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Introduction

In the literature of finance, there are three commonly used methods
of analyzing capital budgeting problems. It is the purpose of this paper to

demonstrate that these three approaches, the single certainty equivalent (SCE)
approach, the certainty equivalent (CE) approach and the risk adjusted discount

rate (RAD) approach are correct under different sets of idealized assumptions.
However, it will be demonstrated that none of the approaches is generalizeable,
since each depends upon beliefs regarding the expected pattern of uncertainty
resolution.l That is, each of the approaches is theoretically deficient if the
implicit assumﬁtions regarding uncertainty resolution are inappropriate to a
given investment situatiom.

This paper consists of three interconnected but self-contained sections.
In the first section, N-period results demonstrating that early uncertainty
resolution is preferred to delayed uncertainty resolution are presented. The
second section establishes the implicit and often unwarranted assumptions of
uncertainty resolution made in using the various capital budgeting procedures.
Finally, the third section considers the problem of measuring uncertainty reso-

lution and it is shown that the "Van Horne ratio" is inherently defective.

1. The Value of Uncertainty Resolution in Investment Decisions
Consider a simple decision problem in which a decision maker (individual
or firm) must decide how to allocate his wealth, W, between current consumption

Co and savings (W-Co). Future consumption Cl is financed solely from internal

sources (W—Co).



Let the decision maker's wealth be the sum of net market value of his
current assets, W,, (including labor) and the cash flows from other assets, F.

Thus W and C1 can be defined as:
(1) W=Wo+Z;C =0, ~C)) R +F

where R; is a return relative to be received from time O to time 1.

Further, we can assume that W, and R; are known before the decision maker
must make his current consumption and investment decisien. However, we cannot
always assume that the realization of F is known, although it may involve a lot-
tery with known probabilities and known contingent cash flows. If the individual
(or firm) must decide on his current consumption and investment before F is known,
the decision is made under "temporal uncertainty” (following Drfze and Meodigliani
[37,the resolution of the uncertainty is delayed until time 1). Alternatively,
if the uncertainty is resolved before Co is to be chosen, the decision is made
under "timeless uncertainty." (Note that the timing of the actual cash flow
sequences 1s not necessarily effected by uncertainty resolution).

Dréze and Modigliani have shown under one set of assumptions that if in-
dividuals are risk averse, are endowed with cardinal utility functions, and all
probability functions have finite first and second moments, then immediate resolution
of uncertainty is preferred to delayed resolution of uncertainty. We wish to ex-
tend their results from two periods to N periods.2

Immediate and Delayed Resolution of Uncertainty Over Two Periods

If a decision maker is endowed with a temporal uncertain lottery L(¥)} and
resolution of uncertainty is delayed until after the choice of Co, and therefore

of WO-CO, his expected utility is:
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.
(2)  (U¥] L(E),_, = mgz f U[Co, (WyCo) R4F | dL(F)

However, if the same uncertain lottery is timeless and the value of ¥ is known

before deciding on C, then his expected utility is;

- - For 1 .
(3) (U= L) _ - mg: J U Cor (5Cy) RAT | dL(E)
In addition, as Marschak [77 has observed:
e gy
%) J nar U [co, (W ~Co) R+% | dL (F) >
a - d
mC: J’U[ AN R+F:| L (F) (3)

Thus the decision maker prefers immediate resolution.

The Extension to N Periods

The theoretical N period decision paradigm is not essentially different from
the two period decision paradigm. In the N period case, we maximize a cardinatl
utility function U(cl, Cosrevr s CN) given the uncertain prospect L(F). In order
to accomplish this, we begin by establishing a 3 period problem and then generalize
to an N period problem.

Assume we maximize U(Cq, CZ’ C3) given L(F) and Cyp = (W1~Cl)R2 by the opti-
mal choice of Co and Cy- The decision maker's wealth, Wy, at time 1 includes
investment proceeds, (wo'Co)Rl’ and labor income. Let us further assume that un~

certainty resolution is delayed until t=2,

(5)  (ux| L(F))t=2 = méxcl J U [co,cl, (W3-Cy) R2+F] dL (F)
o

If resolution is delayed only one period, we have:

7 = 'r‘ 1
(6) (U I L(F)t=1 mg: | méi Ucy, G, (Wy-Cy) Ry+F | dL(F)



Finally, if the uncertain prospect is timeless and uncertainty resolution is

immediate, then:

* = - ]
(7> (U I L(F))t=o J‘max U[Co,Cl, (W1-C1) R2+F dL(F)
c Cy
o

In this case maximization with respect to Co and Cq are both inside the
integral indicating that they are chosen after F is known,

Using previous results (see equation (4)), we know that (U*IL(F)t=O > (U*IL(F))t=1'
A similar procedure can demonstrate that uncertainty resolution at t=1 is pre-

ferred to t=2. ILet

(8)  (u*| L(FY,-; = max B(C,)
CO

where B(C ) = r max U[Co,Cl, (W1-C1) R2+F] dL(F)
o .JC1

and let

(9 @HLE),, = max c(C,)
where C(CO) = mE? I U[CO,CI, (Wl'Cl) R2+F] dL(F)

and  (UF L(F)e=o 2 (U] LMY ey
c¢learly, these results can be generalized to any pair of resolution time periods
in an N period decision problem.

In summary, when uncertain prospects are resolved early, some consumption
and investment decisions can be made under certainty and a more preferred inter-
tempecral consumption and investment pattern can be determined. Furthermore the more
risk averse the investor is, the more he will prefer early to delayed uncertainty
resolution, In the special case of risk neutrality, the decision maker is in-

different to uncertainty resolution.
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One question that naturally arises from this analysis is how far ths
preceding results can be extended to N period capital budgeting problems of
firms. Clearly in the case of the ownexr-proprietor the analysis is completely
analogous. In the case of separation of ownership and management, if the managers
act on the basis of a homogenous ownership utility function, the situation is
again analogous,

IT. Uncertainty Resolution and the Discounting of Cash Flows

The preceding section has demonstrated special conditions under which pre-
ferences arise with respect to the rate at which uncertainty is resolved. In this
section the inherent assumptions regarding uncertainty resolution, associated with
various schemes of discounting cash flows are developed.

In the subsequent development of uncertainty resolution and discounting of

cash flows the following definitions will be employed:

F is a random variable corresponding to a cash flow sequence for

jt
a single project at time t and state j. th is the analogous

certain cash flow sequence.

ﬁt is the expectation of a project's cash flow in period t.

;jt is the value of a p?oject conditional on a sequence of cash flows
(Fjl’ sz, oy Fij and a risk free rate of discount. N is the
maximum life of the project.

i is the discount rate applied to certain cash flows.

o is a certainty equivalence factor.

Pj is the probability of a particular outcome in a cash flow sequence

>

at state j,
If we assume that an investor is presented with the opportunity to purchase
now a risk-free cash receipt t periods hence, we might determine the present value

of that receipt, using discrete notation, as in equation (10).



10y v = _Fr_
° (Tt

t .

Then multiplying both sides of equation (10) by (1+i) reveals the implied
growth in the present value of the cash receipt as discrete time passes.
That is,

(1) v =v, (1) =F

t o [

Now let us drop the assumption that the t periods hence cash flow is per-

ceived to be risk free and allow Ft = F_ to represent the expected value of the

cash receipt. Presumably, risk aversion is sufficient to lead the new present

value, YVO, to be less than Vs (i.e. 0 <y <1). Then,
(12) v, = Fe
(1)t

Since ﬁt = Ft and YVO < Vo, k must be greater than i. Now, the implied growth
in the present value appears in equation (13).

(13) v, = yv, (1H)E = ﬁt.

Equation (10), which represents the situation in which no risk is perceived,
implies growth in the present value at the rate i, the risk-free rate or time value
of woney, thus offering the rate of return i per period. Equation (13) implies
growth in value in the first and all subsequent periods at the rate k > i. How-
ever, if the risk in the expected future cash flow ﬁt were perceived to be the
same at the end of the first period as it was at the beginning of that period, it
is not rational (assuming homogeneous expectations and risk aversion) to assume
that the right to this cash receipt could be sold for any price other than yV,
(1+i). The holder of the asset during that first period has borne no risk in the

sense that none of the uncertainty regarding the cash receipt has been resolved

during the time he held the asset. Therefore, he cannot expect to be compensated



at a rate greater than the risk-free rate. Only if the risk perceived in ﬁt
has decreased would the value at the end of the first period rationally be

greater than YVo(l+i). Thus, growth in value at a rate sreater than i can take

place only if some resolution of uncertainty occurs over time.4

The Single Certainty Equivalance Method (SCE) and Immediate Resolution of

Uncertainty

Introduce a lottery L(F) that yields cash flows th contingent on state j
and time t. If the lottery is played immediately and the cash flows are paid

out at t=1, 2, ... N, the set of possible values of the lottery at time t=o, are
~ M ® it
(1) v =3 3z Fyt
o j=1 t=1 I+t

for every possible sequence of cash flows

Fjl

=1

Fjl’ sz sz, FjN F The normalized random variable -2 will have

.

values Vg Vo, ... Vy with corresponding probabilities Pys Pyy ..oy Py- Further

—_— —

v ¥ v ~
assume there exists a utility function (e.g., a market valuation function) U(vj )
'

with the properties of a Von Neumann-Morgenstern utility function (as in pre-
ceding sections), except that it will be independent of scale of returns.
Combining the distribution of returns with the valuation function allows the
calculation of a project's expected utility:
- ) -y
(15) Uu=©g@ =z ul’d)e,
7 ]

From this relationship the value of the asset can be determined by maximizing

V.
the expected utility of possible values 1.

<



A "certainty equivalence' factor a is found from an inverse transformation:

S R | . -
(16) CYO = (U)y = U [E U Z_J_ Pj ]
v

and, once g, is known, the net present value (NPV) (sometimes referred to as the
net certainty equivalence value) of the project is determined by

(17)@ NPV = o 1
Fe

1 755t

- N
where V = %
=Lo(1H)

t

This procedure has been referred to as the single certainty equivalence (SCE)
method of capital budgeting and was first introduced by Hillier [47. But, note

that the method depends upon immediate uncertainty resolution. That is, if we

utilize generally accepted decision theofy in a capital budgeting problem involving
immediate uncertainty resolution, the solution involves using the Hillier SCE method.
Moreover, it will be shown that the SCE method is correct if and only if there is
immediate uncertainty resolution and is not correct if uncertainty resolution is
delayed,

The Certainty Equivalent Method (GE) and Delayed Uncertainty Resolution

Consider, again, the lottery L(F) described previogsly. Now assume the lot-
tery is played at t=1, i.e., delayed one time period. All other things remain the
same so that the cash flows are paid out at t=1, 2, ceesy N,

The net present value of the lottery is generally expressed as

" .
an@® wv =3 % Fr
L

or, explicitly recognizing that all uncertainty is resolved at t=1.

¥ N
(A7y@E) sv =11 L8 F
1+ t=2 (1+)°©

=

- - -1 F 3
where o, = U ! (M =u 1 LZ U ( 1] > Pj]
1 ] T‘l _



and, equivalently,

V1
(17)(d) nNpv = o =
1+i

This procedure is commonly referred to as the certainty equivalent (CE)
capital budgeting method. It is the consequence oi endowing the cash flow se-
quences with delayed uncertainty resolution. It would have been incorrect to have
applied the SCE method to the case of delayed uncertainty since it is obviously
incapable of discriminating between cash flow sequences having delayed uncertainty
resolution and those having immediate uncertainty resolution.5

In contrast the CE implicitly assumes uncertainty resolution is delayed
until the end of the period. However, since no uncertainty is resolved between
t=o and t=1 the present value of the asset increases at the riskless rate over
time. Thus, the GE procedure is only correct if uncertainty resolution is delayed
and takes place at one point in time. If some early uncertainty resolution is
expected to take place, the CE cannot yield correct value and its implications
about how value increases over time would also be erroneous.

Using the pure rate of interest is appropriate if either all uncertainty
resolution is delayed or if all uncertainty resolution is immediate; that is, if
the investor accepts no risk betwen points in time (i.e., during the time interval).

Comparing the SCE Method with the CE Method

Determining the exact conditions under which the SCE method and CE method of
capital budgeting are equivalent (i.e., yield the same valuations) is analogous
to determining the instances when the expected uncertainty resolution involved in
cash flow sequences is irrelevent. Consider two projectsT and IT that differ only

in their expected uncertainty resolution and are represented in Figure 1.
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The net present value of the two assets is solved for by the following

equations: "
. - b ~ b F. .
(18) Asset 1: NPV, =0, L P V=g p. 1]
and ~
7 b @D.F
(19) Asset 11: NPV = Ul px 13715
L (1+l) J_a (1""1)
Taking the difference yields
i I b P.F,. =
. 1 NPV, - 11 NPV =q % J 1 2 *1PyF;
J=a - © j=a
(1+1) (1+)

Accordingly, if the net present values are equal it is necessary that
ay = 0q. However, this will be true only if there is no risk adjustment
(only time prefgrence adjustments) after period O. The cash flow sequences
of Asset 1 are endowed with immediate uncertainty resolution and the SCE method ;
is used to compute the asset's net present value. In contrast, the cash flow
sequences of Asset il are endowed with delayed uncertainty resolution and its
net present value is solved for by utilizing the CE method. Since the same set
of cash flows are embodied in both assets and uncertainty is resolved earlier
in asset;than asset II, asset I must be worth more than asset II if we assune
risk aversion. Using either the SCE method or the CE method (but not both) will
vield the same net present valué for both assets. Hénce, a decision maker cannot

rely solely on either method.6
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The Risk Adjusted Discount Method and Continuous Uncertainty Resolution

If a discount rate higher than the risk-free rate is employed for the time

interval 4t, the implicit assumption is that some uncertainty resolution contin— .

uously takes place. The risk adjusted discount rate (RAD) approach to the dis-

counting of cash flows makes use of a rate of return equal to the risk-free rate

plus a premium for bearing risk. 1In its most common form the RAD approach uses

only one such risk adjusted rate, k, and thus involves the assumption that uncer-

tainty is resolved at a constant and continuous rate between points in time.

.//

N F —
. (20) Vv = % t
) t=1 —
(IH)
However, equation (20) is only one of several possible formulations for the
RAD approach. Equation (20) is at one extreme of a hierarchy of relationships

including those in equations (21) and (22),

N
(21) Vo = E

(22) v

I
n =

Equation (21) is the most general case. That is, for each cash flow, and
in each time period, a different rate of uncertainty resolution is assumed. Since
any particular ﬁt can be equal to zero, it is not necessary in the RAD approach
- to define the time intervals over which uncertainty is resolved as equal to the
intervals at which cash flows are expected to be received.

With time intervals sufficiently small and returns defined in terms of
those intervals, the formulation in equation (22) approaches equivalency with

the cértainty equivalent approach, According to (22) there is a final time period
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in which the cash flow is received when all uncertainty is resolved and all
compensation for bearing risk takes place,
The difficulty with the RAD approach involves specifying how the risk ad-

justed discount rates are to be objectively and consistently determined.

III. Measuring Uncertainty Resolution

It appears that the generally accepted capital budgeting procedures are
deficient because they ignore or make unwarranted assumpticns cencerning un-
certainty resolution. Moreover, the existing practical techniques for measuring
uncertainty resolution are insufficient.

Van Horne's Measure

Van Horne [117 proposes a measure of uncertainty resolution analogous to

the coefficient of variation. In his measure,

St

CVt = —

NPV
where: CVt is the average coefficient of variation of cash flows at time period
t, 8, is the square root of the weighted average variance about the mean of all
branches of the probability tree at time period t and NPV is the expected net
present value of the investment.
Thus, Van Horne measures the degree of uncertainty resolved by the reduction
in the "average standard deviation" of the investment expected through time.

Comparing the Van Horne Ratio With a More General Procedure

Assuming that uncertainty resolution takes place at discrete points in
time, using the certainty equivalence method, the investor specifies the cash flow
which, with certainty, he requires at time t such that he is indifferent between
this guaranteed cash flow (denoted F.) and the expected value of the uncertain

cash flow (i.e., ﬁt).
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We have assumed that o in the model for the cash flow expected in period

t is set by the investor at t = o, Define ¥ 28 the « perceived at point in

time ¢ for the cash flow at point U (where ¢ < t), assuming all uncertainty
is resolved at point t. Thus the o which has been discussed above would be
termed 0. in this notation. During the course of the investment, as ¢ goes

from O towards t, it would be expected that @at would increase if uncertainty is
actually being resolved over time. That is, as the particular cash flow ap-
proaches in time the investor may feel he knows the cash flow he will receive
with greater certainty.

Theoretically it is possible for an investor to identify at the outset his
expectations of ¢at for cach cash flow and all points in time. This is equivalent
to allowing him to estimate the expected uncertainty of the cash flow in period t
as viewed from each period from 0 to t-1. The measures might involve the expecta-
tion of no resolution (Odt =30 = ... £-1%) or expecting most of the uncertainty
to resolve in t = 1 (implying . pr < 1%). - 5

If uncertainty resolution matters to the investor (and we have shown pre-
viously when it does), then this measure of resolution of uncertainty could join i
the expected return and the distribution of returns as decision variables in (‘7
capital budgeting analysis.

We will proceed to solve for the expected certainty equivalence factors,

Egpat), for assets A, B and C described in Figure 2. Note, all assets have equal

end of period mean-variance properties. : ,///

s

L]

!

\

/
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Computation of the Proposed Coefficient

The calculation of ¢ flows directly from the investor's utility function.
This is the primary reason for Justifying it as a fundamental measure of un-
. certainty resolution since it incorporates all of the investor's preferences
as described by his utility function - not merely the standard deviation of the
distribution,

For the analysis, the following simple and commonly used utility functions

of the risk averting investors have been selected:

(23) E(U) = F - aog?

(24) U =F-bF; P<ib
(25) U =1nF

(26) U =°FY,0<vy<1

a, b, ¥ are constants greater than 0.

All of the above functions imply risk aversion and except for (23) all imply
decreasing marginal utility for cash flow. The function represented by (23) can
lead to the conclusion that expected utility increases linearly with increasing

cash flow.
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Figure 2
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Table 1
Asset A 0% E(laz) Uncertainty resolved
Utility Functions from £=0 to t=1
(1) £ (U) = F -ac> . 95000 .988095 76.19%
(2) Uu=F . 90455 . 97656 75,447
(3) U-in (F) .88534 . 96627 70.58%
() uv=r.2 . 90924 .97299 72.32%
= F-8 . 97831 .99328 A9.02:
(5) Van Horne CVO = L4472 CVl = 2000 55,28%
Asset B
(1) .95 .95 No resolution
(2) . 20455 . 90700 2.57%
(3) .88534 .889898 3.97%
(4) . 90924 .911538 9.36%
.97831 .978343 0.,15%
(5) CV, = .4472 CV1 = 4472 No resolution
Asset C
(1) .95 .95833 16.677%
(2) . 90455 . 92008 16.27%
(3) . 88534 . . 90441 16.637%
{4 . 90924 .92335 21.46%
.97831 . 98107 12.72%
(5) cv, = LAAT2 CVy = .4 10.55%

These computations generally reveal that investment A resolves its uncertainty
most rapidly. Asset C also shows unambiguous uncertainty resolution, although at a
slower rate. All measures including Van Horne's indicate that uncertainty has been
resolved in these two cases, and all lead to the conclusion that A resolves rela-
tively faster than C. The percentage of uncertainty resolved in the first period for
a particular asset differs among utility functions. However, Van Horne's measure

generally understates the tfMge expected uncertainty resolution.
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All three assets have some intermediate uncertainty resolution, and, thus,
neither the SCE method or the CEmethod will yield the theoretically correct
answer. The SCF method will tend to overstate the values and the CE method
will understate the values, and since the uncertainty resolution for all

assets takes place at d§screte points in time, the RAD method is inappropriate.

TIV. Conclusions

We have demonstrated that when comparing sets of uncertain cash flow sequences
in an N-period problem, early uncertainty resolution is preferred to delayed un-
certainty resolution. The importance of this conclusion stems from the fact that
investments may have the same mean-variance properties but different uncertainty
resolution properties. Currently developed capital market theories of asset se-
lection (see [571) ignore uncertainty resolution and concentrate soley on the mean-
variance properties.

1t has not been generally recognized that the three widely used methods in
capital budgeting problems make implicit, and often unwarranted, assumptions re-
garding uncertainty resolution. The current debate (see Chen [27) over which of
the methods is most appropriate has not properly included an analysis of uncer-
tainty resolution. We illustrate the exact dependence of each method on particu-
lar patterns of expected uncertainty resolution.

Finally, we demonstrate that the generally accepted procedure (i.e., the Van

Horne ratio) for measuring uncertainty resolution is insufficient for the task.



Footnotes

1
Recent articles on uncertainty resolutions include [1] and [117.

2 . . . .

Using the capital asset pricing model as discussed in Fama [57], there would be
no way to distinguish between assets that differ only in expected uncertainty
resolutions.

3

In an extension of Marschak's results it can be shown that

(a) f { o [CO, (H5-Cod R&F] - U [CO*, (W, ~Co*) R+F] } d(F) =0

where Co*'refers te the optimal amount of consumption in time O,

and,

(by ™ax U[co, (W-Co) R+F] = U[co*, (W,Co) R+F]
o

if
du
—_— =0
(©)  ac,

This last condition states that the indifference curves are linear and the
investor is risk neutral.

The fact that a project has a discount rate k greater than i usually has meant

that its cash flows are riskier than a certain cash flow sequence. A corresponding
interpretation is that the uncertainty is being resolved at the k-i rate over time.
Thus a discount rate for any project measures the magnitude of the project's risk
and the rate at which uncertainty is being resolved over time.

5

The SCE method of capital budgeting assumes all uncertainty is resolved at t=o
and none is resolved thereafter,

6Consider the two assets in Figure 1. The cash flow sequences are the same except
that the uncertainty in cash flow shows sequence I is resolved immediately, whereas,
the uncertainty in cash flow sequence I1 is delayed. Furthermore, assume that a
mean-variance utility funection U = F - asz, a=5% adequately describes a market
valuation function. The value of the two assets using the SCE method is
NPV = o, ¥ = 32.87 = %%;gl {35.7) = 32.87

Similarly, the value of the two assets using the certainty equivalent method is

b F. .
NPV = % b3 % Fey o 32.69
t=o =0 Ti3{)

.05

where 1

u(v - advz)

fl

To

-

TTY



U(F - aofz)
oy =

F

The value of immediate uncertainty resolution is 32.87 - 32.69 = .18,
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11,
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