measured by Ectkp .

t

where pt is the discount factor applied by stockholders in evaluating
dividends in period t. Second, the cash flows generated by the project
can also be employed in other productive uses which, in turn, enable the

firm to pay dividends in future periods, as measured by fc
t

Third
tk't ’
the increase in the asset base of the firm increases the firm's ability

to borrow and thus undertake other projects., This effect is measured by

Zoh .7 .

t
' tk

On the ith iteration of the decomposition, the capital budgeting
manager determines the solution to (33-34). Based on this solution,

he reports to the master program (a) his demand for cash in each period



M
Ln

i i i
El = (e ’l‘-’eTl),

i i
where period t cash demand is etl = _Ectkyk’ t=1,...,T; (b) his utiljzation
j IS

of debt capacituy

i i i
L, = (&

1 l""’ng)’

i i P . .
where Rtl = —Zuhtkyk; and (c) the divisional contribution to the market
k

value of equity,

i ¢ i
0, = Lic_.py, .

1
Lokt tk™ “k

If the master program has reached the optimal solution, the process will
terminate with the capital budgeting manager being told to implement a
weighted average of the past proposed solutions:

T i
A =
=y

i=1
If cptimality is not indicated, then the master computes a new set of prices

i+1 i+
Ve 1,nt 1, t=1,...,T, which will be used by the capital budgeting manager

to compute a new investment program according to (33-34). This contirues
until an optimal solution is found for the master program.

Note how the capital budgeting problem (33-34) differs from the
standard linear programming formulation of the capital budgeting problem

as presented by Weingartner [23]. The Weingartner formulation can be stated as

t
max INe,,py {39)
y KE tk" “k
subject to
Ectkyk:i‘ F, t =1,...,T (40)
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where Ft represents a fixed amount of funds available for capital investment
in period t, and Mlyi d1 represents the other constraints regarding inter-
dependencies, mutual exclusion and ¥, = 0,1

The Weingartner formulation, by regarding the capital budget as fixed
at Ft’ doesn''t allow the L.P, to make the trade-off between competing sources
and used of funds. (n the other hand, our model, unlike the Weingartner

model, is not necessarily a model of capital budgeting under conditions

of capital rationing, it is somewhat more general. The decompositicn
approach explicitly reflects the interaction of capital budgeting decisions
with all other competing sources and uses of funds, including current
production and current dividends. With the master program acting as

an internal auctioneer of funds, there is an optimal allocation of funds
within the firm, where funds are allocated to the most productive uses.

In addition, the internal pricing scheme provides a "subsidy" to those
activities which are a source of funds in periods when funds are in

great demand. Thus, the capital budgeting manager need not regard the
capital budget as fixed in any given period. Rather, he can obtain additional
investment capital from corporate headquarters by bidding funds away from
other uses if his returns are sufficiently high, as indicated by Bi, his

divisional contribution to the current market value of equity.

The Dividend and Equity Financing Decisions: The decentralized

dividend decision model would be written as
T
max I -y D = min Iy D 3
D (=] EE D tt (42)
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subject to, for example,

D > D {1+)
1 — 0

S(He)D 4D > 0, €= 2,1

(43)

where ¢ is the minimum growth rate of dividends, a value set as a matter
of corporate policy. In this context, the dividend decision is made so

as to maintain growth of dividends in order to satisfy investors. The
model does not really determine an optimal dividend policy in a global
sense. Rather, the policy is specified in the constraints.

The objective function (42) is formulated according to (11)}.

Since dividends appear in the cash flow constraints (27) as an outflow,

they have an opportunity cost of Yt’ where Y, measures the opportunity

cost to the stockholder of the company foregoing internal investment cpportunities.

If there are attractive internal investment opportunities, with Yt>0,

then dividends will be mimimized subject to the growth constraints set

by corporate policy. If productive investment opportunities have been
exhausted and there are still funds available, then Yt=0, and the objective
function (42) will have value of zero for all D. Under tﬁese circumstances
all available funds will be paid out as dividends once all internal invest-
ments with rates of return in excess of & have been undertaken. This

is consistent with the idea that the corporation (under conditions of
decreasing marginal returns to scale) would, at first, face very profitabie
internal investment opportunities which provide a return in excess of

that available to external investors. The corporation would retain earnings

and expand its investments. As these very productive opportunities were
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exhausted, Ve would be driven to zero, and unutilized funds would be paid
out to the investor in the form of dividends. But, so long as Yt>0, the
stockholder would be better off if funds are internally invested than if

he receives them as dividends.
We consider now, the decision to issue new equity. The new equity

decision variable St appears in the integrated objective function (25)
with ceoefficient ~fpt, and in the cash flow constraints (27) with coefficient

~(1-f). Thus, according to (11) we write the decentralized equity decision

model as (44)
max I (-fp )4y (1-F) § = max I y _(1-f)-fo° s
" t t t t
5 t S t
subject to independent policy constraints: MZS_i d2’ (45)

where subscript 2 denotes the division.
If productive investment opportunities have been exhausted and thus

yt=0, the objective function (44) becomes min Epth R
S t

and new equity financing is minimized. That is, due to flotation costs
fSt, when Y. =0, the stockholders would always be less well off if new equity
is issued.
Stockholders would be indifferent to the corporation issuing new
shares if Tt>0 and yt(l—f)=ptf, that is when the coefficients of St in
(44) is zero. Under these circumstarces, the benefits of issuing shares
and using the proceeds to engage in Internal investments ig exactly offset
by the resulting dilution of ownership. The only time the stockholders

would be better off with new shares being issued would be if internal

investment opportunities are sufficiently attractive so that Yt(l-f)>ptf.
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In this case, the benefits derived from utilizing new equity funds for
internal investments exceed the dilution of ownership imposed by flotation
costs. Thus, equity financing would be maximized, subject to the various

constraints represented by M,S5 < d

2 2’
Consider now, the interaction between dividends, new equity financing,

and internal investment opportunities. When investment opportunities are

-t
particularly attractive, and funds are in short supply, and thus Yt(l—f)>p f,

then new equity would be utilized and only the minimum dividends sufficient
to satisfy policy constraints (43) would be paid. So long as Yy remzins
high, investment will be expanded. But, assuming diminishing marginal
returns to investment, as investment expands, Yt is forced toward zero.
When Yt(l—f)=otf, internal investments are no longer attractive enough

to justify new equity financing, but dividends are still minimized so

that investments can be undertaken with the funds available from other
sources. When these investments are exhausted, and Yt=0, then internal

investment is stopped, and all available funds are paid out as dividends.

. ,th | , .o - ,
Debt Financiang: For the i iteration of the decomposition aigorithm,

the debt financing decision can be made on a decentralized basis by solving

the problem

t, i T n T il
max I [p +Yt - I r(p +yn) - I v Bt
= +1 =t =
B,R t n=t n (46)
t, i T n T i
- I [p +y - I r(p +yn) ﬁét ﬂnJ Rt
t n=t+1

subject to

i8]
i d s
M, LRJ <d, (47)
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where the constraints are those independent of the other divisions'
decisions, such as (total repyaments) < (total debt). Ip this context,
the debt manager doesn't explicitly consider constraints on debt capacity,
or the cash flow constraints, since these constraints are taken into
acccunt by the internal prices T and v.

The objective function mazimizes the present value of the proceeds
from borrowing over the planning horizon. This present value calculation
considers not only the direct effect of borrowing upon the value of equity:

[(pt - E rpn)Bt], but it also considers the indirect effects of borrowing
n=t+1

upon the value of equity. The indirect effects are reflected in the objective
function (46) in two separate ways. First, an additional 81 of borrowed
funds adds to the current cash flow which can be utilized to undertake
productive opportunities, and of course, subsequent interest payments
decrease the availability of cash. This effect is measured by the cash
flow constraint evaluator Y, If Yt>0, borrowing is encouraged by the
"subsidy" in the objective function as measured by +tht. Secondly,

if the firm has already borrowed up to its capacity, then there is a
"penalty'" associated with this borrowing, which reflects the opportunity
cost of not being able to borrow additional funds to be utilized in
other, profitable investment opportunities which must be foregone due

to lack of financing. This penalty is measured by the dual variables ﬂt

The dual variable L associated with the debt capacity constraint
measures the increment in the current market value of the equity which

will result if the firm has an additional $1 of debt capacity, or potential
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borrowing, in period t. If the firm is able to borrow an additional $1 for
that period, then it can potentially undertake additional investments
or increase its rate of production, which it could otherwise not do, Since,
In our particular model, we have assumed that debt is issued in perpetuity,
the issuance of debt in period t absorbs debt capacity in the current
period and all future periods. Thus, in the objective function (46),

T

we show the penalty for issuing debt in period t as ~ I W;Bt, and the
n=t
T

reward for repayment of debt as +n§t ﬂiRt.

As with any dual variable, if the corresponding constraint in the
primal is not binding, then the value of the dual variable will be Zero.
Thus, if the firm doesn't borrow up to its capacity, then Wt=0, and
there is no penalty fcr issuing additional debt in that period. One
reason why the firm would not borrow up to its capacity would be that
it has exhausted the oppertunities for productive employment of funds.
For exampie, if all remaining (unadopted) investment opportunities are
such that their net present values are nonpositive, then there is no
point in borrowing additional funds. Thus, the penalty associated with
having already borrowed up to the limit would be zero. On the other
hand, if there were many productive investment opportunities remaining,
and the firm has already borrowed up to its limit, then nt>0 would
measure increase in the market value of equity which would result if the
firm could borrow an additional $1 in period t.

Consider now, the sequence of financing as the decomposition algorithm
proceeds. At first, very profitable investment opportunities will tend

to make Yt relatively high. Both debt and equity financing would be
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utilized, with debt being preferred since it appears as a cheaper source
of funds. If the debt capacity limit es encountered before Yt(l-f)jptf,
then the firm will still expand its investments, using equity financing.
Further expansion of investment will drive Ve lower so that Yt(l—f)jptf,
and equity financing will cease. At the same time, the extra investment,
financed with equity will have pushed the firm away from its debt capacity
limit (Wt = ), and additional debt financing will occur in order to
finance further investments as long as Y >0.

Other decentralized decision centers such as the production division
would formulate their divisional objective funetions in a similar manner
as the investment and financing decision centers. Each decision center
would utilize the transfer prices generated by the master program, Yo and
e Cash flows would be discounted with the modified discount factor
(pt+yt), and changes in assets or liabilities which affect debt capacity

will be priced with the debt capacity evaluator Mo

SECTION V. CONCLUSION

The optimal solution to the decomposed model of the firm will result
in a global optimization for the firm as a whole. From an erganizational
and computational point of view, there is a great advantage to having the
managers most familiar with their own divisional problems and technology
make their own "value maximizing" decisions, where "value" takes into
account the interaction of their decisions with the rest of the firm,
as reflected in the transfer prices for shared resources, generated by

the master prcgram.
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The application of the decompqsition principle to our financial
decision model vields a transfer pricing scheme for cash flows within
the firm. The appropriate transfer price for internal cash ic ot+yt,
where pt z l/(l+5)t is the discount factor applied to dividends by

the market, ¢ is the required rate of return on equity, and Yt is the

provisional dual variable associated with the cash flow constraints.

The provisional dual variable Y; measures the increment (beyond pt)

to the current market value of equity if there is an additional $1 of

cash available in period t, Thus, Yt is the opportunity cost of cash.
When there are investment opportunities available with rates of

of return in excess of the required rate of return on equity, and the

firm has insufficient funds to exploit these opportunities, then y >0.

When the firm has exploited all such opportunities, then Yt C. Under
conditions of decreasing marginal returns to investment, as the firm
expands its investments, Yt will decrease toward zero. Thus, investment
in internal investment opportunities should be expanded until yt=0.
At that point there are no investment opportunities remaining with rate
of return greater than &. So long as Yt>0, dividends should be minimized,
subject to various possible policy constraints. Once Yt has been driven
to zero, all funds generated by the firm should be paid out as dividends.
Only when every division has made decisions which are optimal for
the firm as a whole, and thus, a global optimum has been attained, will
the appropriate discount factor applied to cash flows be nt. At pcsitions

which are less than the global optimum, the discount factor applied to

. s . t
cash flows, for internal evaluation, will be o +yt. For example, in
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order for capital budgeting decisions to be made independently of financing

and production decisions, the conventional cost of capital discount factor
muet be modified to be pt+Yt. In this way, the capital budgeting decision
implicitly considers alternative uses for furds in other divisions, since

Y, represents the opportunity cest of not adopting alternative uses for

funds,

Our model provides guidance as to when the firm should and should
not use equity financing. This decision rule states that new equity should
be issued only if yt(l—f)>ptf, where f is the proportional cost of floration
of new equity. When Yt(l—f)<ptf, then the returns on alternative investmeut
opportunities are not sufficient to cover the flotation costs, and thus
new equity financing should not be used. Under these conditions, so long
as vy >0, additicnal financing should come from other sources, such as

debt, providing that there is still some debt capacity remaining.
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FOOTNOTES

*Assistant Professor of Finance, the Wharton School, University of
Pennsylvania, Financial Support was provided by the Redrey L. White Center
for Financial Research of the University of Pennsylvania.

Since completing this paper I have found that Carleton [6] recently
wrote a similar paper, applying the decomposition principle to the capital
budgeting problem, His treatment of the capital budgeting problem, while
quite similar, focuses more upon the decentralization of capital budgeting
decisions between corporate divisions, whereas, the present emphasis is upon
decentralization according to functional areas: investment, fipancing, and
production. The present work explores the interaction of investment and
financing, whereas Carleton discusses the implementatiorn of decentralization.

2F0r proofs and detailed development of the decomposition principle,
see: Baumol and Fabian [2], Dantzig [8, Chapter 23], Dantzig and Wolfe [91,
and Hadley [10, Chapter 117.

3The decomposition algorithm can handle any number of separate "divisions."

We consider only two divisions for ease of expesition.

4See Miller and Modigliani [18]}. Carleton [5] utilizes this valuation
model in the context of a linear programming model for long range financial
planning.

Our expression (18) differs from Carleton's expression (16)
{5, p.299], in that his expression does not subtract £fS. . Carleton's
(16) is not incorrect, rather it is not develcped in tefms of the ner
sources of funds available for dividends, F +S (1-f). Substitution of
Ft+St(l—f) for Dt in Carleton's (1b) shows Botﬁ to be identical., OQur

expression (18) are to be preferred since they properly reflect the effects
of flctation costs upon the sources of funds.

In the objective function of the linear programming model to be
developed subsequently, the terminal value of equity VT Is suppressed,

This is done to simplify the notation, and does not affect our conclusions.
Of course, any application of the model would require us to consider terminal

value VT in our model. Possible methods of deriving VT would include

(a) applying an anticipated price-earnings ratio to terminal period earnings,
or (b) assuming a constant grewth rate, g, in earnings and dividends after
the terminal date, and letting Ve = DT+1/(k—g).

7Vickers [22] provides a rigorous analysis of the firm's solution
to the interrelated problems of production, investment, and financing.
The present work was, in part, inspired by an effort to apply the Vickers
model in a linear programming context.
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A more detailed development of the short term investment {and
financing) problem is found in Robichek, Teichroew, and Jones (211,
Orgler [20] and Cohen and Hammer [7].

9. .. _ . .
Define €l “Otk(l T)+thk htk’ in direct correspondence to

Ot(l-r)+TQt*Y in (19}, where Otk(l—r) is the (efter tax) operating

cash inflow, before depreciation (qtk), or interest, from project k in

period t, and htk is the capital outlay for project k in period t.

10
Baumol and Quandt [3] have noted the difficulties inherent in using

NPV in the objective function of an LP model under conditions of capital
rationing as done by Weingartner [23]. Carleton [4] and Myers [18] have
both subsequently justified the use of NPV in the context of a model where
the objective function involves the cash flows to the stockholder. Since
our model is basically a dividend model, the use of NPV in the objective
function is fully justified. That is, NPV in (20) enters the objective
function only in so far as it influences dividends, since (19) is derived
directly from the discounted dividend expression (14).

lNo attempt will be made to completely model the production decision.
We must emphasize, however, that the complete model of the firm must include
the operating decisions involving production and marketing, as well as the
investment and financing decisions.

2The cash flows represented by Py consist of (a) the after tax
operating profit per unit operating level (corresponding to Ot(l—r) in

(19}, less: (b) the incremental investment in working capital necessary
to support this activity level (which corresponds to —Yt in (19). Obviously

we are assuming linearity of our objective function with respect to the
activity levels X g A concomitant assumption is that the products are sold

in a purely competitive market so that revenue is a linear function of the
number of units sold. If these functions are non linear, but can be express-
ed as quadratic functions, then, as Hass [12] points out, the decomposition
principle will still apply.
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