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1. Introduction

The debut of the concept of a market equilibrium of expected
returns determined by the covariance of the assets returns with
those of a well diversified portfolio has provided the impetus
for a considerable amount of research.l This work has been di-
vided between applications of the model results and empirical
investigations of the nature of risk in order to test the con-
formance of observed data to the model., While the applications
have been interesting and potentially useful, the applicability
of the Capital Asset Pricing Modelz to actual markets for risky
assets has yet to be shown. There are two possible explanations
for this failure: either the model is inappropriate for real
markets, or the tests which have been applied have required assump-
tions which are not met by the actual data. Although the former
case may eventually be confirmed, this would require a particular

perversity on the part of the actual markets in view of the robust-

ness of the model to possible failures in the underlining assump-
tions. For example Stone has shown that the usual market equili-
brium relationship is still a good first approximation to the per-
sonal equilibrium sondition, even when probability distributions
and utility functions are generalized when no particular agreement

ewists, and even without the necegsity of a riskless asset. Because



of this it still seems reasonable to look for ways in which the
failure of tests may be explained by the assumptions which relate
the tests to the model being tested, or by econometric Problems3
rather than to abandon the capital asset pricing model and look
for new eguilibrium conditions.

The first probklem facing anyone wishing to test the capi-
tal asset pricing model is to find scme observable data which
can be used to represent the variables which comprise the model.
It is at this point that the research described in this paper
takes issue with all previous efforts to test the capital asset

pricing model relationship. The market equilibrium relationship

can be written

(1-1) oo = Tee * B e — Ty

= expected return of asset i as of time t

Tit . . .
for one decision interval
rft = risk free rate of return as of time t
for one decision interval
r , = same as r, where m is the portfclio made
m

up of valiie weighted proportions of all
risky assets

B.

]J::Covt(r.l L)

t mt = the anticipated covariance at time t

var (rm } of returns to asset it with returns to
the market portfelio divided by vari-
ance at time t of market returns, both
taken as anticipated for a single deci-

glon period.




Thus far no one has been able to observe expected returns
for assets or the market portfolio nor has anyone been able to
gather anticipations data about the values of Bi. Inference
about the model has, therefore, been gained by using what appear
historically to be reasonable forecasts for the Bi values, and
assuming that by averaging the subsequent return data that the
average realized return data should be an unbiased indicator
of previously anticipated means over the averaging period. It
will be shown in the next two sections that neither of these
approaches is as reasonable or secure as it first appears and
that they should not be assumed to hold without considerable

further justification.



IT. Returns and Equilibria

In order to examine the relationship of realized returns to
expected returns more closely, 1t is convenient to consider ex-

plicitly the manner in which returns are produced as shown in

ecuation (2-1).

~ D + &, - o,
(2-1) - pi_t+1 ] cJ_”t+l plt
it
Pit
P = Price of asset at time t (known):
it
D _— = Price of asset it at time t+l1 (random variable):
Lo
‘ - . . . 41
i, 41 Expected price of asset 1 at time t+l
. 1 = Cash throw off generated by the asset between
L b t and t+l payment is assumed to be at end of
period) ;
fit = Lctual return to asset i between t and t+1:
;it = Expected return to asset i between t and t+l.

Returns are seen to result from cash throw offs produced
over the period and the price of the asset at two different times.
Since price 1s the variable which adjusts to an equilibrium level,
the realized return is actually dependent on equilibrium conditions
at twe different times; t and t+l. For Py to adjust to an eqgui-

Tibrium level of expected return at t it is only necessary to know



the expected equilibrium level of price at t+l since

E D & 1 -
(2-2) ;‘ _ t[pt+1} tE [ci,t+1‘ t

t
L pt

t

If actual equilibrium conditions deviate from those which were

expected, then the return will deviate from its expected value.
In the very long run this would not be a problem since expected
egquilibrium values would probably average out to actual values.
However over anything less than the longest run it is certainly
possible and even probable that there will be secular changes in
equilibrium conditions due to unforseen developments4 which do
not average out. A concrete example of this effect can be found
in long term bond ylelds over the period covered by this study,
1947 to 1965. The quarterly data indicates that over this
pericd the mean of long term yields in each quarter was 3.23% but
the average return if long term bonds were sold at the end of
each guarter and replaced was -.81%

Tf term structure effects which cause these holding period

O

«differ from yields to maturity can be ignored, this could

) t
yields

be decomposed in the following mannex:
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3.23 = Average
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-4.04 = Average [Unexpected Price Change];

Pi 1 ~ FelPy py4q!

Average
Pit

—-.81% = Net average holding period return.

Even if the term structure effects could not be ignored, it would
be foolish to assert that -.81% per annum is an unbiased estimate
of the average expected first guarter yield for long term bonds
over this period. This analogy is of course directly applicable to
stock market returns. Unfortunately yield to maturity data is not
available for common stocks, and therefore, the decompositicon of
returns into expected and unexpected portions may be impossible.5
In order to compensate for this source of bias, returns can be
viewed in terms of the determinants of equilibrium prices, and then
any known deviations of these from their anticipated wvalues could
be used to compensate for the unexpected portion of realized
returns. This is done by substituting into, in eguation (2-1),an
expression for the eguilibrium price in terms of the parameters
of the equilibrium and the attributes of the company. This sub-
stitution yields an expression for the random return which is in
terms of the random parameters of the future equilibrium, the
random future company attributes, and the random ca:h throw off

over the period. A general expression for equilibrium price



would be of the form

- = p.g.rdlr
(2-3) Py = PR3y r Bypr Cypr dprep £y
or
D =N. fB- IN .rN Ié :%
Berr PGy e Byesr Sieinr Qe Sernr Tend)
where ait' bit' and cit are company speclific attributes and
dt' e, and ft are parameters of the equilibrium at time t. In

~ —~

this case the joint distribution of ai,t+l' bi,t+l’ ci,t+l’ di,t+l,

ei,t+l' fi,t+l and ci,t+l will determine the distribution of
Rit' Suppose for example that price can be written
(2-4) Pip = %3¢/Py

where E't is the mean cash throw off per unit of time which is
i

expected as of time t, and l/.oi is the price per unit of mean

ko
cash flow which holds for company i at time t. Now assume
that asset 1 represents some physical production process whose
productivity follows a martingale. In other words, it is subject
to random variations over time, but is always expected to remain

at its current level, whatever that may be. Then pit is gimply

the rate at which mean earnings in each future period are capi-

talized. Furthermore both E;t and oit may change over time so
that
(2-53) Bi, el =~ %i,t41” P4t
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In (2-5) the probability distributions of all variables are based

on information available at time t.
Using these assumptions it is now possible to write
a simplified expression for realized returns in terms of

the componeént sources of variation. First define:

I R P i) %
55 - .
By a1 = 05 14 TP P
6 - (@ - &, /8
S e T 8 e i)/

and observe that
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(2-6) (L + 65i,

i,t+1 £+17M4it

- -
(2-7) S; pyq = (L F0ey pgdcyy
L erl (1 +088; yylegy

Substituting (2-6), (2-7) and (2-4) into (2-5) yields

~
pi,t+1 - pit(l * 6ci,t+l)/(l * Ooi,t+l) (2-8)
and substituting this and (2-4) into (2-1) yields
v
(2-2) Pop = (Mwbey )/ 4088, ) - 1+ (108 4300,

By using the approximation that for x << 1




(2-9) can ke written

j¥e) - 1

{2-10) ¥. = (1 + Gci, 415 ¢

it Y(1 - 8P, +l) + {1 + 5ci,

t+1 1,k

- 63 o + 6c. - 8D,
Cper 0By g Tog (B Be L) e P el

Equation {2-10) simply says that the realized return is made up

of components which come from the percentage change in cash flow

expectations (bc,

i t+l) the percentage change in the capitalization

rate (Gpi,t+l)' average expected yield portion (pit), the return

due to deviation of current cash throw off from expected

(66i t+loit)' and the interaction of rate change with expectations

c 5 . . t ex-
change (6Ci,t+l 6pi,t+l) It has already been assumed that ex
pectations are unbiased, or that

(2-11) Et[éci, } = 0.

t+1

Further simplification will result from the assumption that

rates are not expected to change

(2-12) E_[65

0. =0
t 01,t+1]

and that rate changes and expectation changes are independent

(2-13) B [05, 441 00y giql = 0

Even 1f independence cannot be assumed (2-13) will hold approxi-



mately since the cross product term is a product of two percentage
changes which are both typically much less than one. Finally,
little error should be imposed by assuming that deviation of

the actual cash throw off from its expected value is equal to the
change in the mean of the ca:h generation process. Since the

amount by which the actual results fail to satisfy this assumption

is multiplied by L this too should be of little concern:

o~

(2-14)  0c, g & 0oy g

Now equation (2-10) can be rewritten as

- T A2 ; = - 84 +
(2-15) Tig ¥ o) Bey ) 288 Ly Ty

and taking the expected value of this yields
(2-16) r., =0

This gives the expected return of the financial asset in terms of

the determinant of equilibrium price, g Egquation (2-16) is of

it’
particular interest because it implies that whatever the equi-
librium relationships that determine expected returns may be, they
will also apply to capitalization rates under this model of
prices.

From equation (2-15} it is possible to compute what the

sample average return will be over a number of observations of

returns.
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N 1 N ~ 1 N
(2-16) = 5 F == % (1 +0, )oc =535 6p,
=1 1t N =1 1t L+l Nt=l 1,t+1
N
1 2 p,
+ N t=1 1t

As shown above in (2-16) the last term on the right hand side
should conform to the market equilibrium relationship. Therefore,
when the left hand side is used as a proxy for expected return,
there is an implicit assumption that the net contribution of
changes in capitalization rates or expectations has been zero.
This of course need not be so, even over fairly long averaging

intervals as was shown in the case of bonds above.



- 12 -

IIT Source of B85

Now that the return has been written in terms of its
expectation and the deviations of the components from their
anticipated values, it is relatively simple to compute the
value of 3i in terms of the joint distribution of these com-

ponents. The relationships for the market which are analogous

to {2~15) and (2-16) are

~

) 6cm,t+l - épm,t+l TP

r 1 +
mt ( Dm

t mt

mt omt

Using the definition of covariance and making the further

assumption that 0 = Et[ﬁam do

)
,t+1 1,t+1 o ]

I = Et[ﬁci,t+l m, t+1

Cov(rirm) = (1 + oit)(l + th)Cov(ﬁci’t+16cm't+l) + COV(GDi,t+lﬁpm,t+l)

Var(r ) = (1 + p )2 var (ﬁé )} + var (65 )
m m m

S m, t+1

so that 3i can be written

(3-1) By =@ e W~ By
where ~ ~
(3-2) 4 Nt Cov (0c; g Oc )
- f : - &~
it 1 + 0o
o mt Var(écm,t+l)
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Cov(ég. Oﬁ )
(3-3) 5Pi _ lét+l m,t+1
Var(épm t+1)
2 - - ~
a= (I +p)varloe )/ [(1 +p ) varle ) +var®p . ..)]

Equation (3-1) shows that the anticipated ﬁi is a weighted average

Of a cash flow expectations coefficient and a capitalization rate
coefficient, with the weights being determined by the fraction of
total variance of market return attributable to each source. These
could easily change over time to reflect prevailing attitudes and
uncertainties. An historically based estimate of Bi could be
perfectly right on average and still fail to be a good proxy for
the anticipated values, because changing sources of uncertainty
cause the anticipated values of Bi to fluctuate around their
average historical values. The historical estimate could still

be an appropriate predictor of average future values.

Since Bi, which 1s the overall regression coefficient of
r.. return to asset i, on o return to the market portfolio, is
a weighted average of the two regression coefficients of r. on the
component sources of o 1f one of these is larger than Bi then
the other must be smaller. If for a particular asset i, the sensi-
tivity of its capitalization rate to a change in the market rate is
greater than Bi, then when the market return is due to a shift in

the capitalization rate it should show a larger change in value
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than would be predicted by using Bi in a single factor model.
When the capitalization rate sensitivity is greater than Ei,

the cash flow sensitivity must be less than Bi. Therefore,

when market return ig due a shift in cash flow expectations se-

curity i will have a change in value of smaller magnitude than
would be predicted by using Bi.

The deviation of the actual return r, from that predicted
by the single factor Bi model is measured as the residual error.
In the paragraph above it has been shown that these residual
errors can be expected to depend on the source of the market
return. If it can be demonstrated that the sensitivity coeffi-
cients of individual returns to the sources of market return are
themselves functiocns of Si, then two important conclusions will
result: 1} The variance of the residual error term for a port-
folio need not tend towards zero with greater diversification,
and 2} the residual error term will be a function of ﬁi and of the
relative magnitude cof the sources of market return. When this
second statement is true, cross sectional studies (which by their
nature hold the relative magnitude of the sources of market
return constant) should show a dependence of residual error on
Bi when looking at realized rather than expected returns. To
pursue this development, the definition of the capitalization rate

sensitivity along with the fact that capitalization rates conform
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to the market equilibrium relationship can be used to relate

the rate ¢

coefficien

Define:

oefficient for a given security to its overall f

t
. o
. = Covir. ' ar
ﬁl ( 1t'rmt)/vd (rmt)
Soi= Cov (66. , Gﬁmt)/Var(Gﬁmt)

1t

(3-2) Bci= Cov(ézit. ﬁamt)/Var(ﬁémt)

m

3-4
{ )Bn
Now recall

(3-5)

In order t
determine

from subst

and

actual return to security i;
expected return to security i = capitalization rate;

expected return on market portfolio or capitalization
rate for national wealth;

rigsk free rate:

fractional change in pn for period starting at t;

cov(ﬁpnt. 6P /Var(ﬁpnm)

mt)

that substitution of (2-16) into (1-1) implies that

po=p (1 - B0 +8 (o)

o find Bpi as a function of ﬁi' {3 - 5) can be used to
M. 1n terms of bpm. 8, and Apn, then Boi will result
i

itution in (3-3). From ({(3-6)

LR, = Aont(l - Bi) + BiApm

1t t
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(-6) 0By =Py /oy = (1= B8 (o /p) + B (o /p.)

Now multiplying by 4p /p  vields
P’ Pra

2
(Apn/p.l) (f_\.pm/pm) = (1 - ,8.1) (Apm/pm) (Apn/pn) (pn/pi) + ﬁi(Apm/pm) pm/foi'

Taking the expectation and then dividing by Var(Apm/om) will
give Boi by (3-3). Making use of the definition of 82 in (3-4)

above:

By = BB PPy By oy

1

In order to simplify this expression rewrite it as

m
s = =B QB pdps * By PP - (=B p /py

I

n
=B pfeg + 8 p/py P 0L -8) p /o - (1-8)p /b,

1

Notice that by the equilibrium condition (3-5) the first two terms

on the r.h.s. are equal to o.l/oi or one. Therefore

m
Bp, =1 - (1 -8) (-8 p/p,

1

or

(1 -Bp) = (1-8)0 -8 p /o, (3-7)

Two attributes of this relationship are of importance:
1) when Bi is exactly equal to one then @oi will also be egual to

cne, and 2) when Bi is different from one, goi will probably
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differ from one by a smaller amount. The second statement

will always be true when {1 - B:)pn4ﬁi is less than one.

Recalling that 32 can be considered as a regression coefficient

of fractional changes in the risk free rate on fractional changes

in the capitalization rate for risky wealth, there seems to be

no reason to expect (ex ante) that this will take on a negative

value.7 This being the case the term {1 - ﬁi) will be less

than or equal to one. For all Bi greater than zero, the term

pn/pi will be less than one so that in general (1 - Bi) pn/p_1

can be expected toc be less than one, and the relationship between

3oi and ﬁi will be as depicted in Figure 1. This analysis can

be viewed as applying either to the ex ante relationship between

ﬁi, Bci' ﬁpi and B: or their observed wvalues, therefore, any

deviation of the path of the risk free rate from its expected course

will influence the observed Bi values through the sample value of B:.
Since the capitalization rate sensitivity is a function of

Bi, it should be true that in any period of time when market

returns are due predominantly to a single source, the errors of the

single factor model in explaining asset returns should also be a

function of Bi' To follow this argument diagrammatically consider

the relationship between capitalization rate sensitivity and Bi

shown in Figure 1.
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When Bi is less than 1, Sﬂi is larger than Bi, and when Si is

greater than 1, Boi is less than Si. This corresponds to

ﬁi positive in equation (3-7). Since Bi 1s a weighted average of the
two different sensitivities, BQi and ﬁci, the relationship between

fc, and B, is determined by equation (3-1) or eguivalently (3-8)
i i

(3-1) /Si = aﬁoi + (1 - a) BCl

i} 2 5
(3-8) B =8, + 7% (8, - Bo,)

It is interesting to note at this point that equation (3-1)
determines each Bi in terms of the market wide variables Var(Aom/om)
and Var(Acm/cm) and the individual company attributes Qpi and
Bci. However, substitution for Boi from equation (3-7) which
relates Boi to Bi and ﬁi in principal yields an expression for ﬁi
as a function of the single company specific variable ﬁci and
the market wide wvariables Bm, Var(+0 /p ), and Var(ac /c ).

n Ym Tm m m
In other words when Bci is known for the company, market wide con-
ditions determine ﬁoi and Bi. This might be of particular value in
calculating a reguired rate of return for purposes of capital
budgeting or regulation from the joint probability distribution

of cash flows to the firm and the economy.
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IV. Relationship to the Single Factor Model

By starting with the two factor model of equation (2-15)
and rotating the factors, an expression showing the systematic

nature of residual errors and the single factor model can be

derived.
-— = - — A —{-N
(2-15) Tig T 0 ¥ (140,000, 08, 41 ™ &t
By using equations (3-0 ), (3-2 ) and (3-3 ) ;i can be separated

into systematic components and an unsystematic error term.

(4-1) ¥ o * B0 - )+ (o) B “m, t+1

1t n 1

o) + e,
i 9Pm, 41 it

This can be broken down into a constant, a term egqual to Bifmt'

and a residual which, although independent of T depends on 8.

Consider the following analogous situation

- =R +
(4-2) Rm 1 R2

(4-3) Ri

BlRl + B8R

Suppose for some reascn we are interested in estimating

(4-4) Ri =8 Rm + e
where
(4-5) B=WB + (1 -wW8,
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Substituting (4~2) and (4-5) into (4-4) vields

(4-6) R.l :[WBl + (1 - W)ﬁ2](Rl + R2) + e

but (4-3) can be broken down as shown below into the same form

as (4-6) to get an explicit expression for e.

(4-3") R, = W8 (R, + Rz) + (1 - W)B

1 B, Ry 1R1 - wBlR2 + {1 - W)BQ(Rl + R_)

2

- (1 - W)B2Rl + WBzR2

and this can be simplified by combining terms to

(4-7) Ry = (WBl + (1 - W)ﬁz)(Rl + R2) + (Bl - 52)((1 - W)Rl - WR2}

by comparing (4-7) to {(4-6)

- WR_)

e = (B, - B,)((1 - WR, - WR,

In equation (4-1) the same type of separation can be performed:
From (3- 1)

51 = aﬁci + (1 - a)Bpi

This can be used with equation (4-1) to find equation (4~9) which

is analogous to (4-3') above.

Fop =0, 8, (o - o) * (eBp. (1—a)ﬁpi)(5cmt(l+om)

1)

(4-1") - 65mt) + (Bo.l - Bci)(—aﬁﬁm

- (1 - a)ﬁcmt[l + o

t t

+ &,
1t



- 22 -

(4-8) By =0, (1B) 4B (o + (Lo )85 - 65_) +(Bp,Bc,)
(- 55 - (1_a)a§mt(1+omt)) Lz,

(4-9) | =0 (1-8) + Bife + (Boy =~ Bey) (- 06 . - (1-a)
(1 + Omt)ﬁgth éit

The residual error term in the observed relationship between security
returns and market return contains components which depend on the
nature of the economic climate over the estimation period. While

the ex ante expectation of these terms is zero since a martingale
type process has been assumed, the observed data will probably

not have a zero mean. There are three cases where this can bhe

ignored. They are when one of the three following conditions is

met
a) Both 8 components equal Bpi = Bci = Bi
b} No variation in rates Bpi = 0, Bci = Bi
c¢) No variation in expectations Bci = 0, Bpi = Bi

The last two cases are simply single factor models. The first

represents the case where it is impossible to identify the factors

from the data and hence a single factor model is also sufficient.
FEquation {4-9) along with the relationship between Bc and

Bp shown in figures 1 and 2 indicates how residuals should be related

cross sectionally in any period. TFigure 3 shows the value of Boi—Bci



. e85, -85 (140 (- a)wit
plotted versus Bi The term (-¢ ﬁomt Gcmt(l om)(l o)) will
determine the sign and magnitude of the factor which multiplies the

curve in figure 3 to produce residual errors. (See Appendix I.) This

multiplier will be positive if market return is above normal
and <isproportionately due to capitalization rate changes or if
market return is below average due to an exceptional decrease
in expectations. The sign of the multiplier will be negative if
negative market returns are caused predominantly by rate changes
or positive market returns are caused by changes in expectations.
This analysis will apply equally well to an average of successive
values of equation (4-9). This means that the observed constant
terms or mean excess returns estimated over an interval will have
@ component which is the average of these errors and will show a
non-linear relationship to 8 determined by the curve of figure 3
and the fraction of average market return which comes from each
source.

Conversely by observing the slope of the residual error
terms of the single factor model and the deviation
around its mean it should be possible to identify the dominant
source of market return. Positive slope and market return above
its mean should be associated with an upward revision of expecta-
tions. Negative slope and market return below the mean should

be associated with a downward revision of expectations. This is
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so because the expectations beta, ﬂci, is greater than Bi for
high ﬁi securities, and less than Bi for low Bi securities
(this assumes that B: is non-negative).
Similarly, negative slope from the regression of residual
on ﬁi in combination with market return above the mean should be
associated with positive returns from a downward revision of the
required rate of return to risky investments. A positive slope
of residual vs. Bi and market return below average should be assoc-
iated with an upward revision of the capitalization rate for
risky wealth. This results from the fact that Bpi is less than
Bi for high ﬁi securities and greater than Bi for low Bi securities.
The implied relationship between residual errors, B, and
the source of market returns results in two testable hypotheses.
The first is that cross sectionally there should be a strong asso-
ciation between the residual errors of a single factor model and B
whenever returns from the twe sources do not balance out. The
second is that the nature of this relationship should be associated
with the dominant source of overall market returns. This hypo-
thesis is predicated on the validity of the capital asset pricing
model as applied to capitalization rates, and if confirmed would
have to be interpreted as implying an association between Bi and

required rates of return.
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V. Empirical'Validation
The preceeding analysis has generally not specified
whether the random variables, variances, and covariances describe
attributes of the data prior to the event or represent realized
sample values. It has in fact been unnecessary to make this
distinction until now, since the relationships hold for both.
The one exception to this is the p term in the capital asset

pricing model which is an ex ante value. Observed 8 terms will

)

differ from their ex ante values if ﬁm, Cov(6g., .08
—_—— n 1t mt

~ ~ ~

Covidbc. §c ),Var(ﬁt_:m

- . thei fi-
ie? nt }, or Var(éomt) differ from their anti

t
cipated values. 1In all these possible cases the difference
between anticipated and observed values of Bi will be a single
function of Bi for the entire sample period. This can be seen by
drawing curves similar to figures 1, 2, and 3 for the ex ante

and observed values of the variables in question and noting the
difference in the values of Bi implied for a firm with any parti-
cular value of Bci. Since this paper is concerned with the inap-
propriateness of ex ante estimates to observed data, provisicn
should be made to eliminate as many sources of deviation as pos-
sible. By using sample period values for the Bi's, the sample
values of 5ci, ﬁz, and Bp for the period must apply on average to
both the Si values and the return data, eliminating possible bias

from these sources. Any deficiencies of realized data in testing

the ex ante capital asset pricing model can only be increased when



the sample means of these values are also allowed to deviate from
their anticipated value.

The sum of all errors of the market model for a given
security over the estimation period must be zero. Nevertheless, the
multiple source model implies that in any subperiod in which market

return was due disproportionately to one of the sources, the
single factor market model will produce errors which are corre-
lated with the full period Bi. In subperiods when market returns
were generated by both sources in approximately the same proportion
as for the full period of B estimation, the errors should show no
relationship with the Bi. This suggests a test for the possibility
that the single factor model is inadequate to explain relative per-
formance of securities over time. If no period can be found in
which there is a strong association between errors of the single
factor model and the B coefficients, then it is unlikely that
the model using differentiated sources of market return will lead
to an improved explanation of returns. Unfortunately simply finding
a significant relationship between the errors and ﬁi's in sub-
periods is only a necessary condition for this theory to be valid,
but it is not sufficient for confirmation since such a relationship
could arise from a misspecification of Em or rf as easily as from
the mechanisms derived above.

To perform the test, B coefficients must be estimated over

a period of time for a number of assets. Then the residual errors
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for this set of assets can be examined at specific times within
the overall estimation period. Because of the random nature of
observed 8's only ex post values were used. The general pro-
cedure used here was to estimate a coefficient for each asset,
then to form portfolios of assets covering 25 different ranges

of security B coefficients. The residual errors of these port-
folios, or deviation of actual return from predicted return using
actual market return, serve as the data Ffor the test.

The market equilibrium condition
(5-1) r..=r. +B8.(t, -r_)
in combination with a single market factor model of security returns

5- = + b, + €,
(5-2) rit ai bl rmt €1t

imply that the individual ﬁi should be estimated by regressing ex-
cess return on a security (above the riskless rate) on excess return
for the market without including a constant term in the regression.

To see this take the expectation of equation (5-2).



and from (5-2) and the definition of rmt

By~ by
thus
a; = -8} r,
= (1 =~ bi) rf
and {5-=2} becomes
(5-3) (Fig = rpp) = Py - rg) + &,

which implies that the appropriate way to estimate the bi terms
is without a constant term.

Consideration of taxation and market imperfections such as
transaction costs could give rise to deviation of observed equi-
librium conditions from the ideal case of equation (5-1). These
deviations might be adequately compensated for by the inclusion of
a constant term in the equilibrium condition and hence in the
estimation of the Bi.

Tests were performed using both procedures to estimate the
Bi. Since residuals were %o be examined for annual and quarterly
subperiods of the entire estimation period, the constant terms were
computed as shown in equation (5-4), and in an analogous manner

for the quarterly data. This insures that the sum of residuals



over the entire periocd will be zero.

18 12 1

8
{(5-4) a,=—— E m (1 + T, ) - 8. & nw (1 + r )
i £=0 n=1 i,12t4n i £=0 n=1 m, 12t+n

Annual data was used for the tests so that the individual periods
could be associated easily with other economic phenomena. To

gain more observations quarterly data for the same period were also
used.

The results of regressions of residual errors in annual port-
folio returns against portfolio B8's are shown in Tables 1 and 2 for
the two types of 8 estimate. Table 1 represents the case where 8
is estimated with the inclusion of a constant term in the market
relationship. Table 2 is based on estimates of 8 made in strict
accordance with the pure equilibrium model, without a constant
term. Table 4 chows similar results for the quarterly data over
the same period. All guarterly data £ estimates were made with a
constant term included in the regression

The test with the constant term included in the estimation of
B must be considered most stringent since the omission of a constant
if needed could cause a relationship similar to the type observed.
Table 1 shows that in 11 of the 19 years there was a significant
relationship between B and the errors. A simple bias in estimation

of the f's would account for such a relationship only if the slope
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coefficients were related to the actual return on the market. This
possible source of the extremely positive test results can be
tested for by regressing the slope coefficients on the actual mar-
ket return for the corresponding year. The results are shown in
Table 3. Clearly in all cases the systematic influences on the
individual security returns which are not related to the size of
market return far outweight those which are.

For the quarterly data 42 out of 76 quarters are signi-
ficant at the 5% level or better and 20 of these are significant
at the 1% level or better. The probability of observing this
by chance ig less than 10_72 assuming serial independence of
returns.

This evidence indicates that a single factor model is
not adequate to describe portfolio returns. It should be clear
that a single factor model of returns is adeguate only if it is
sufficient to adjust the ex port returns for the realized values
of each ##Y common factore# for the sample. In general it will be
necessary to use & one factor to adjust the realized data for
each of the independent factors generating it, since the sample
mean of these factors will be random variables. This does not
imply anything about the minimum number of ex ante risk measures,
however, since one may still be adequate to differentiate expected

returns. In terms of the model of market returns from multiple



sources the interpretation of these data 1s straightforward.

There are four cases to consider corresponding to the possible
combinations of the signs of market return and the slope of

errors vs. f.

From the relationship of individual returns posited earlier,

if market return is due to changing cash flow expectations then
high B8 securities will change more than expected whereas low B

ones will change less. If the change in expectations produces a
positive return, then the high 8 securities will have positive resi-
duals and the low B8 securities will have negative residuals, thus
the market return above the mean combined with a positive slope of
errors vs. B would be the observed result. If the market move-
ment were predominantly caused by changes in cash flow expectations
then a positive market return would be associated with a positive
slope of residual errors'regressed on B.

Alternatively, if the market return is caused predominantly
by changes in the capitalization rate, then when market return is
positive the high 8 securities will have a negative residual errors
and the low 8 securities will have positive errors. Conversely,
when the market return is negative, the high B securities will not
move so far as expected and hence the residual errors will be posi-
tive whereas the low 3 securities will move farther than expected,

giving rise to negative residuals. Table 5 shows these relation-
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TABLE 1: ESTIMATES OF 8 MADE WITH A CONSTANT

FOMINANTL

YEAR SLOPE T-TEST MEAN RES ~ R-SQUARED  MARKET SOURCE
1947 0.0421 1.417 0.00056 0.0669 -0.0112 rate (+)
1948 0.0395 1,598 -0.00275 0.0836 -£.0254 rate (+)
* 1940 -0,2998 -9.290 -0.00349 0.7550 0.2236 rate (=)

* 1950 0.2752 11,159 -0,00285 0.8164 0.3610 cash (+)

1951 -0.0985 -3.,222 ~0.00367 0.2705 0.1443 cash (=)
* 1952 -0,0876 ~3.770 ~0.00159 0.3367 0.0926 cash (-)
* 1953 -0,1092 ~5.568 0.00496 0.5255 -0.0399 cash (=)
1954 0.0723 2.030 0.00098 0.1283 0.5775 cash (+)
1955 0.0346 1.359 -0.00618 0.0619 0,1891 cash (+)
1956 0.0559 1.489 0.00519 0.0734 0.0592 rate (+4)
* 1957 -0.1178 =5.704 0.01126 0.5375 -0.1634 cash (=)
1958  -0.0044 -0.108 -0.,00095 0.0004 0.5840 rate (=)
1959 0.0216 0.520 0.00099 0.0096 0.1314 rate (+)
* 1960  -0.1805 -7.631 0.00427 0.6753 -0.0482 cash (=)
* 1961 -0.2018 ~7.301 -0.00850 0.6556 0,2797 rate (-)
* 1962 3.1074 5.293 -0,00110 0.5001 -0,1418 rate (+)
* 1963 0.1029 3.645 0.00073 0.3218 0.1850 cash ()
1964 0.0250 0.602 -(.00475 0.0128 0.1698 cash ()
t 1365 0.3232 9.340 0.00690 0.7570 0.2323 cash (+)
1
See Table 4

*Significant~: 1% level or better
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2: ESTIMATES OF A MADE WITHOUT A CONSTANT

TABLE
YEAR SLOPE
1947 0.0162
1948 0.,0435
* 1949 -0. 1405
* 1950 0.,1830
1951 0,0004
1952 -0,0015
1953  -0.0045
* 1954 0,0823
1955 0.0202
* 1956 0.0865
¥ 1957 -0,0710
#1958 -0.1970
1959 0.0338
1960  -0,0182
1961  =0.0579
1962 0.0162
1963 -0,0395
1964 -0.0617
* 1965 0.1416

T-TEST

0.623
2.010
~3.809
4,211
0,015
~0.082
-0.213
2,523
0.676
3, 740
-4,204
-4,452
0.86%4
-0.716
-1.476
0.584
-1.200
-2.016

3.077

DOMINANT
MEAN RES R~SQUARED MARKET SOURCE

0.00005 0.0137 -0,0112 rate (+)

-0,00332 0.1261 -0.0254 rate (+)
~0.00283 0.3413 0.2236 rate (~)
-0,00151 0.3877 0.3610 cash (+)
-0,00340 0,0000 0,1443 rate (+)
-0,00157 0.0002 0.0926 cash (=)
0.00432 0.0016 -0.0399 cash (=)

0,00340 0.1852 0.5775 cash (+)

-0,00569 0.0160 0.1891 cash (+)
0.00504 0.3331 0.0592 rate (+)

0.01001 0.3896 ~0.1634 cash (=)

0.00149 0.4145 0.5840 rate (-)

0.00119 0,0259 0,1314 rate (+)

0.00359 0.0180 -0.0482 cash (=)

-0.00756 0.0722 0.2797 rate (=)
-0.00225 0.0120 -0.1418 rate (+)
0.00120 0.0489 0.1850 rate (-)

~0.00436 0.1267 0,1698 rate (-)
0.00760 0.2527 0.2323 cash (+)

#S8ignificant at 17 level or better
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TABLE 5: Association of Signs of Slope and Market Return with
Sources of Return. When any two signs are known. the
Third is Implied.
| Years Years
Case | Slope of res v.s. B Market Return Source from from
' Table | [Table 2
1 + + Cash 1950 1950%,1954%
+ 1954,1955 | 1955, 1965,
1963+1964
1965+
t _— . B i
1I - - Cash 1951,1952 | 1952, 1953
Flow 1953519579 1957+, 1960
§ 1958, 19604
|- B oo S U
ITI - + Rate 1949+ 1949%, 1958%
! Change 1958 1961, 1963
; ; _ 1961+ 1964
i . !
+ r - - - ; [ ——
|
v + - Rate | 1947 1947, 1948,
| Change | 1948 1951, 1962,
. + L 1962+ 1956%, 1959
1956

1959




ships qualitatively and the years in which they occur for the
two sources of return.

Having confirmed the posited relationship between residual
errors of the single factor market model and Bi.it is now possi-
ble to test for the agreement between the source and sign of mar-
ket returns and the slope of the residuals versus Bi' Since

neither Om nor cm is observable, other variables must be

t t

substituted which are both ocbservable and related to the quantities
of interest.

The capitalization rate 0. in this mcdel can be viewed
as an average over the long run of required future rates of
return on risky assets. It is analogous to the long term bond yield.
When changes in the long term bond yield are induced by changes in
time preferences then changes in Pt will be in the same direction.
However, when changes in the long term yield or pmt are caused by
shifting risk preferences or changes in the perceived riskiness of
the market portfolio, then the two variables will move in opposite
directions. Still it is reasonable to expect the former type of
relationship to provide a strong encugh association so that the
long term yields can be used as a proxy for the variable o

For Em corporate profit expectations, the assumption has

t’
been made that when corporate profits increased by more than the

average for the entire period, that expectations were revised upwards.



When corporate profits fell, or rose by less than the mean,

it has been assumed that expectations were revised downwards.
The association between this variable derived from corporate
profits and the changes in expectations is subject to consider-

able error. The ex post sample mean is clearly an arbitrary

number when viewed from within the sample period Furthermore,
corporate profits could be at peak levels and still cause a down-
ward revision in expectations if still higher levels had been
anticipated. It is difficult to imagine that the misspecification
of the variables to be used could bias the results of a test in
favor of the hypothesis when it was in fact false. The data for
the tests which follow, along with the imputed source of market
return taken from the relationships shown in Table 5 are summarized
in table 6.

In order to show a relationship between the residual errors
and the sources of market return it is only necessary to prove
that the each of the two types of data was a better indicator of
market return in the quarters when it was supposed to be the dom-
inant source than in those quarters dominated by the other variable.
This can be done by considering the overall success rate for the 42
significant quarters of each variable in indicating the direction
of market return, then asking whether it was significantly better

than this average in the quarters when it was supposed to dominate.
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In terms of Table{€ this test consists of using the first two

columns to determine which row an observation falls into, using

only the significant observations, then determining whether the proxy
variables show more than a chance assoclation of their direction

of change with that implied by the third column. Table 7 shows

the results of testing the null hypothesis that the implied sources
are not related to the proxy variables. The probability at the

right is the probability of drawing a sample of the same or more
extreme reliability equal in size to the number of quarters in

which a particular variable is implied dominant by Tableigﬁfrom

a total sample of either the 42 significant gquarters or all quar-
ters, which contains as many successes as that variable was correct
in all included guarters. The sampling is exhaustive. Therefore,
either proxy variable must do as badly in the wrong quarters as it
does well in the good quarters since the second sample is left af-
ter the first is drawn. To the extent that rate changes and ex-
pectations changes are independent, the two tests are also independent.
It would be possible to find an association of guarters in which rate
was the implied dominant source with the rate variable and still

not observe any pattern in the cash flow variable. This and the
problem misspecification of the proxy variables make the results
shown in Table 7 more striking. For both the long term rate and the

corporate profits a lack of association must be rejected as slightly
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Table 7: Probability of Chance Association Between Imputed Sources and Observed Data:
Proxy Variables as Predictors of Market Returns in Significant Ouarters

Number of Number of
Times Proxy Times Proxy
Humber in Proxyv is Correct Totzl Pool of Correct in Significance

Sample Sample Variazble in Sample Observations Total Pool Level
Cash Gtrs. 22 LTR B yz% 20 L0065
Rate Otrs. 20 LTR 14 yp* 20 L0065
Cash Qtrs. 22 Corp.FProf. 18 b 26 .0063
Rate Qtrs. 20 Corp.Prof. g Bk 26 .0063
Significant
Quarters L2 LTR 28 TEH 38 .5911
Significant
Guarters yo Corp.Prof. 26 THER 48 L4959
Cash Qtrs. 22 LTR 6 76 38 L0108
Rate Qtrs. 20 LTR i4 7E%E 38 L0334
Cash Qtrs. 22 Corp.Prof. 18 7R 48 L0268
Rate (Qtrs. 2¢ Corp.Prof. g e 48 .0136

# Significant quarters only

w7 A1l quarters 1947-1965
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better than the .007 level.

Another form of test is to see whether the sign in the first
column shows more than a chance association with the observed slope
when the second and third columns of Tableiérare used to find the
row. Here the results are limited by the smaller sample size which
resulted from the fact that in 32 out of 76 quarters the source could
not be identified from the proxy variables. These were selected
by eliminating all quarters in which rates and corporate profits
moved in opposite directions, since such movement should cause
components of market movement in the same direction from both sources.
For the remaining quarters the dominant source was taken to be the
one which moved in the appropriate direction to cause the observed
market return. The total pool from which the samples could be
drawn was restricted to the 25 gquarters with a significant slope
of residuals versus B, and an identifiable source for market return.
This limits the s-mple to 16 cash flow source quarters and 10 rate
source guarters. Two types of test have been used to determine the
association between the implied and actual signs of the slope.

The first test was to divide the sample into quarters in which
a positive slope of residuals versus B was predicted and to compute
+he likelihood of the observed degree of association or more
occuring by change. These probabilities are shown in Table 8 for

samples taken from all significant Zgg;g»gnd for samples taken only
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Table 8: Association of Actual Slopes with

Sign of
Slope
Indicated
+
+
Positive
Dominant Slope
Scurce Indicated
Corp.Prof. 10
Corp.Prof. 10
Long Rate 3
Long Rate 3

Actual
Number Number
of times Which Agree
i3 10
13 10
12 g

0

12

those Indicated by

Total Number
of Quarters

Total

with this Sign Pool

19

13

23

12

42

L2

25

Table 9: Association of Sources with Slopes

Hegative
Slope Total
Indicated Observations
5 15
5 15
7 10
7 10

Number Total
Correct Fool
13 15
13 25
6 10
6 25

Number of
Fositive
Slopes

10

13

13

Dominant Proxy Variable

Probability
oI Chance
Association

L0072

.0131

L0917

L0121

Number of
Negative Frobability

Slopes By Chance
5 .0170

12 .0038

7 . 7083

12 . 3560
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from quarters in which the dominant source was determined. From
the test conditional on a known source the prediction of slope
1s seen to be significant at the .013 level. The unconditional
tests indicate a stronger association for positive slope predictions.
This is almost certainly due to the fact that cash flow quarters
dominated the positive predictions, whereas rate quarters dominated
the negative slope guarters. As indicated bv the source tests
below, the cash flow association was considerably more reliable
in this sample.

The second test was made by computing the likelihood of
each source variable being as good a predictor of slope as it was
observed to be given the distribution of slopes in the guarters it
dominated ,or the distribution of slopes for all significant quarters
with a known source. The results of this test, tabulated in Table 9
clearly indicate that the corporate profits are related to the slope
of residual vs. B, and can be used with reasonable accuracy to pre-
dict the sign of that slope. The rate variable does not fare so
well. Changes in the long term rate cannot e shown to be a good
indicator of the sign of the slope. It should be observed that the
small size of the sample for rate quarters makes significance more
difficult to achieve. Furthermore, the rate proxy variable is proo-
ably the most badly misspecified of the two. In the tests on larger

sample sizes shown in Table 7 the rate variable association was strong.
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Although this might be explained simply by association of the rate
variable with the cash flow variable which was in turn a good
predictor, this is ruled out by the data in Table 6 which indicates

that the cash flow variable was a worse than average predictor in

rate quarters. Therefore, the lack of significance of the rate
variable in indicating the slope of residual vs. B must be viewed
as a failure to provide additional coniirmation for the theory rather

than a failure of the theory itself.

VI. SUMMARY AND CONCLUSIONS

Working from an equilibrium model of security prices in
terms of expectations and a capitalization rate, a two factor model
of security returns was developed. A conversion from the pure two
factor form to an expression relating security returns to returns
on the market portfolio revealed that the residual errors of the
single factor model should be related to the Bi's in a particular
way. Association between the residual errors and the two proxy varia-
bles for the sources has been shown. This is sufficient to guaran-—
tee that over a finite time horizon the observed returns may fail
to fit the capital asset pricing model simply because the mean ob-
served return from each source deviates from the previously expected
average. As a result, the validity of the link which ties the
results of previous tests of the capital asset pricing model based
solely on return experience to the ex ante equilibrium model is

doubtful.
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The analysis has not pursued the biases which could be intro-
duced by changes in the risk free rate or misestimation of the 8
term. These would clearly cause the validity of ex post testing
procedures to deteriorate further. One correction which has been
used for the single factor model has been to introduce a second
factor for the zero 8 portfolio.9 Although this could result in
nearly the same after the fact corrections as the approach des-
cribed here, it does not have the same ex ante implications.
Since here two distinct sources contribute to the returns of all
portfolios. Furthermore these factors will ke distinet from the
risk free rate.

In addition to its implications for testing procedures
the model developed above can be used in the process of security
selection and evaluation. In the development of the security 8,
a rationale for the short term instability but long term stability
of the 8 terms has been given which allows for the adjustment of his
torical B values for current market conditions. Furthermore it has
been shown that when the relationship between company cash flows and
market wide cash flows is known, then only market wide parameters
determine the 8 of the security, the capitalization rate. and hence
the price. These results could bear considerable fruit in the field
of security anszlysis and in solving problems involving required
rates of return for applications from capital budgeting to regula-
tory rate setting if the underlining market varibles can be estimated

with sufficient accuracy.



Appendix T

Fhe Nonlinearity Model and The Observed Linearity of Returns

This appendix has been included to show why a linear re-
lationship between returns and 8 will generally be observed
even when there is a nonlinear component of returns as shown in
figure 3. First, returns generated by a generalized quadratic
function will be examined and the linearity of the observed
result will be measured. This result will then be evaluated
for the model of equation (4-9) by using a Taylor series approx-
imation to the nonlinear term and substituting these equilibrium
parameters into the general quadratic form. The contribution
of higher than sécond order terms has been ignored.

A general guadratic return generating process can be

written

2
(AI-1) R, =a+ bl + 8, + ¢
1 i 1

2 , 2 2 2
(AT-2) Var[Ri] = b Var[ﬁi} + ¢ Var[Bi] + 2be Cov[Bi,Bi] + Var(ei)

Suppose, however, that a linear model is estimated so that the

contribution of the ﬁz term must be approximated by a term in 8.

2_
(A1-3) 8] =d + 8, + U,
Then
{AI-4) R, = (a + de) + (b +£c)8, + (cu, + ¢.)

i i i i
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(AT-5) Var(Ri) = (b + fc)2 Var(Bi) + 02 Var(Ui) + Var (¢)
In order to test the adequacy of the linear approximation (AI-4)
in explaining the variation of Ri' the fraction of total variance
of Ri which can be explained by the addition of a 32 term to
the specification of (AI-4) can be computed. To do this
explicitly it is necessary to have estimates of the relative
size of Var(ﬁi), Var (Biz),Cov(ﬁi,ﬁi), Var(Ui) and Var(e). The
first three can be estimated simply by picking a distribution for
ﬁi. Usually cross-section studies on portfolios have values of

Bi which are well within the limits
.25 < 51 < 1.75

s0 here it will be assumed that B is uniformly distributed between
those limits. This range is wider than is usually actually used
and should push the results towards acceptance of the quadratic
form. Under this assumption and using a sample containing 16 ob-

servations of f8

vVar (8) ~ .2125

var (8%)~ .8783 ~ var{so)

COV(B,BZ) ~ =6 'Cf—l‘f‘@

and if Ui results from a least squares estimate
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. . 2 . . . .
The fraction of variance of 8° which is explained by the linear
model, and the variance of U in terms of the variance of 8 are

found by substitution in

Var(BZ) = f2 Var(8) + var{U)

which results in

Var (U) /Var (8%) = .0402
and

Var (U} = .1608 var (B) = .0354

Now the fraction of total variance of Ri which is left out of
the explained variance when the linear model ig used can be
computed. This represents the theoretical limit on the increase

. 2 . . .
in R which would result from the addition of a guadratic term.

2
. va !
fraction left to c r(Ul}

(AI~6) . 2
be explalne(il(ﬁ (b+cf)2 Var(ﬁi)-}- szar (Ul) + Var(ei)

substituting for the variances

c2(.0354)
(b + 20)2(.2125) + c2(.0354) + var (¢ )

2
c

2
6.0028 (b+2c})™ + c2 + ©.0028 Var(€i)

1
&(b/c + 2)2 + 1 + 6 Var(Ei)

[

(AT=7) =



From (AI-7) it can be seen that when P and ¢ of equation
(AI-1) have the same sign, the R2 value can be increased at most
by .04 by the addition of a quadratic term. Since the sign of
the curvature of the nonlinearity in the relationship between
returns and Bi depends on the difference between the two factors,
and the linear part of returns depends on bhoth the sum and the
difference, it will not in general be possible to determine the
relationship between the sign of b and ¢ for the quadratic approxi-
mation to (4-9) without examining it directly.

Equation (4-9) is made up of a term which is linear in 8
and a term which is nonlinear in 8. For any sample period the
values of the components of market return will be fixed and are
treated as constants in the follow ing analysis. The form to be

analyzed is

(AI-8) R, =p_+ Bi(fm - on) + f(ﬁi)(fz) +oe

f2 is the contribution of the difference in sources of market

return and

£(B8,) = B, - Bc.)

and substituting from (3-8), and (3-7) to get f(Bi) in terms of

m
P P Bn and 3.1

{(continued)
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m
alcy— (Bi—l+ (1-ﬁn)(l-ﬁi) pn/p.l)

and from (3-6) dpi/dﬂi =P~ P

By a Taylor series expansion around ﬁi =1

6, - 1)°
(AT~ ) £(8.) = £(1) + (B. - 1) £'(1) + > £ (1)
i i
£f{l) =0
, _ 1 N m
£'(1) = T - o (+ (1 - ﬁn) Pn/ﬁm)
fr) = =2 (e - p_) (1 - 8"/ 02)
b 1 - o P n’ Pn “n’’ Tm

substituting these values into (AI-9) yields

P_ -0 PP
m m Il m n
A A R T
P, =P
+ (81/2) (T
pm

and setting g, = fz(pnﬂpm)(l - B:)/(a -

and substituting for f. and f(Bi) in (AI-8) yields

2

3p_-p P =P

~ . m n _— _ m n

{A1-10) R, = o+ ( ) g, 1 + ﬁi[rm P )]

m m

o_ - p_ 3
o2
+ 811, zmp 2y 4 e

m

From equation (AI-7) the improvement to be gained from the addition
2 . C .
of a Bi term to the relationship between Ri and ﬁi will depend

on the ratioc b/c.

Comparing (AI-10) to (AT-1) indicates that the ratio b/c



for this model is

20 - P PPy
b/c=[fm—Pn*92( p )]/9‘2 ( o )
m m
2pm(fm -p) P
= (1/9.) - -1
pm pI’l 2 pm pn
2 pm
= _ [(E -P )/g, - 1] - 2
pm pn m n 2

The magnitude of (b/c + 2)2 will control the variance

explained by the addition of a quadratic term.

2p
m ~
b + 2) = m————— - -
(b/c +2) = 50~ (£ - P )/g, - 1]
m - 'n
P
To examine the range of this term assume that E——t“zr' > 1.
“m n
Then so long as
(AT-11 -
) 2 < (¥ - p )/,
or
AI-1 p 0> (¢ -
(A1-12) (E - p)/9,

the effects of the nonlinear term will improve the R2 value

by less .04 and therefore will not be a significant improvement
unless there are a considerable number of observations on ﬁi and
Ri. How likely (fm - _.on)/g2 is to fall within this range will
depend on the probability distributions of Em and g,- The fre-
quency of occurance of insignificant amounts of curvature (taken
here as an increase in R2 of less than .04) will correspond to

the probability of either condition (AI-11l) or (AI-12) being met.



The two conditions are mutually exclusive. It will be assumed in
the analysis which follows that fm and f, are independent. This is
not strictly true unless u:}é:

is zero, it is only necessary for half the probability mass of g, to lie

Since the mean of f2 and therefore g

on each side of the mean te insure that condition (AI-12) will be met
with probability 0.5 . This leaves only those cases to be considered for
which both (n, - p,) and g, have the same sign. If (%m - pn) and 2g2
were identically distributed, then when both had the same sign condition

(AI-11) would be met half the time, making the probability of cbserving

a significant result only .25 . However the two variables are not
identically distributed. (¥ - p,) has a mean greater than zero and,
as shown below, a variance which is greater than that of 2g2 . Both of

these conditions increase the likelyhood of condition (AI-11) Lbeing met.

Condition (AI-11) can be written as two separate conditions.

(AI-11a) (r, - pn)/g, > C

(AT~11D) 5, - el > 128,
Recalling the definition of g, and making some assumptlions about the size

of Bg, 0> Pp» and a, (AI-11b) can be rewritten in terms of f,.

mb
En = f2(on/pm)(sg—1)(1-a)
and if 2 > B > 0
o /e < (2/3)

n - m—

(1/3) < «

| A

(2/3)

are all satisfied then



12,] < £, |
so that (AI-11) becomnes
(AI-13) (B, - p )/, <0
(AI-14) T - ol >|f21

Now the variances of %m and f2 can be compared by recalling the

definitions of these variables and of a.

]
H

o, + 80+ (1 + D6E

Hy
1

5 = aéﬁm + (1 - (1 + pm)éam

and assuming independence of the factors,

5l

Var(f ) = Var(8f ) + (1 + p)?var(sE )

)2

var(f,) = a’Var(85,) + (1-0)%(1 + p)?Vvar (S8, )

substituting from the definition of o yields:

e - ey LT Vi
= J‘(f‘dJ ’b;w*éﬁ;)

(1/3) < a < (2/3)

Var(f,) < (1/§)var(§m)

&4-

In summary, the probability of not finding a significant contribution from

the addition of a gquadratic term in explaining cross section returns will



be greater than .5 plus the probability that
(r - pn) > £,
(r - p )/, <0

when E{fm - pn} = ey T Dn

E{fg} =0
Var(fz) < (1/5&Var(§m) .

This will total a probability of appreciably more than .75 . When there
are fewer than twenty five cross sectional cobservations, the increase in
R required to make the additicn of a quadratic term significant increases
and it becomes increasingly unlikely that any nonlinear effect will be
observed.

One means of observing the behavior of the seccnd factor is simply
to solve equation (AT-8) for the non linear term. Then in terms of
observable quantities, there will be one observation of the product of
the second factor and its coefficient for each portfolio whose return and
B havebeen measured. If the B coefficlent iz estimated over the same
period as returns ave measured, then the linear part of the second factor's
contribution will be included in the B estimate and the constant term.
By using the data in this manner it should be possible to observe the
factor ccefficients up to a constant of proporticnality and subject to
the residual error. Something quite similar to this has been done by
Blume and Friend {5} as shown in Appendix II. However in their estimates

for the risk free rate they have



so that the nonlinearity cof the (Bp - BC) term is offset by the 1/(1-8;)

term. If there were a marked curvature in thelr results when the effect

of the {1 - Bi) term 1s removed, it would indicate the sign of f2 and hence

the direction of the necessary correction In the estimate of the risk free rate,
Unfortunately, the uncertainty in the estimates of Bi and the small degree

of curvature available militate against using their data to confirm cor

deny the implied nature of the function (Bpi - Bci)'



Appendix II

Relationship to the Zero 3 Portfolio Model

In [5]Blume and Friend show that the return generating
process which is implicit in the use of the zero B portfolio

to adjust returns on risky assets from ex post values to ex

ante expectations has the form

(AIT-1) R, = E(Ri) + 61 6, 1 it

In terms of the two factors 6 and (6. - 61), the market wide

1 2

factor 51 has the same impact on all securities. This leads to

the relationship between observable guantities:

+ . -
,81[Rmt R

(A11-2) Rit = RO

+ €

t ot] it

If the assumption that one factor has the same impact on all
securities is removed by writing the return generating process

asS

{(AIT-3) R.lt = E[Rit] +é{i 61 + Si(ﬁ - 6

Then the relationship similar to (AII-2) between observables

becomes

— ~ ~

ATI- R, = R + -
(ATI-4) 1t ot Q[Rmt Ro

+
t] €it i o' 1

Equation (AII-4) indicates that the factor 6. may contribute an

1

additional component to all portfolios other than the two used

+ (o, —a )6, + Bi(ao_am)gi
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to define the factorsj those with 8 = 0 and 8 = 1. Therefore,
tre zero 8 portfolio adjustment can only be complete in general in
adjusting the returns of itself for sample values of the random
variables generating returns. Even though there seems to be no
reason to believe a priori that ¥; = 1 for all assets in equation
(AII1~-3), the model could still be used to make cross section esti-
mates of Rf as done by Blume and Friend. The time series estimates,
however, would be reliable for the portfolios with Bi = 0 and Bi =1,
since others could show bias due to the 51 term. But these are the
two cases which cannot be used: the B = 0 case because not enough
data is available, and the B = 1 case because the reliability of
the estimate goes to zero. The problem of drift in the error term
is also present and is discussed below.

To see what bias may be inherent in the estimates of Rf, the
risk free rate, under the more general case where¢xi varies among
assets, recall the rotation of the general two factor model given

in equation (4-9).

(ATI-5) Rip = pn(l - Bi) + ﬁiRmt + (/Sp.l =~ Bec.) (—cxéb"mt - (1 - @)

~

) + ¢

@+ pm) 6Cmt it

from this the actual return on the zero 3 portfolio can be written

ROJC =0+ (.890 - ﬁco) (—aﬁpm -(1-a) (1+Pm)6cmt) + ?Ot

or

{ATI-6) Rot = Pn + M



where

m2

Vo4

(AII-7) M = (B o 3co)(—aﬁﬁm - (1 - @) (1 + pm)écmt ot

o}

Three characteristics (AII-7) which are of interest here are:

1) the sample mean of Mneed not be zero when secular drift in
the underlying variables occurs;

2) the variance of M will not decrease with diversification over
time after the effect of ?O has been eliminated;

t

2ﬁQ§times

3) the variance of 4 will be approximately (Bpo - Sco)

variance of R .
m
By averaging (AII-5) over time, the time series form
relating observed quantities to the ex ante average risk
free rate is found for any 8 level. Following Blume and

Friend and dropping the t subscripts to indicate averages:

o) (-a@ﬁm- (1-a) (1+om)66m)

R. = R - + R+ e,+ -
R, = R.(1-8,) + B.R + ¢, (By; B
over a single time series the market-wide variables (~a65m

—(l—a)ﬁam) will take on a single value for all securities and

portfolios which will be written as f2.

Solving for Rf

N zRi'BiRm B (Bo, - Bey) . +i.
£ - B 1 -F) “2"18

Since the sample mean value of f2 can vary from zero there ig



no need for this process to provide an unblased estimate

of Rf. If f2 is non-zero, the estimates of Rf should vary

with Bi due to the wvariation of the coefficient of the second
term with 8. The arbitrary size of f2 will make the slope

o7 this variation indeterminant, but the very small amount

of nonlinearity shown in figure 3 and discussed in Appendix I

should show up in the estimates of Rf for different values of
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Appendix 111

General Method Relating Observed Returns To Ex-ante Expectations

If returns to assets are characterized as being generated by the
process described by equation {AIII-1), then this medel can be used to
describe the conditional expected return given the individusl factor
results for any time period. If the capital assed pricing model holds
and all factor coefficients and sample mean values are known, then (AIIT-1)
can be used to relate the ex-ante capital asset pricing model parameters
to the observed data. The general form given here is of particular
use in analyzing less general models and approaches to the data, specifically
single index mecdels and zero B portfolic adjusted models. This theory
is the basis of the current paper and underlies any fair test of the capital

. s . . 1
asset pricing model in a multiple factor worid.

(AII1-1) R = R + 3B I+ ¢
nxl nxl nxk kxl naxl
where R Vector of random returns
E Expected value of R (or sample mean)
I Matrizx of factors affecting returns of
two or more securities . Expectaticn = 0
B Matrix of coefficients which relate market
factors to returns of individual securities
E Residual errors from the linear moedel

Ixpectation = 0
Now define the market portfolio with return ﬁm as a particular portfolie

with asset weights given by the vector h. Then



(ATII-2) }:\n = E‘_ﬁ_ = h'R + _h_'Bi + h'E
The factors and their coefficients are unique only up to a scale
factor, since a proportional increase in a row of ﬁ and decrease in the
corresponding column of B would leave the model unchanged. This can be
eliminated by imposing a scale constraint on the impact of each factor
on some reference asset. For convenience we can constrain each factor
which has an effect on the market portfolic to have as Its magnetude
the magnetude of its impact on the market portfoliec. TFor those factors
which do not affect the return to the market portfelic ancther constraint
must be found. An example of this type of factor can be seen in (AITI-u).
Changes in the risk free rate need not cause any change in R, unless the
two are associated outside of the relationship shown. If such outside
forces cause an association such that one third of the change in the
risk free vate is evidenced in the market portfolio, then the same
scaling could be acemplished by either having its Impact sum to its
full value when projected onto a risk free portfolio, or sum to one third
when projected onto the market portfolioc. The zero B portfolio correction
factor is an example of a factor which is presumed to have no effect on
the market portfolic and is normalized to a different portfociio. In his
seminal (and misleading) factor analysis King? required all his factors
except one to be of this type. From the theory of efficient divirsification
it is clear that only those factors will be of interest which can be made
to project onto the return to the market portfolic. For this reason the
following normalization rule will be used. Others may be added for cross-

sectional studies and use in undivirsified portfolios. HNone is necessary



uniess the coefficient is to be evaluated separately from the factor value

or impact of the combination.

[l

(AI1I-3) h'y o= (340 g)

This is a row vector with the first j elements equal to unity, and the
last (k-j) elements equal to zero. This represeuts the fact that the first
i factors sum to the deviation of return on the market pertfolio about its
mean, and the last (k-J) factors are completely divirsified out of the

market portfclio.

The capital asset pricing model can be written

(AITI-1) R = B(R, - Rg) + Rprly
B is a vector with the generic element !Cov(ié,ﬁ&)/Var(ﬁﬁ)| .
Define
), = E{mr}
u o= Elee’}
Then B = (8JB'm + M'h)(a'BJB'n 4+ hM'R) T

—— =

but if each element of h is small and the errcrs are reasonably independent,

Wp o= pY'R = 0

and recalling (ATIII-3) while examining the simplified relationship below
5 = B(YR'h)(h' ' -
8= B{JB'n)(h'B[B'D)

an element Bi of B is seen to be a weighted average of the B, coefficients,

where the weights correspond to the fraction of total market variance



due to that factor both directly and indirectly.
Following Jensen® and substituting for the prior means in the

market equilibrium equation:

- gll - E

=

=
1
| 2

(AITI-5)

(AI1I-6) E,= h'R = h'R- hBI - h'E

-

=

Fouations (AIII-5) and (AITI-6) are substituted into (AIIT-4) to get
an expression in terms of cbservable data and the realized values of

the factors:

R-pl-c= BGE-n'BL- 0'E- R + LR
(ATTI-7) R o= BT - Rp) 4 4, Re +(B - BRI+ E -BHE

In order to see what distortion is present in the use of a single index

model it is helpful to define

= (B - B(L'B))

=

where Yy is like the B matrix, but with Bi subtracted from each of the
coefficients which sum to unity. FEguation (AITI-7) can now be rewritten
as

(A1IT1-8) E = @(ﬁ‘m/ - Rg) + 1 'Re ¢ y__ﬁ,+ (1 - Bh")E

Equation (AIII-8) shows that in general realized returns will not
depend simply on 8 but will involve the realized factor values of all
the factors that do not divirsify out in the group of securities being
measured This dependence will occur whenever all the factor coefficlents
are not identically equal to Bj_for the security. This general model can

be used to specify different return generating processes for different



classes of assets in a manner which is consistent with the capital asset
pricing model. Returns for a given B range could vary widely because of
the different factors and weightings used to adjust the ex-post values to

ex-ante means without contradieting the equilibrium relationship.



Appendix III Footnotes

This problem is considered in the context of the preceeding paper
and the references which follow apply here as well.

In the light of what now seems obvicus, King's study told a great deal
about what no one should care about (divirsifiable risk), but kept
further attention from being focused on multi-factor models. King,B.T.

"Market and Industry Factors in Steck Price Behavior! Journal of
Business, {January 1966)

Jensen, Michael €. "Risk, the Pricing of Capital Assets, and
the Evaluation of Investment Pertfolics,'" Journal of Business (april 1869)

In a paper based on an earlier draft of this model Brennan tested the
specification of (ATII-8) and found that a total of three factors were
sufficient to explain virtually all the communality of returns for
securities grouped by B. M.J.Brennan. "Capital Asset Pricing and the
Structure of Security Returns," Unpublished mimec (May, 1971)
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lSharpe [1961].

Considerable evidence has been amassed to indicate that
ex post returns do not in fact fit the capital asset pricing model
directly. See, for example Douglas [1969], Miller and Scholes
[1971], Black, Jensen and Scholes [1971], and Friend and Blume
{19707.

The econometric problems of testing the capital asset
pricing model have been given extensive investigation by Miller
and Scholes [1971]1, and also by

4One example of this type of long term secular change
would be the increased stability (reduced risk) of the overall
economy as the role of the government in stabilizing the economy
has increased. This has involved learning throughout the past
twenty five years and has clearly led in a direction which would
not have been anticipated in 1947.

5The only method appears to be through the use of a market
equilibrium model which would give expected returns as a function
of other known variables. However, this will reguire some veri-
fication of the equilibrium model to be used.

6Thls type of model has been extended to allow for different
time patterns of earnings expectations and time variant capitaliza-
tion rates without drastically altering the results.

7 . . . .
One strong inducement to negative covariance between risky

and riskfree rates comes from changes in the perceived risk level
of national wealth. Such changes will cause a shift either from
debt to equity holdings or visa versa and therefore a realignment
of the relative rates which moves them in opposite directions, to
a new equilibrium level. This effect is probably much more im-
portant to realized values of B% than to expected values.



This analysis is based on an assumption of no growth in
earnings per dollar invested. If growth in output of current
capital is considered then it will no longer e true that the
relative weights on Bo. and Bc. will be the same for all com-
panies. Thus Bci aloné will ndt be sufficient to determine ﬁi.

9The zero 8 portfolio and the adjustment of realized re-
turns is developed in Black [1970], and applied to observed data
in Black, Jensen and Scholes [1971}, and by Blume and Friend [1971].

OSee Appendix II for a further development.
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